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I. The Sine Condition in Relation to the Coma of Optical 
Systems. By S. D. Cuatmers, M.A.* 


THE condition for the correction of coma in a centred optical 
system is the well-known Sine Condition. This has been 
proved by Clausius, Helmholtz, Hockin, and others, and 
the importance of this condition in the design of optical 
systems has been pointed out by Abbe, Steinheil, Conrady, 
and others ; but so far as I am aware no discussion of the 
effects of failure to satisfy this condition has been published. 

Steinheil appears to have arrived at a correct estimate of 
the errors in telescope systems, on the basis of a number of 
trigonometrical calculations. 

I propose to obtain the relation between the Coma of a 
system and the errors in the Sine Condition. 

If O and A be the angles which the initial and final ravs 
make with the axis, and q the theoretical magnification of the 
svstem, the Sine Condition may be stated— 

Pent) —1 = 0 for all values of tlie angle O, 
g psinaA 
po and u being the refractive indices of the first and last 


media. 
We shall consider centred optical systems only and take 


the axis as the axis of z, and the object may be assumed in 


the plane y a0. 
* Read June 25 1909. 
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The length of the theoretical image will be denoted by 
x and the errors, in the directions æ and y, for the actual 


ray, will be denoted by &v and dy, and z and èy will specify 


the Coma for the ray considered. From approximate theories 
we can see that these terms depend on the particular ray 
considered and may be represented as follows :— 


i = 1,(2 cos» 4- 1) sin? A +7,(4 cos? +1) sin*À 
+ terms of higher order in sin A, 

y- 1,(2 siny cos Jr) sin?A 4 (4 sin Y cosy) sin'À 
+ terms of higher order, 


where 4» is the angle between the x z plane and the radius 


Fig. 1. 


to the point of the stop through which the ray passes 


(fig. 1). 
If we take y=0 or 180°, 


E: = 3i, sin?A, + 5i sinA + .... ôy =0; 
if y= 90°, 

Ô o "m 

- = 1, sin’?A,; +7. sintA;+ ..... óy = 0. 


Refraction of Rays not in one plane. 


If the direction cosines of any ray be lọ mon before and 
lj m, ng after refraction at the surface (1), the normals being 


L,M,N,, we have: 


polo— pala imo — pM _ ioo — ung 
jm M, N oC 


Q.) 
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where uo and py are the refractive indices of the two media. 
Then (loM —mjL;) is invariant on refraction. 

We may choose the coordinate axes and origin so that 

Lir, Min, and Nir +A 

represents the point on the surface at which the refraction 
takes place. To specify the ray independently of these co- 
ordinates we can take the points where the ray cuts the 
planes c=0 and y=0. 

Let these points be 0, mopo, do; lopos 0, Do, then 

_do— Do 
Po (= No ) 

is the distance along the ray between these points. 

We have 

EUN i Nee)... aS 


ly Mo No 


giving 
(Limo — lo Mj) 71 = — lomopo, 
or HoloMopo is invariant on refraction. 

The condition that L,7,, M,r,, and N,r, + 8; represents the 
point on the surface is satisfied, with different values of 7, 
and £, for all points on a surface of revolution about the axis 
of z; and since uglymoo, is independent of the position of the 
origin it is invariant throughout any system having a common 
axis. 

This invariant may be written u(zym—yil), where z, and yi 
are the coordinates of the point in which the ray meets any 
plane at right angles to the axis. 

Considering a complete system we have 

HoZoMo = ua (x4ms— ysl3), oF 
HotoMo = pia ang t 025) ms — paOysls, 
if the ideal values of the coordinates on the image plane be zy. 
Thus 
MoToo 4 = sig Un) ora) = ox = h oy. 
MaM Ios £g M3 %3 
It remains to obtain the value of 
òr l; Sy 
y Hy 2 
in suitable form. 
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The uberrations of any centred system may be expressed as 
Ò | 
bz E E F(p,’, ps X13)! , 


ôy: = 3; - (F(pi?, př, X13) I! 
where 
x,y, represents the point at which the ray meets the 
stop plane, 
roy, the point in which the ray should meet the theo- 
retical image plane, 
p! mx! y), py m ry t yy X= + (Tit yu), 
and F is a function of the second and higher orders in 
Ppi’, po, aud xiz 


oF oF 
6.r; = ^na t xu 


Then 


F 
m.t — lzy = 2(mgr,—ly7)) Sr, + (mor — -hy S: 


F F 
p H3(m25.2y — 0584) = denm iamen 25 


LoToMo E ae 9 MoTo mo O^ or oF , 


` patmg T2183 opi? Ó xi i 
BF , oF 
, HotoMo _ Qo. ETE 
Mo T2103 or 
OP: 


The denominator is generally nearly unity. 
When the object is small and nearly on the axis we need 
only consider terms of zero and first orders in 25, yo, that is, 


F = fpi?) t Xasfs(pi?); 
oF 2), OF _ of òfo 
hy = fp 1j); YS = 9p! * X" ap, 
These three terms may be considered separately :— 


(1) The lateral spherical aberration is 2p, 2 ; 
1 
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(2) The comatic effects are made up of 
bz = fpi?) ; 


and (3) Bx = 22s 24, = Bate, 35; 


3 " 
by = E = 2yy ts sA 


Thus we have 


Meteo Qo lat. spherical " Ci, G 
Mata3ms pi d; 2 
where 
C, is the x displacement due to Coma when xy3,— 0. 
C; is the additional z displacement due to Coma when %0. 


Except when x, is very small, the last term > becomes 
1 


unimportant; if z, be very small the left-hand side becomes 
indeterminate and dependent on the actual value of z, as 
chosen. 

If we take y,3;=0 we have 


M = sin Å, 


Hozo sin B longit. spher. Coma êv | 82, 
Rc pes uu mc M 
piat sin A t Ta v Ls 


and B and A may be obtained from the axial ray if the image 
be small and v be the distance from the plane (1) to the point 
at which the axial ray meets the axis. 

This result may also be demonstrated as follows :— 


Consider the ray OPQI (fig. 2) in the plane yz passing 


Fig. 2. 


through the system and cutting the axis in I and the theore- 
tical image plane in J, O,P a neighbouring ray through O, 
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where OO, is at right angles to the plane yz. The ray OO, 
meets the zz plane in I, and the image plane in J,. 
Then 
OO,PN IT,QN, 


by p =O (equation IT. above); 
but when OO, is not large, 

PN PN . B 

OP T OP ^" 

GT = er = sin A. 
1 

Hence 

zd i 

ince p sin A 


But if there be spherical aberration present, 


JJ; QUA N,K, 
1” OL NI’ 
and we have 
po sinB N,K, . 
psinA’ NI?’ 


JJ, = O0, 


if K K, be the ideal value of the image JJ; — KK, Coma ; 


and we have 


Coma -( Fk po sinB N,K -1)- OO, m sin B 
KK KK; HA sin À É NiI 7 (xx. p sin À ~ ) 


, EI (i OO; _ Ho sin B 


*NI KK, psinA 
or 
Coma KI "(zx OO; uo sinB | ) 
KK, ~ Nil KK, p sin À d 
Coma KI 


provided the product of the KK; and NIY be neglected. 
Thus 


sin B 
a ee = (gM $ 0... (TIT) 
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Even though the value of II, be large, the relation 
p00, sin PO,N =al], sin QIN, 

holds good ; but the point Q is no longer the theoretical 
image of P or even on the ray OPI. 

The relation (II.) above, expressed in the form 

p.m . IT, is invariant 

furnishes a convenient check upon the results of trigono- 
metrical calculations for oblique rays. 


Rays in one Plane. 


For the case of rays in one plane we may adapt the method 
of Hockin to give further information. In this method the 
optical length, i. e., Zu x actual length, is stationary for the 
actual path. We cannot, since aberrations are present, 
assume that all optical paths between the same points are of 
the same length, merely that the difference between two 
neighbouring rays is zero. | 


Fig. 3. 


All the rays are tn one plane. 
O,, O; are two neighbouring object points ; 
P,, P, two neighbouring points on the stop plane ; 
N, the centre of the stop ; 
O, P3, O;P,, and O,N, pass through the system and meet 
O,P,, O,P,, and O;N, in the points Qı, Qz and Q; and 

intersect the image plane in I,, I,, and I, ; 

O;P,, O;P,, and O;N, meet the image plane in Jj, J;, and J3; 
QI, and Q,T; meet in E, ; 
Q,J, and QJ; meet in Fy. 
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Considering the optical paths of neighbouring rays, we 
have the optical lengths 
O, PiQ,E, = O, P,Q,E;, 
O;P,Q, F; = O,P,Q,F,, 
t. e. OP, —O;P, t(QiI-—QJ;)- (E, I, -E l) + (FJ, n FJa) 
= (0; P, — 0:P:) + (Q!T; — Q;J;), 
or (0; P, — OP) — (O;P, — OP) + (QI — QJ) — (Q:l — Q4J;) 
= (EI; — E,I;) - (F,J; — FyJ,). 
We denote the angles between the axis and the rays 
O,P,, O;P5, O,N and O;P,, O;P,, O,N by a, as, a; and f. Bs, Bs 
respectively ; and the angles the axis makes with 
Ql, Q;I;, Q;T;, and QiJ;, Q3J;, Q;J; by I, Is, I; and Ji, Ja, J3 
respectively. 
Then 


0,P, — 0,P, = - 00, m zc TA 


provided O,0, be small. 


Similarly 
QT; — QJ, = —I,J, sin I, 
Q;I;— QJ; ox —I,J, sin Is, 


El,-EL- -1p ees, 


F.J,—F,J,= ATTI 


S I,+Q, (cos ( (1,+Q,) ) 
sin { ( (I; — I, 2T(Q.— Qi)t 


If now we can assume the angles Q; and Q, small,—that 
is, 1,J, and I,J 5 small, we have 


PEE (1, —1 
Fa —Fida = AIL) Uu- m DIETER 
— Lsn te sinh} 


cos I,—cos I, 


JI cos I;— cos I, 1 Qi cos I, +Q, CP 
cL "ios 


? (cosT5 — cos I, ) (L4- eos( T, — 1, ) 
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Thus 
]; —cosI 
(EI; — EI) — (FJ; — Fis) = (7,9, — Ls) m yo EE 
Qi cos T, + Q. cos I, i 
Po mc 
or 


—cos I 
=00. Gina Sted Sen Si cs 


sin(I, — I;) 
IJ; +1 3 cos I, cos I, 
tJids QW) Esos o) 


On summing throughout the aperture for O, on the axis 


— 0,0, sin ay— IJ; sin l, = > (J iJ o—I,I,) gin I, + 2d,d; cos! T, 2. x 
where the value of J,J; is assumed small as compared 
with NI. 

Thus 


: 0,0; sin 
1, sinL( -7 Je £ L -1) = —(I,J;—1,J,) sin I, 


. lJ 
4- X(J,J, — I,T;) sin LX (Ju; cos?[. wt): 


But 1,J,—1,J,=Comatic error for rays in one plane ; and 
2(J,,—l,I) sinl, is the Coma x the average value of 
sinI,: this average value depends on the way in which the 
Coma varies with the aperture. 

If we assume 


T = 32, sin?A + 55 sintA, 
the mean value in the first term is 
22, sin?A, 
t. e., % of 32, sin?A, 
in the second $ of 52, sin*A. 
Thus we have, since A= —I,, 
0,0, sin a, | 1f i 1 
LA mA. —l)= Il ] Coma of first order +} Coma of second order | 
JJ, 1 
+ NW IN sinI J 


=. ] Coma of first order + ] Coma of second order } 


long. spher. aberr. 
IN 
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This result is equivalent to that proved above for the rays 
passing through 2,=0, on the stop, provided that for z,—0 
the Coma may be denoted by 


i; sin’?A 4 à sin*A, and for z; —p, by 3i sin?A + 5i, sin*A. 


This shows that the proper expansion for the Coma is in the 
form 2, sin?À +7, sin*A rather than i A? +7,A‘,since the latter 
would not separate the terms which are in the ratio of 3:1 
from those in the ratio of 5:1,and thus would lead to a more 
complicated expression for the Coma. 

The summation above may also be applied to the case of an 
oblique ray. We then have 


PEN O,0,(sin &,— sin a3) —(1,J; sin I,—J,J; sin T;) = 2(JiJ; — I, I,) sin l 


F2JjJ, cos?I ay 


NI’ 
f — 0,0,(sin a, — sin a;) T l (LJ. LIO sin] 
t. €. + I,J 3(sin ]; —sin 1) 1)= Dt cuis (IJ, 3 3) sın 1i 


" (Ga iyd 1) +2 (Iu; coss] x) 


The summation may be effected provided we know the 
approximate expressions for the quantity J,J,, but in the 
ordinary way these expressions are too complicated to admit 
of simple expression. 

The condition for the absence of Coma for a small object 
not on the axis is easily found provided one point be perfectly 
defined : 

E sin a — sin a 
es zs : 
it is (a aak 1) 0 throughout the aperture, 
where a refers to the ray through the centre of the stop. 


In conclusion, it will be seen that the Comatic effects asso- 
ciated with any departure from the sine condition may be 
calculated, even though spherical aberration be present, from 
the relation (III.) above. 
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ABSTRACT, 


The condition for the correction of coma in a centred optical system 
is the well-known Sine condition. This has been proved by Clausius, 
Helmholtz, Hockin and others, and the importance of this condition in 
the design of optical systems has been pointed out by Abbe, Steinheil. 
Conrady, and others. So far as the Author is aware no discussion of 
the effects of failure to satisfy this condition has been published, and 
the present paper shows how to obtain the relation between the Coma 
of a system and the errors in the Sine Condition. 


II. On Cadmium Amalgams and the Weston Normal Cell. 
By F. E. Smitu, A.R.C.Sc.* 


(From the National Physical Laboratory ) 
[Plate L.] 


WITHIN the past few years a number of researches have 
been made on the electromotive properties of mercurous 
sulphate, and as a result the standard cell is now reproducible 
with a very high degree of accuracy. However, there are 
many instances of abnormal behaviour of such cells both with 
regard to constancy of E.M.F. and with respect to change 
of E.M.F. with varying temperature. The want of constancy 
has been attributed by Hulett to slow hydrolysis of the 
mercurous sulphate, and by Steinwehr® to a change in the 
size of the mercurous sulphate crystals. Irregular behaviour 
with changing temperature has been observed by Tinsley !5, 
by Janet’ and Jouast!5!6, and more recently by Cohen and 
Kruyt", and all of these attribute the observed differences to 
the cadmium amalgam. 

Dearlove! first showed in 1893 that attention must be 
paid to the percentage of cadmium in the amalgam, and from 
1898 to 1900, Cohen?, Kerp and Boettger*, Bijl®, Puschin?, 
and Jaeger? made independent investigations on such 
amalgams. 

The research of Bijl's was especially complete and its value 


* Read October 22, 1909. 
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appears to have been overlooked in much of the recent work 
on the standard cell. Possibly the reason is that the electro- 
motive properties of the amalgams were examined at 20°, 25°, 
90? and 75? C. onlv. However, from other data given by 
Bijl—as pointed out by Cohen and Kruyt—the conclusion 
may be drawn that a 12} per cent. amalgam cannot be 
usefully employed below about 14? C. 

Jaeger made observations at room temperature (20? (. 
approx.) on amalgams varying in content from 1 to 20 per 
cent. of cadmium, and showed that at that temperature all 
amalgams containing from 5 to 14 per cent. of cadmium 
could be used in the anode limb of the Weston cell with the 
same resulting E.M.F. In a note on Bijl's work Jaeger’ 
emphasizes the fact that the cells made by Lindeck® and 
himself with amalgams containing 12 and 13 per cent. of 
cadmium showed no irregularities when cooled. 

No objection appears to have been raised against the 12! 
per cent. amalgam until 1905, when the author!? stated 
that it was not wise to use such an amalgam at low tempe- 
ratures (0? C.) but that an 8 per cent. amalgam could be so 
used. A few experiments were subsequently made with 10 
and 121 per cent. amalgams, but the results were incon- 
sistent. However, an amalgam of less cadmium content 
than 12} was preferred for low temperatures and in con- 
sequence most of the Weston normal cells at the National 
Physical Laboratory? contaim 10 per cent. amalgams. 
Pending further investigation it was thought wise not to 
specify the limits of temperature between which a cell con- 
taining 124 per cent. cadmium amalgam might be used, and 
in preliminary specifications" for the standard cell, issued 
in 1908, no limits of temperature are fixed. 

Tinsley *, in 1908, obtained some results with Weston 
cells which led him to believe that cells containing 124 per 
cent. amalgam should be used with caution below 10° C. 
However, the cell with 121 per cent. amalgam had the lower 
E.M.F. at the lower temperatures, which is not in accordance 
with the author’s observations. 

Janet and Jouast!®, !* obtained results which were opposed 
to those of Tinsley. They found a 124 per cent. amalgam 
cell to be normal at low temperatures (07:5 C.) and a 10 per 
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cent. amalgam cell to behave abnormally. This conclusion 
also is directly opposed to our own experience. 

Wolff'* at the National Bureau of Standards, Washington, 
used 200 Weston cells to determine the relation between 
E.M.F. and temperature, the range being 0° C. to 40? C. 
All of these cells were set up with 124 per. cent. amalgams 
and only a few behaved abnormally. 

In November 1908, Cohen and Kruyt!” found differences 
of 0:04, 0°23, 0:13, 0:16, 0:20, and 0:20 millivolt between 
amalgams of 10 and 12} per cent. of cadmium when the 
electrolyte was a solution of cadmium sulphate and the tem- 
perature was maintained at 0? C. ; the E.M.F.’s of the cells 
containing the 124 per cent. amalgams were the greater. 
Cohen suggests the use of an 8 per cent. amalgam for 
general use. 

The exact constitution of cadmium amalgams is doubtful 
and is not discussed in the present paper, but there is no 
doubt that the electromotive properties of the amalgams 
depend on whether one or two phases are present. When, 
by increasing the temperature a solid amalgam is converted 
into a mixture of liquid and solid phases, there is an im- 
mediate change in the electromotive temperature coefficient 
of the amalgam, and a similar change results when the 
coexisting phases are changed entirely into the liquid state. 
If the temperature of an amalgam, containing the mixed 
phases, is raised, the liquid phase is increased and the solid 
phase diminished ; when stable, however, the E.M.F. of an 
amalgam towards a solution of cadmium sulphate does 
not depend on the relative amounts of the two phases. 
Hence, stable amalgams containing different percentages of 
cadmium, but possessing the two phases, have the same 
E.M.F. towards a cadmium sulphate solution. With 
amalgams all solid or all liquid, the E.M.F. varies with the 
cadmium content. 

Bijl? determined the percentage composition of amalgams 
possessing the 2-phase system from experiments on their 
electromotive properties. His observations were made at 20°, 
25°, 50°, and 75? C. Other experiments on the dilatation of 
the amalgams, rate of cooling, &c., were made at tempe- 
ratures ranging from —39? to 321°, 
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The present investigation was commenced in October 1908. 
The objects in view were :—(1) To trace the cause of the 
electromotive difference, which sometimes existed and which 
was sometimes absent, between 10 and 123 per cent. amalgams. 
(2) To determine the limits of temperature between which 
amalgams of various concentrations could be usefully 
employed. (Requests for information on this point bad 
on several occasions been received from India.) (3) To 
explain the abnormal E.M.Fs of cells made by various 
observers, when the amalgams contained from 12j to 14 
per cent. of cadmium. (4) As the recent International 
Conference on Electrical Units and Standards (London, 
1908) specify a 121 per cent. amalgam, it was important to 
decide whether the limits of temperature (0?—40? C.) 
specified, required amending or not. 


The Method. 


The method consisted in directly measuring the difference 
of E.M.F. between two amalgams in contact with a saturated 
solution of cadmium sulphate. The materials in contact with 
the amalgams were identical with those used in the Weston 
normal cell, and any amalgam could at any time be used as 
the negative element of such a cell. 

The glass vessels used were of the form shown in fig. 1. 
Each vessel has four vertical limbs connected by means of 
a tubular cross-piece. A platinum wire is sealed through the 
bottom of each of the limbs and passes into a narrow side- 
tube containing mercury. A 10 per cent. amalgam was 
placed in the bottom of one of the limbs, and amalgams of 
different percentages of cadmium were placed in two of the 
other limbs; in the remaining limb, mercury and a depolarizer 
consisting of a paste of mercurous sulphate and cadmium 
sulphate crystals and solution were introduced. Cadmium 
sulphate crystals were added so as to form a deep layer over 
the amalgams and paste, and afterwards the vessel was nearly 
filled with a neutral saturated solution of cadmium sulphate. 
The vessel was then hermetically sealed. 

Such a cell will be seen to consist of one positive element 
and three negative ones, one of which consists of a 10 per 
cent. amalgam. 
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The advantages of such a cell are :— 

(1) All of the constituents of the Weston normal cell are 
present. 

(2) The electromotive force of any combination having the 
mercury as the positive element and one of the 
amalgams as the negative element, may be directly 
compared with the electromotive force of any 
standard cell. 


Fig. 1. 


ra 


(3) A large number of the vessels may be grouped together 
and the positive poles connected. The difference in 
E.M.F. between any two negative poles, even though 
they be in different cells, may thus be directly 
measured. 

(4) If there is any doubt about small differences in E.M.F. 
and a suspicion that they are due to slight differences 
in the depolarizers, the 10 per cent. amalgam poles 
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may be connected together, and the differences in 
E M.F. measured between these and other amalgams. 
(Preliminary observations had proved the reliability 
of the 10 per cent. amalgam.) 

(5) The cells may be immersed in ice, water, oil, or other 
liquid, and they eannot leak through the junction of 
platinum with glass. 


Preparation of the Materials. 


The cadmium sulphate, the mercury, and the mercurous 
sulphate were prepared by methods which are fully described 
elsewhere !?, 

The cadmium was from various sources. Some was 
purchased from Messrs. Baird and Tatlock ; another lot 
was from Messrs. Harrington’s and further samples were 
procured from Kahlbaum’s and Merck’s. In addition, a 
considerable quantity was prepared by electrolysing pure 
cadmium sulphate, an anode of commercially pure cadmium 
and a cathode of platinum being used. 


The Cells. 


The cells experimented with are divided into groups, the 
division being due partly to the heat treatment of the 
amalgams, and in part to the source of the cadmium. 


Group I.—Cadmium from Baird and Tatlock. 


Range of amalgams :—1 to 20 per cent. of cadmium. 

Manufacture :—Three amalgams were first made; these 
contained 20, 15, and 10 per cent., respectively, of cadmium. 
All oxide and dross was removed by washing with very dilute 
sulphuric acid while the amalgams were hot and completely 
liquid. Each amalgam was then chilled with ice-cold water 
and broken into small pieces. From the 20 per cent. amalgam 
other amalgams estimated to contain from 19 to 16 per cent. 
of cadmium were made; the 15 per cent. amalgam was 
used to prepare others having from 14 to 103 per cent. of 
cadmium, and from the 10 per cent. amalgam the 9 to 1 per 
cent. amalgams were made. The amalgams were introduced 
into the limbs of the vessels and melted either in a water 
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bith or over a bunsen flame; the cells and amalgams were 
allowed to cool ina normal manner. Afterwards, the other 
constituents of the cells were introduced and the vessels were 
hermetically sealed ; they were subsequently immersed in 
paraffin oil and kept at a constant temperature of 20° C. 
for 48 hours, after which they were placed in crushed ice 
for 8 days. 

Ten Weston normal cells of the usual H form were con- 
tinually maintained at a constant temperatare of 20° C. and 
the E.M.F.'s of the various combinations of the elements in 
the 4 limb vessels were compared with these 10 cells from 
time to time. 

When the experimental cells were at 0? C. the E.M.F.'s 
were compared every day for 8 days; afterwards further 
observations at 5°, 10°, and 15° C. were made, but the first 
two of thes» temperatures were not maintained constant 
within less than 09:1 C., and this for 3 hours only. The 
temperature of 15? C. was maintained constant for 24 hours 
before the first comparison of E.M.F s was made, and the 
whole lot of cells did not deviate from 15? C. by more than 
0*5 during the following 3 months. From time to time 
the temperature was adjusted to 15? C. and the cells com- 
pared. After the 3 months had elapsed other comparisons 
were made at intervals of 5? from 20? to 45°, these higher 
temperatures being maintained constant for at least 4 hours 
before making the observations. The oil baths were heuted 
electrically, and a toluene thermostat sensitive to 0°01 was 
used. For temperatures above 30? the cells were immersed 
in crude olive oil. 


Results. 


The results of the E.M.F. comparisons are given in 
Tables I and II. Table I. gives the E.M.F.’s of amalgams 
containing from 1 to 13:5 per eent. of cadmium. When 
maintained at a constant temperature the E.M.F.’s of these 
amalgams (with the exception of that containing 6 per cent. 
of cadmium) were found to be constant also within 1 or 2 
parts in 100,000. It is not necessary, therefore, to give 
more than one value at any one temperature. 

VOL. XXII. C 
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With regard to the 6 per cent. amalgam, at 30? C. the 
following values were observed :— 


Date. E.M F. 2 101810 v. 4- 
93.9.1902. —— —0:00059 v. 
232. p —0:00127 
94.9. ,, — 000140 
242 pn — 000140 


This change is shown hereafter (p. 35) to be due to the 
closeness of the 6 per cent. amalgam at 30° C. to the transi- 
tion temperature (about 28° C.), at which the two phase 
system changes into a one phase (liquid) system. The tran- 
sition appears to take place slowlv, and the E.M.F. of the 
cell does not therefore immediately assume a constant value. 
It is purely accidental that such a change was only observed 
with the 6 per cent. amalgam. 

Many of the cells containing amalgams with from 14 to 
20 per cent. of cadmium did not remain constant when the 
temperature was unchanged. The variations will be seen 
from Table II., which gives the initial and final values at 
the different temperatures. 

Of the cells dealt with in Table II. the E.M.F.’s of all the 
cells, with the exception of that containing the 15 per cent. 
amalgam, increased in value when maintained at 09. During 
the 3 months that the cells were at 15° C. the 15, 17, and 
19 per cent. amalgam cells fell in E.M.F., and the 14, 141, 
and 16 per cent. amalgam cells rose in value. At the higher 
temperatures there was very little change, but it is worthy of 
notice that the 18 and 19 per cent. amalgam cells exhibited 
declining values. 

After the cells had remained at 45? C. for 2 days they 
were again placed in crushed ice and kept there for 6 weeks. 
The E.M.F.’s were measured from time to time, and were 
far from constant for the amalgams of higher concentration. 
The following table (III.) gives the results, and for the sake 
of comparison the original values at 0? C. are also given. 

The cells containing the amalgams with from 2 to 11:5 
per cent. of cadmium may be regarded as quite constant. 
Amalgam cells with from 12 to 13:5 per cent. of cadmium 


have fallen in E.M.F. by a few hundred-thousandths of a 
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B | Taste Ill. 
Giving the observed E.M.F.’s at 09 C. of cells containing 
from 2 to 20 per cent. of cadmium in the amalgams. 


Observed E.M.F.'se- 1:01840 int. volts 4- diffs. in hundred- 
thousandths o£ a volt. 


romae wb. o œc. | oc. | oC. | ‘Max. 
the Amalgam, | 11-1908. 6.2.1909. | 27.2.09. | 20.3.09. | difference. 
2 .lsesee| 36b —368 |-—308 | -33 | 3 
d i ue +35 — 35 35 34 l 
4 ew quie qu 35 35 35 1 
Dukes ua |= 35 35 35 0 
I 35 |3 35 35 3t L 
Tinia 3 |. 38 36 36 0 
Basses æ FO] s 37 35 i 
E 36 | E 36 36 37 1 
KO ides 36 | ES 36 36 37 l 
JOD SE 37 |-3 36 36 37 l 
ee 3 |27 36 36 37 i 
DS MN M 39 |22 38 37 37 2 
12 i ee 40 |S£ 36 36 39 4 
426... 4 |*?& 39 38 38 3 
ES 3o E 40 38 ^ 12 
H cuc 249 | ZE] 38 49 | 86 | 211 
]45 iones 47 17. 48 58 216 409 
90 pM 93 | gg 46 567 626 230 
16 iones 50 ,£5]| 163 179 | 498 | 397 
IT discs 1100! | = 1006 1042 | 1049 95 
DAMM 1205 | 7 1260 12n6 | 1266 35 
19 ... ..] 41564 « 1493 1498 1507 il 


volt, while those with amalgams richer still in cadmium (with 
the exception of the 20 per cent. one) show considerable 
changes which in two instances (14:5 and 16) umount to 
0:004 volt. With increasing time the E.M.F.’s of these cells 
are observed also to increase, but even after 6 weeks the final 
values are considerably lower than the original values. The 
only cell dealt with in Table II. which had practically the same 
initial and final values at 0° C. (see Table IlI.) is the 20 per 
cent. amalgam cell, and this alsọ is the only cell which was 
practically constant iu. E.M.F. when any temperature from 
0° to 45° C. was maintained constant. 

The graphs which result on plotting the values of the 
percentages of cadmium and the corresponding E.M.F.'s at 
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various temperatures, are shown in fig. 2 (Pl. 1.)*. For the 
purpose of the figure the final values of the E.M.F.’s given 
in Table II. were chosen. The lower ascending portion of a 
curve is taken to indicate that the amalgam is completely 
liquid ; the nearly horizontal portion indicates that a two- 
phase system—part solid and part liquid—is present, and the 
upper ascending curves show that the amalgam is completely 
solid. 

It is evident, however, from the results given in Tab'es I. 
to III. that the electromotive property of an amalgam may 
depend to some extent on its previous thermal treatment. 
Whereas, originally, the E.M.F.’s of cells at 0° C. with 
amalgams containing from 3 to 13°5 per cent of cadmium, 
were nearly identical, we find after heating to 45° C. and 
subsequent cooling that the limits are 3 and 14°5 per cent. 
Similarly at 15° C. an approximate constancy of E.M.F. 
was originally obtained with 5 to 14 per cent. amalgams, 
but after the cells were raised to 45? C. and then cooled 
to 15° the range was extended to 16 per cent. amalgams. 
Hence it appears possibie that if an amalgam rich in cadmium 
is raised to a temperature at which the solid and liquid. phases 
are present, it may, on cooling, have diferent electromotive 
properties owing to the persistency of the two phases. This 
persistency may be due to lack of homogeneity of the amalgam. 
The curves in fig. 2 show that the amalgams containing from 
9 to 17 per cent. of cadmium were partly liquid and partly 
solid at 45° C., while the 18 and 19 per cent. amaloams were 
fairly close to their transition temperatures. Referring to 
Table III. and to the curves in fig. 2, we see that the 
amalgams which show the greatest changes in their electro- 
motive properties (these are the amalgams containing from 
14 to 17 per cent. of cadmium) are partly liquid and partly 
solid at 45° C., but are normally quite solid at 0° C. Other 
amalgams containing 14, 15, 16, and 17 per cent. of cadmium 
were prepared, and their general appearances before and 
after heating to 45° C. were carefully noted; there is no 
doubt that these amalgams appeared to be more liquid after 
the heat treatment. Zhe final appearance of the amalgams 

* In some cases the plotted values lie at considerable distancee from 
the corresponding curves. 
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ts explained if we suppose that a layer of amalgam of compa- 
ratively low cadmium concentration surrounds a core of higher 
cadmium concentration. 

The curves in fig. 2 are worthy of notice. The slopes of 
the higher ascending curves are almost identical for the ' 
temperatures 15° C. to 45° C., but only the upper part of 
the higher curve at 0? C. is approximately parallel to the 
others. (To avoid confusion the curves for 5? and 10? are 
not given. Now if the upper part of the curve at 0° is 
continued so as to be approximately parallel to the curves at 
20^, &c., it meets that part of the curve corresponding to the 
two-phase system at a point indicated by 11 per cent. of 
cadmium. It is possible that the curve thus drawn was not 
experimentally realized because of some difference in the 
thermal treatment of the amalgams, for it has already been 
shown that the electromotive properties of an amalgam vary 
with such treatmont. If so we conclude that cells with 
amalgams containing more than 11 per cent. of cadmium 
may hace E M.F.’s at 0° C., differing very considerably from 
the E.M.F.'s of cells with from 3 to 11 percent. of cadmium. 
The results also lead one to suggest that the transition 
temperatures of the amalgams containing from 11°5 to 13:5 
per cent. of cadmium are below 20? C. but above 0? C. 
Experiments to test this point were immediately proceeded 
with, but before describing them the results obtained with 
other groups of cells are of interest. 

The new groups of cells contain cadmium from Har- 
rington, Kahlbaum, Merck, and from an electrolytic 
source. Each of the new amalgams was made by adding 
metallic cadmium to mercury, and all of them were melted 
inside the glass vessels and allowed to cool in a normal 
manner. The E.M.F.’s of these cells were compared at 
many temperatures, but it will be sufficient for the present 
purpose to give the E.M.F.'s at 0° C. (p. 262). In order that 
comparisons may be readily made the original E.M.F.'s at 
0° C. are also given for the first group of cells. 

The results obtained with the four new groups of cells 
confirm the conclusions arrived at with the cells of Group I., 
and furthermore suggest that the maximum values for the 
E.M.F.’s of the cells with amalgams containing high per- 
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TABLE IV. 


Giving the observed E.M.F.'s at 0° C. of various cells con- 
taining amalgams with from 1 to 25 per cent. of cadmium. 


Observed E.M.F.’s =1-01840+the differences given in the table, 
the differences being in hundred-thousandths of a volt. 


Grove IV. | GnovP V. 


Grovp I. Grovr II. | Grove III. | 
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n +35 4-35 + +34 +34 +34 

EE 34 85 + — — -- 

| ERR 35 35 + 34 34 34 

B E 35 35, sin pa ay: 

I 36 35 35 34 35 

Ba aine 36 36 — — — 

a EEE 36 36 — — — 
LL PPS 36 37 35 34 36 
AD lc 37 3T 35 36 37 
I2. 40 38 40 —- — 
TZO: voa: 41 39 38 42 39 
ME essei: 47 40 86 — — 
19D. uuu 50 = - 41 — — 
Db insexss 249 72 460 443 378 
PED. eoo 457 40. 519 — — 
cuc 673 454, 574 — — 
BIB. oeri: 560 451 044 938 654 
y METRE 1101 78 720 — — 
|. eT 1295 455 1223 1083 1111 
IN etium 1564 1047 . 866 — = — 
ZU  oiiscipe: 1613 1612, 1580 — 1601 -— 
JB RT — -— -— 2420 — 2465 . 


N.B.— An interval of 36 hours elapsed between observations (a) and (4). 
In this interval the temperature of the cells was raised to 65° C. for 1 hour, 
and the cells allowed to cool very slowly in the bath. "They were then placed 
in ice and the observations (5) taken 6 hours afterwards. 


centages of cadmium have not yet been obtained. If, as 
suggested on p. 260, the result of slowly cooling an amalgam 
to a temperature at which it should (if homogeneous) be in 
a solid state is the production ofan outer shell of amalgam of 
comparatively low cadmium concentration, covering a solid 
core of higher concentration, then different rates of cooling 
should produce different results. Also, it seems probable 
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that by raising the temperature until the amalgam is com- 
pletely liquid, and then chilling, the differences of concen- 
tration will be largely avoided ; but if the amalgam is not 
in the completely liquid condition at the high temperature, 
or nearly so, the effect of chiliing may not be marked. 
To test the first effect, a-14 per cent. amalgam was made 
and divided into two parts; these were placed in two limbs 
of the same vessel. One of the parts was completely melted 
and allowed to cool in a water bath down to a temperature 
of about 16?; the other part was completely melted and 
chilled by quickly immersing the limb containing it in 
alcohol cooled with solid CO,, the temperature being about 
—50° C. The other constituents of the cell were added, the 
vessel hermetically sealed and immediately afterwards it was 
placed in crushed ice. The observed E.M.F.’s at 0? C. were 


as follows :— 
TABLE V. 


Giving the observed E.M.F.’s at 0° C. of cells containing 
14 per cent. amalgams, one of which was chilled and 
the other slowly cooled. 


The E.M.Fs—1:01840 v. 4- values given in Table. 


14 per cent. slowly 14 per cent. 
. cooled. chilled. 

Ist day ............ --0:00038 v. +0°00608 v. 
2nd 5 eines 40 656 
dl i; Sedis: 40 686 
Gt unn 40 691 
Gth gy cuneis 40 693 
lOth p è eesessosssos -= 4l 696 
lOth us. orreen 41 695 
Dl no site 41. 694 


The results show in a decisive manner that differences of 
very considerable amounts may arise owing to differences in 
the rates of cooling of the amalgams. The 14 per cent. 
slowly cooled amalgam cell had an E.M.F. only 5 parts in 
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100,000 greater than that of a cell containing a 5 per cent. 
amalyam, w^ereas the 14 per cent. chilled amalgam had an 
E.M.F. which is considerably greater than that of any 
cell with 14 per cent. amalgam which is reported on in 
Table IV. 

It was thought possible that the chilled and slowly cooled 
amalgams might differ owing to local differences in con- 
centration other than that mentioned on p. 23. When a 
14 per cent. amalgam—or one of higher concentration— 
is completely melted and slowly cooled in a water bath, the 
solid crystals which first separate out are lighter than the 
mother liquor, and rise to the upper portion of the amalgam. 
Hence, after the amalgam has cooled, it is probable that the 
concentration of the cadmium in the upper portion is greater 
than in the lower portion. When a 16 per cent. amalgam 
was melted in a long glass tube and cooled slowly, this 
difference was detected by inspection, the lower half of the 
amalgam having an appearance approaching that. of liquid 
mercury, while the upper portion had a frosted appearance. 
To test whether there was any marked difference in the 
electromotive properties of the two ends a platinum wire was 
sealed through the middle portion of a closed glass tube, 
3 mm. in diameter and 30 cm. long; the tube was then 
filled with a 16 percent. amalgam. After the amalgam had 
been completely melted and slowly cooled in a water bath, 
the lower end of the tube was broken away so as to expose 
part of the amalgam's surface. The amalgam rod was now 
used as the negative element of two cells, the platinum wire 
serving as the negative lead. In one of the cells the upper 
part of the surface of the amalgam made contact with 
cadmium sulphate crystals and solution, and in the other 
cell the lower part of the amalgam's surface was in coniact 
with a similar mixture. After three hours at 15? C. the 
cell containing the lower part of the amalgam was the higher 
in E.M.F. by about 0°0001 volt, but the difference was not 
constant, and both cells were increasing in value. We 
conclude, therefore, that the large differences observed between 
the chilled and slowly cooled amalgams are not due to such 
local differences of concentration as have been indicated. 
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Cells with Chilled Amalgams. 


Another series of cells were now prepared with amalgamis, 
some of which were melted and afterwards slowly cooled 
in a water bath, and others were melted and chilled by 
immersion in alcohol cooled by means of solid CO, to about 
— 50° C. After being chilled the amalgams were not allowed 
to rise in temperature above 0? C., the cell being prepared 
with the glass vessel immersed in a mixture of ice and salt. 
After sealing and swilling with ice-cold water the cells were 
placed in ice. 

With amalgams containing from 1 to 11 per cent. of 
cadmium no difference greater than two hundred-thousandths 
of a volt was observed between the electromotive effects of 
chilled and s!owly cooled amalgams of the same percentage 
composition. 

With amalgams of higher concentration the chilled 
amalgam cell had the higher E.M.F., and its value increased 
for from 7 to 14 days, after which a slight fall was generally 
observed. In Table VI. the E.M.F.’s of the various cells 
are given after the cells had been kept at a constant tem- 
perature of 0? C. for 1, 5, 10 and 30 days. 

The E.M.F.s of the cells with the slowly cooled and 
chilled amalgams—1 to 11 per cent. of cadmium— were 
practically identical with those given in Table I. (at 0° C.), 
and so they are not repeated here. However, in order that 
comparisons may be made with a two-phase system amalgam 
the E.M.F.'s of the 10 per cent. amalgam cells are given in 
the Table. 

When amalgams of the same cadmium content were 
melted and chilled, the cells containing them did not always 
have the same E.M.F. even after several weeks. However, 
the differences were comparatively small for the amalgams 
containing more than 14 per cent. of cadmium ; thus after 
30 days at 0? C. two cells containing 16 per cent. chilled 
amalgams had E.M.F.'s of 1:02947 v. and 1:02931 v., and 
two other cells with 18 per cent. amalgams had E.M.F.’s 
of 1:03335 v. and 1:08310 v. 

In two instances there were very rapid rises in E.M.F, 
and subsequent rapid falls; one instance is the 13 per cent. 
amalgam cell of Table VI., and in the secoud case a 16 per 
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TABLE VI. 


Giving the observed E.M.F.'s at 0? C. of cells containing 
slowly cooled and chilled amalgams. Chilled amalgam 


cells are indicated by * c." 


Observed E.M.F.'s = 1:01840 int. volts + the differences given, 
in hundred-thousandths of a volt. 


| | 
Percentage of | | 


Cadmium in Ist day. 5th day. 10th day. 30th day. 
Amalgam. 
IU, iraa 36 36 36 36 
MU BL dicesath 36 36 36 36 
PE estos 40 39 99 39 
Ia Bose 50 183 272 268 
TAO E 39 39 39 39 
IDG: ou 41 340 366 360 
i t aioeadso 42 44 43 43 
LP mer 450 650 464 460 
IS, visis 37 42 42 43 
Dd don cei 606 691 695 694 
l E o óonisehe 44 110 337 544 
IB PETE 583 897 920 910 
(| Aem 123 592 692 770 
IS. 8 osos: 1037 1114 1112 1110 
y EET 680 872 
Rd OAT T 1232 1297 1295 1275 
I8 isse 831 936 988 1017 
E88 doceas 1406 1509 1508 1505 
Aem 9045 1258 1342 1396 
19 Besson 1601 1672 1676 1668 
MU oetxxpeiketa 1453 1601 1590 1580 
Oiii 1770 1840 1840 1826 
ND. POTT 2378 2370 2410 2435 
PO. OIR NAE 2496 2529 2550 2530 


cent. chilled amalgam cell had an initial E.M.F. of 1:04097 v., 
which fell in 5 days to 1:03032 v. After 30 days this latter 
cell had the value 1:02964 v., which is almost identical with 
the value given for 16 c in Table VI. 

Seven cells were prepared with 124 per cent. amalgam. 
The first four contained amalgams which bad been chilled 
with alcohol cooled with solid CO; ; the fifth was chilled by 
immersion in a mixture of ice and salt at — 10? C. ; the 
sixth was chilled in water at 0? C., and the seventh was 
allowed to cool in a normal manner. The E.M.F.'s of the 
seven cells are given in Table VII. 
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TABLE VII. 


Giving the observed E.M.F's at 0? C. of cells containing 
124 per cent. amalgams. 


Observed E.M.F. = 1:01840 +. 


Amalgam. 

lst day. öth day. 3Uth day. 

Chilled to about 50°C. ...... 0 00036 0 00238 0:00222 
» » » R Wan 47 273 310 

"» » » - D 41 340 360 
TD — | 116 83 80 

pe owe sel JOY | 52 63 176 

dk cur SUP anren ! 41 45 44 
Cooled normally .................. | 40 40 4} 


The E.M.Fs of the chilled amalgam cells dealt with in 
Tables VI. and VII. cannot be regarded as constant even 
after 30 days. The small decline in E.M.F. from the 10th 
to the 30th day (Table VI.) was possibly the commencement 
of a fall which would have lasted a considerable time, and 
may be due to the chilling producing a too highly con- 
centrated amalgam in the outer shell. However, the 
uniformity of the results (see fig. 4) leads us to believe that 
the maximum values of the E.M.F’s for homogeneous 
amalgams are not very different from those observed on the 
30th day. 

With regard to the slowly cooled amalgams (p. 28), it 
will be seen that the low initial E.M.F. is explained it the 
outer shell of the amalgam is of lower cadmium concentration 
than the mean concentration. With continued diffusion the 
outer skin of the amalgam will become richer in cadmium, 
and thus the E.M.F. of the cell will increase. Such increases 
are recorded in Table VI., and have been previously observed 
by Jaeger? and by Bijl®. 

If, after a cell has been hermetically sealed, a previously 
slowly cooled amalgam (forming the negative element of the 
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coll) is raised above its first transition temperature, but not 
above the second, subsequent chilling of the amalgam does 
not, in general, result in an increased E.M.F., but a lowering 
may result. A cell containing a 14 per cent. amalgam was 
raised to 50? C. and then chilled with ice-water ; its E. M.F. 
was thus lowered from 1:02260 v. to 1:02220 v. This 
lowering was no doubt due to the outer shell of the amalgam 
becoming even less concentrated in cadmium than before. 
However, in such experiments it was repeatedly observed 
that the rate of increase of E.M.F. of the cell with time 
was accelerated by such treatment, 

After remaining in ice for 30 days, the cells with the 
chilled and slowly cooled amalgams (Table VI.), and others 
containing from 2 to 10 per cent. cadmium amalgams, were 
gradually increased in temperature, and the E.M.F.’s 
observed at intervals of 5° up to 65°. The temperatures 5° 
and 10? were maintained very nearly constant for about 
1 hour, and all other temperatures were kept constant for at 
least 4 hours. The results are given in the following 
Table (p. 31). 

After the cells had been raised in temperature to 65? C., 
they were again immersed in ice, and after 14 hours a 
comparison of their E.M.F.'s led to the results given in the 
last column of Table VIII. (compare with Table III.). 

With the exception of these final values at 0°, the E.M.F.’s 
&c., given in Table VIII. have been plotted, and the resulting 
curves appear in fig. 3 (Pl. [.). The dotted portions of the 
curves were not experimentally realized, as the cells were 
unstable at temperatures very near to the first transition points 
of the amalgams. 

A comparison of the effects of temperature changes on 
chilled and slowly cooled amalgams is now of interest. The 
whole of the slowly cooled amalgam cells tabulated in 
Table VI. were raised in temperature from 0° to 65° C., 
but it is not necessary to give all the results. The following 
(Table IX.) is a typical case. Here, the three amalgams in 
one vessel were 10 per cent., 17 per cent. chilled, and 
17 per cent. slowly cooled. The temperature was altered 
comparatively rapidly, the whole range 0°-40° being gone 
through in a little less than 8 hours. 
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Tasik IX. 


Observed E.M.F.’s = 1:01840 + the differences in 
hundred-thousandths of a volt, given in the Table. 


Amalgam, 
Date. Time. Temp. 
17 s 0* 1? c. p^ 10 J 
Slowly cooled. Chilled. e 
20.5.09 | 9.30 A M. 0° 872 1250 36 
10.30 14:52 467 825 21 


It will be observed that the E.M.F.'s of the cells with tho 
amalgams 17 and 17c changed with the rise of temperature 
from 0? to 20? by almost identical amounts. At 30? the 
E.M.F. of ihe cell with the slowly cooled amalgam was 
near to that of the 10 per cent. amalgam cell, and with 
increasing time, the temperature remaining constant, the two 
E.M.F.'s got nearer and nearer together. On cooling to 0? 
a marked change was evident, the cell with the slowly 
cooled amalgam having fallen by 6°7 millivolts. In 10 days 
the E. M.F. had risen again within 0'8 millivolt of the original 
value, and no further change of importance was produced 


Digitized by Google 


AND THE WESTON NORMAL CELL. 33 


on warming the cell to 25° and subsequent cooling to 0°. 
During the whole period the change in E.M.F. of the 
chilled amalgam cell did not exceed 0'2 millivolt. Both 
amalgams changed considerably on raising the temperature | 
to 50? C. and subsequent cooling, but although at 50? both 
cells had nearly the same E.M.F., they differed very con- 
siderably at 0?. In all cases cells containing amalgams in a 
presumably solid state, whether chilled or not, could be 
raised in temperature and subsequently cooled without 
appreciable change in E.M.F., unless with increasing tem- 
perature there was an abrupt change in the temperature 
coefficient. In such a case the temperature coefficient 
appears to diminish at first, but afterwards the E.M.F. of 
the cell rapidly falls to a value which is nearly identical with 
that of a cell containing a stable two-phase amalgam. In our 
experiments the change usually occurred when the E.M.F. 
was from 0:4 to 2:5 millivolts greater than that of a normal 
cell. In all cases subsequent cooling showed that a change 
in the amalgam had taken place as the new E.M.F. was less 
than the previous value at the same temperature. 

At temperatures near to but below the first transition 
temperature the diffusive processes in an unstable amalgam 
are no doubt accelerated, and the outer shell becomes richer 
in cadmium with a corresponding increase in the E.M.F. of 
the cell; even so the diffusion is very slow, and in general 
before the first transition temperature is reached the outer 
shell becomes partly liquid, and a two-phase system appears 
at a lower temperature than would be the case if the amalgam 
were homogeneous. On subsequent cooling a new outer shell, 
with even less cadmium than before, is formed, but the inward 
concentration gradient is greater than before, and hence the 
cell is moro unstable. The results given in Table IX. are 
easily explained on such an hypothesis. 

If a stable amalgam is taken in which the solid and liquid 
phases are certainly present, increase of temperature will 
diminish the solid and increase the Jiquid phase. When the 
liquid phase alone is present the temp. coef. of a cell con- 
taining the amalgam is very different from that of a cell with 
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a two phase system. This i» evident from fig. 3. It was 
surprising to find that even when the temperature of a cell 
was maintained several degrees above the transition tempera- 
ture (corresponding to the change to the all liquid phase), 
several hours elapsed before the transformation was 
complete. For example, the 8 per cent. amalgam appears to 
be completely liquid at all temperatures above 41? C., yet 
when a cell containing such an amalgam was kept at 45? for 
four hours its E.M.F. was in exact agreement with that of a 
cell containing a 10 per cent. amalgam, of which the transi- 
tion point is about 51°. At the end of five hours the E.M.F. 
began to fall, and at the end of two more hours it became 
constant but 14 millivolt lower than previously. This liquid 
amalgam cell was now perfectly stable and could be raised 
in temperature to 65? or lowered to 41? without any 
permanent change such as was observed with the solid 
amalgams (see also data, following Table I., with regard to 
a 6 per cent. amalgam). Probably the reason of this 
behaviour lies in a difference of concentration of eadmium 
in the amalgam in the upper and lower parts, such as was 
indicated on p. 26. In a two-phase system, since the solid 
crystals are lighter than the mother liquor they naturally 
rise to the upper part of the amalgam, and it is this part 
which is in contact with the cadmium sulphate solution. 
When the transition temperature corresponding to the 
amalgam is reached, the lower half will be unsaturated with 
cadmium and therefore completely liquid, while the upper 
part will contain an excess of cadmium and be part solid and 
part liquid. If the temperature is raised the E. M.F. of the 
cell will correspond to one with a two-phase system until the 
upper part of the amalgam is completely liquid. 

We will now fix certain limits of temperature, between 
which various amalgams may be most usefully employed in 
the standard cell. Fig.3 (Pl. I.) gives the desired infor- 
mation and the results are tabulated below. 

These values have been plotted and give the curves shown 
in fig. 4 (PI. T.). 
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Limits of Temperature for use 


Percentage of Cadmium in Weston Normal Cell. 


in the Amalgam. 


| Lower Limit. Upper Limit. 
3 below 09 C. about 39:4 
4 ” » 12°°7 
5 $» » 21°41 | 
6 , » 27^ 
7 » » 9496 
8 i" », 410 
9 ” »  46?0 
10 » 0190 
| ll about 0° C. » 9690 
| 12 897 , 009.0 
12:5 1291 above 60? 
| 13 16° 1 " 
| 14 2490 " 
| 15 329-5 É 
| 16 399-7 » 
| 17 459-3 y 
| 18 520-6 " 
| 19 579:0 ^ 
| 90 629-1 " 


Effect of Temperature Changes on the 
Weston Normal Cell. 


It must not be concluded from the curves shown in fig. 3 
that the change in the E.M.F. of a two-phase amalgam 
towards a cadmium sulphate solution has a very small 
temperature coefficient. The curves indicate the change in 
E.M.F. with change of temperature of a Weston normal 
cell ; that is, the difference between the change of E.M.F. of 
mercury towards a cadmium sulphate solution (plus mercurous 
sulphate), and the change of E.M.F. of a cadmium amalgam 
towards the solution. 

Because of its small temperature coefficient the Weston cell 
is sometimes used in an unprotected state with respect to 
temperature changes, and instances have been brought to 
notice in which one limb of a cell has been 3° higher in 
temperature than the other limb. This produced a change in 
E.M.F. of nearly 1 part in 1000. Rapid changes in the 
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temperature of a cell are of little importance if both limbs are 
at the same temperature. 

To determine the temperature coefficient of each limb we 
have used H form vessels in which the two limbs are 8 inches 
apart. The tube connecting the limbs is bent in the form of 
U near to one end; this construction prevents diffusion of 
the hot liquid from one limb to the cold liquid of the other. 
Four such cells were made and their electrodes consisted of 


(1) Cadmium 10 °/. . Cadmium 10 %, 
(2) ^ $i . Hg;SO, and Mercury. 
(3) 9 . 9 » 
(4) Mercury i Hg SO, . e is 


At the beginning the cells were placed in ice and their 
E.M.F.’s determined. The one limb was then placed in a 
bath which could be raised in temperature, while the other 
limb was kept at 0°. The results are contained in the 
following table and show the importance of keeping a cell 
screened, in order that the difference of temperature of the 
two limbs shall not be appreciable. 

The difference between the two E.M.F.s at the same 
temperature is almost identical with the difference calculated 
by the use of the formula given by Wolff". 


TABLE XI. 


Mercury cell no. (4). Hot limb +. 


Amalgam cell no. (1). Hot limb +. 
M E.M.F.’s at various temperatures, 


.F.'s at various temperatures. 


Cold limb. | Hot limb. 2] Cold limb. Cla. CN Hot limb. 
0° o° |0000v. | 0° | 09 — 000000 v. 
0° D? 144 9? | 59 145 
09 109 207 09 1C9 201 
09 159 459 0° 15° 440 
0° 20° eo | 0 20° 593 
0° 25° 809 | 0° 25° 190 


0° 30° | 996 
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Comparison of Results. 


A comparison of some of our results with those of other 
observers is of interest. 

Jaeger made measurements on various amalgams at about 
20° C.? and at this temperature, cells containing amalgams 
with from about 5 to 14 per cent. of cadmium were found to 
give nearly identical results. A 20 per cent. amalgam cell 
gradually increased in E.M.F. until the latter was 11:5 milli- 
volts greater than the E.M.F. of normal cells. This difference 
is not far removed from the difference 12:5 millivolts for the 
20 per cent. chilled amalgam (Table VIII.), and the difference 
10:4 millivolts for the slowly cooled amalgam (Table II.). 
Jaeger made no observations at 0° C. 

Bij's* experiments on the electromotive properties of 
cadmium amalgams were made at 20°, 25°, 50° and 75°. 
From the published results it appears that at 25° amalgams 
containing from about 5°8 per cent. (=9°9 atomic per cent.) 
to 15°7 per cent. (=25 atomic per cent.) of cadmium possess 
the two-phase system. From fig. 4 it will be seen that our 
own experiments fix the limits at 25° as 5°6 and 14 per cent. 
The lower limits may be taken as identical. 

At 50° we conclude from curves given by Bijl that the 
limits are about 9:9 per cent. (16:4 atomic per cent.) and 
20 per cent. (30:8 atomic per cent.) of cadmium, whereas 
fig. 4 of this paper gives the limits at 50? as 9:7 per cent. and 
17:7 per cent. Again the lower limits may be taken as 
identical. Probably, the upper limits are different because 
the amalgams used by Bijl were not chilled. Bijl remarks 
that the quite solid amalgams reached their final values within 
a few days except in the case of those amalgams which lay in 
the neighbourhood of the end of the nearly horizontal portion 
of the curve (see fig. 2 of this communication), i. e. the 
amalgams which were near the transition point. He states 
also that on passing to lower temperatures these mixtures will 
certainly become completely solid with a corresponding change 
in the E.M.F. of the cell. He repeatedly noticed that in 
such a case the E. M.F. attains its final value very slowly, and 
ascribes this to the last quantity of liquid amalgam (the 
surface being solid) requiring a long time to thoroughly mix 
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with the other portion. No observations on the electromotive 
properties were made at 0°, but one or two observations on the 
melting-points of the amalgams were made in the neighbour- 
hood of 0°. From these latter observations we may infer (as 
recently pointed out by Cohen") that the amalgams with 
from 2°4 per cent. to about 9 per cent. of cadmium may be 
usefully employed at 0°. Our own results fix the limits as 
2:6 and 11 per cent. As one of the curves given by Bijl was 
obtained by extrapolation below 8? the agreement may be 
considered satisfactory. 

Cohen and Kruyt's" observations at 0? C. were made 
with 10 and 12} per cent. cadmium amalgams. At 0° the 
maximum observed difference between cells containing the 
amalgams was 0:25 millivolt. With chilled amalgams our 
own observations show that the difference may be more than 
10 times as great, the difference observed being 3°30 milli- 
volt. Cohen also measured differences between two 10 per 
cent. amalgams at 0° C., but the differences were sometimes 
positive and at other times negative. 


Conclusions. 


1. Cadmium amalgams of such a composition that if 
homogeneous * they would be completely solid below certain 
temperatures, may not in a Weston normal cell have that 
E.M.F. towards a cadmium sulphate solution corresponding 
to such a solid. The general result is a lowering of the 
E.M.F. of the cell and is due to lack of homogeneity of the 
amalgam, the outer shell of which is of low cadmium con- 
centration and the centre of the mass of high cadmium 
concentration. Diffusion tends to restore uniformity, and in 
consequence the cell is unstable for a very considerable 
time—the E.M.F. rising. 

2. When the amalgam is at a temperature near to, but 
below, the first transition point, the difference of concentra- 
tion between the inner and outer parts of the amalgam need 
be only small to enable the outer shell to be a two-phase 
system. Owing to the small difference of cadmium concen- 
tration throughout the mass the diffusion process will be slow 


* The term is used in a relative sense. 
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and the E.M.F. of the cell may remain constant for a very 
long time. There is, however, in general, a small difference 
in E.M.F. between such a cell and one containing a normal 
two-phase system. 

3. Cadmium amalgams of such a composition that, if 
homogeneous, they would be all liquid above certain 
temperatures, may not in a standard cell have that E.M.F. 
towards the solution corresponding to a homogeneous 
amalgam. In such a case the E.M.F. of the cell is higher 
than usual. The effect is due to the upper part of the 
amalgam being a two-phase system and the lower part an all 
liquid system of less cadmium concentration than the upper 
part. Diffusion quickly equalises the concentration and the 
E.M.F. falls to a normal value. 

4. The 121 per cent. cadmium amalgam at present used in 
the Weston normal cell may be completely solid at tempera- 
tures below 12°, and cells containing it may have a higher 
E.M.F. than normal if used below that temperature. 
Fortunately, even at temperatures such as 0? C. the amalgam 
is comparatively near to its first transition point, and the 
conditions are similar to those noted in (2). In consequence, 
except in rare cases, cells containing the 124 per cent. 
amalgam will behave at 0? as though they contained an 
amalgam which was always in a two-phase system at that 
temperature. 

9. As a 10 per cent. amalgam at 0° is above its first 
transition temperature this may be used in standard cells at 
low temperatures. Such cells may also be used at tempera- 
tures as high as 51°. We suggest that the 12j per cent. 
amalgam in the Weston normal cell be replaced by a 10 per 
cent. amalgam. 
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ABSTRACT, 


Cadmium amalgams may be solid, liquid, or a mixture of solid and 
liquid phases, the percentage composition of the phases depending on 
the temperature. When a completely liquid amalgam is cooled below 
the luwer transition temperature, the centre of the resulting solid is 
of high cadmium concentration, and the outer skin of low cadmium 
concentration. Diffusion tends to produce uniformity, and in con- 
sequence the e.m.f. of a cell containing the amalgam is unstable 
for a considerable length of time. When the amalgam is slowly 
cooled to & temperature a little below the lower transition tempera- 
ture, the difference of concentration between the inuer and outer parts 
of the amalgam need be only small to enable the outer skin to bea 
two-phase system. The diffusion process will be slow and the e.m.f. 
may remain constant for a very long time. Amalgams which were of 
uniform cadmium concentration throughout were obtained by chilling 
completely liquid amalgams to a temperature of about —50° C.; 
although not initially stable, rapid diffusion processes resulted in these 
amalgams becoming approximately uniform throughout after a few days, 
and their electromotive properties were markedly different from those 
of slowly cooled amalgams. If, however, the temperature of such an 
amalgam is raised until two phases exist, subsequent cooling will not 
restore the uniform condition and an unstable amalgam results. The 
experiments indicate that a 12:5 per cent. amulyam may be safely used at 
all temperatures between 12? and 60? C., and a 10 per cent. amalgam at 
all temperatures between O° and 51? C. Experimente were made on the 
temperature coefficients of the anode and cathode limbs of the Weston 
normal cell, and show that if a difference of temperature of 1* C. exists 
an error of about 3 parts in 10,000 is introduced. 


AND THE WESTON NORMAL CELL. 41 


Discussion. 


Mr. S. W. J. SMITH expressed his admiration of the paper as a further 
example of the Author's great experimental skill. The Author had 
confined himself almost entirely to a careful and detailed account of his 
experiments, but it seemed that the results would have been easier to 
assimilate and more interesting (although not more important) if some 
further attempt had been made to supply a theoretical basis. So faras 
he (the speaker) could judge, many of the results could be explained very 
simply by means of well-known generalizations fixing the conditions ot 
equilibrium in systems euch as those with which the Author had worked. 
The results corroborated (and exhibited the value of) the scheme of 
equilibrium for cadmium amalgams first proposed by Roozeboom in 
connection with the experiments performed under his direction by Bijl. 
Their discussion from this point of view would occupy more time than 
was at his disposal and could be postponed. It might serve a useful 
purpose, however, if he were to ask for a more explicit opinion on one 
point. In a series of amalgams (of different percentage compositions) 
yielding the same e.m.f. at a given temperature, he (the speaker) did 
not know whether it was necessary, in order to avoid electrolytic effects, 
that the whole surface of each amalgam should be fluid. In the stable 
two-phase amalgams, it might be that (so far as electrolytic action waa 
concerned) the solid and liquid phases could co-exist in contact with the 
solution. In unstable amalgams, cooled rapidly to the temperature of 
experiment, containing a greater percentage of cadmium than either 
component of the two-phase system and yet partially fluid, he thought 
the tendency of electrolytic action (as of diffusion) would be to reduce 
the amount of fluid amalgam in the surface-layer. 

In reply Mr. F. E. SwrrH said he was glad to know that the results 
were in agreement with phenomena common to alloys of the binary 
system. The difficulty of obtaining perfectly stable amalgams necessitated 
caution in the interpretation of the results, and in many instances, when, 
according to the theory of alloys, there should have been perfect agreement 
in the electromotive properties of a series of amalgams, small but 
decided differences had been observed. With increasing time these 
differences might disappear. 

With regard to the state of the anode surface, he did not wish to imply 
that in stable two-phase amalgams the whole of the surface was in a 
fluid condition, but with unstable amalgams which were part solid and 
part liquid, he thought the evidence was in favour of such a surface. 
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III. The Relation between Uranium and Radium.—IV.* 
By Freperick Soppy, M.A. 


THE measurements of the amount of radium in the 
uranium solutions purified and prepared by Mr. T. D. 
Mackenzie have now been in progress for nearly four years, 
and during the past year have all begun to yield certain 
evidence ot the growth of radium. It may be recalled that 
the quantity of radium in the oldest preparation, which con- 
tained 255 grams of uranium, remained almost constant 
within the error of measurement for the first two years, 
while in the next year a very slight increase was noticed. 
It was deduced from this result that the period of average 
life of the intermediate parent of radium (ionium) must not 
be less than 16,500 years, on the assumption that, neglecting 
uranium X, it was the only intermediate body in the dis- 
integration series. During the fourth year, now nearly 
passed, the measurements have been taken to a higher degree 
of accuracy than formerly, various improvements having 
been effected, and these have established that the production 
of radium within this period has been going on at a rate 
proportional to the square of the time, within the error of 
measurement. As the methods employed are the outcome 
of considerable experience, and as the details are of im- 
portance in securing accuracy, it may be useful to give a 
short account of them as they are now carried out, though 
they do not involve anything new in general principle. 
Throughout the term “unit leak " will be used to denote a 
leak of 1 division a minute in the electroscope, and the term 
* unit of radium " the quantity 107!? gram. One division 
of the eyepiece-scale of the microscope equals ‘023 mm. 


* I. Phil. Mag. June 1905, p. 768; II. (in conjunction with T. D. 
Mackenzie, B.Sc.), ibid. Aug. 1907, p. 272; IlI. ibid. Oct. 1908, 
p. 034, 

A preliminary account of some of the results in this paper appeared in 
a letter to ‘Nature,’ May 13th, 1909, p. 308, and .the Phystkalische 
Zeitschrift, 1009, p. 396. The paper was read on Oct. 22nd, 1909, before 
the Physical Society of London, under the title “The Production of 
Radium from Uranium." 
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2. Method of Testing for Radium. 


The uranium preparations at the commencement of the 
fourth year were removed from the mercury-pump, to which 
they had previously been connected, and transferred to large 
flasks, as shown at A, fig. 1. 


Fig. 1. 
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In the new method of testing the principle is the same as 
was first employed by Boltwood. After each measurement 
the flask A is sealed at B and C, after being exhausted 
through C, and is left for at least a month for the equilibrium 
amount of emanation to accumulate. The apparatus as shown 
in fig. 1 does not need detailed description. Before the 
measurement it is exhausted through D, and then water in 
the flask E is admitted through F, by opening the clamp. 
This is repeated several times to remove any emanation in 
the water. The flask A is heated gradually by steam on the 
water-bath for a short time before the seal is broken to avoid 
percussive boiling. Violent irregular boiling is necessary 
thoroughly to agitate the liquid and to remove the emanation. 
If the flask is immersed in warm water boiling tends to be 
confined to the upper layer, and the extraction of emanation 
is imperfect. The seals of the flask are broken under thick 
rubber tubing, a little fresh air being allowed to enter occa- 
sionally as required through the thermometer-tube K. After 
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half an hour of vigorous boiling, the clamp C is closed and 
F opened, admitting water until all but a small definite volume 
of G is filled. H is then disconnected, and some air thus 
allowed to enter, removing nitric oxide if present. The tube 
F is then connected to G at H, and the arrangement is ready 
for the transference of the emanation into the electroscope. 
The latter is shown in fig. 2. It consists of a glass globe A 
of about half a litre capacity, provided with a circular 
plane parallel plate W to serve as a window, and silvered 


Tij. 2. 


internally except opposite the window. The window greatly 
improves the sharpness of the image in the microscope, and 
the accuracy of the readings. C, D are circles of aluminium- 
foil to act as baffle-plates, which are pasted over the inside 
at the inlet and outlet taps B and G. The fine thermometer- 
tube E also assists in moderating the disturbance of the leaf 
by the entering air. The electroscope is kept exhausted and 
charged when not in use during any series of successive 
measurements, Its normal natural leak has been constant 
within 10 per cent. at l'l units since it was constructed. 
This is first determined accurately. Several small quantities 
of air are admitted and pumped out, before finally filling the 
instrument with air. The natural leak is then taken over 
several hours, prior to the admission of the emanation. 
When this has been done the instrument is exhausted and 
the calcium-chloride tube K connected to the tube D of 
fig. 1. When the whole of the gas in G has been drawn in, 
D is disconnected and fresh air allowed to enter to atmo- 
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spheric pressure. No trace of emanation is thus lost. The 
leak is taken over the period from 8 to 16 minutes after the 
admission of the emanation, and again after the lapse of 
three hours. The leaf is kept continuously charged (nega- 
tively) with the charging-rod earthed over the whole interval. 
This is important, as otherwise a considerable error is intro- 
duced, which does not appear to have been previously pointed 
out. The error just referred to applies particularly to the 
calibration of the electroscope. With the minute quantities 
of radium present in the uranium solutions, the leaf if fully 
charged initially remains charged over the three-hour 
interval, and the practice throughout since this method of 
measurement was adopted has been to keep it charged during 
the whole interval. With the radium standards, however, 
the charge has to be renewed every few minutes. At first 
this was not done, and the active deposit, instead of being 
concentrated on the leaf system in the most favourable 
position to produce ionization, is distributed over the surface 
of the globe. The leak under these circumstances after the 
three-hour interval is from ten to twenty per cent. too low, 
and rises gradually with successive measurements for a further 
period of three hours. 


3. Calibration of the Electroscope. 


The two standards used in previous work had been made 
by directly weighing 2:9 and 3:5 milligrams of pitchblende 
of 53 per cent. uranium content, and differed from each 
other by about ten per cent., due no doubt to the error of 
weighing directly such small quantities on an ordinary 
balance. For the present electroscope an entirely new set 
of six standards were prepared with the utmost care, from a 
different sample of pitchblende. Three separate quantities 
weighing 59°45, 133°7, and 58°32 milligrams were separately 
dissolved in nitric acid which had recently been distilled 
over barium nitrate to remove any sulphuric acid, and 
diluted in 100 e.c. graduated flasks. Out of each of the 
three solutions two standards were made, by taking a known 
fraction of the liquid, determined by weighing, and sealing 
it up after dilution in a flash similar to A (fig. 1) of about 
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100 c.c. capacity. These six new standards agree extremely 
well among themselves. On the remainders of the solutions 
used in preparing the standards three analyses of uranium 
were performed, which agreed in showing that the proportion 
of uranium in the pitchblende used was 49 per cent. The 
results are shown in Table I. 


TABLE I. 
| I. II. III. IV. v. 
"d  |PITCHBLENDE. URANIUM. RADIUM. LEAK. OONSTANT. 
$ | (Milligrams).| (Milli- (x10-12 gram.) (Divisions | (III. + IV.). 
| a | per minute). 
y" x "TT 
L..| 0698 1016 | ne } 
IL... 2: 5064 86:5 
III... 1:420 236°6 41:6 
EV 13:59 2226:6 (370) 
mee 0:305 50:8 8:6 
VI 1:510 251°6 44:5 


Magan (omitting IV.) ... 5°78 


The factor used to calculate the quantity of radium from 
the quantity of uranium is 3:4 x 1077, instead of 3:8 x 10-7, 
as previously used. It will be seen that the standards differ 
among themselves in content of radium in the ratio of over 
40 to 1, but the constant of the instrument as determined 
by the individual standards does not vary from the main 
value more than two per cent. It must be mentioned that 
the value for standards IV.is not comparable with the others. 
The quantity of radium was too high to permit of the charge 
on the leaf being maintained as it leaked away, so the leaf 
was kept permanently connected through the charging-rod 
to the negative pole of the 250 volts mains. Under these 
conditions the charging-rod as well as the leaf-system would 
attract the active deposit, and the part deposited near the 
cork in the neck of the flask would not contribute its full 
effect. For this reason the constant, as is to be expected, is 
too high, and the value has been omitted in calculating the 


RELATION BETWEEN URANIUM AND RADIUM. 47 


mean. The latter is 5°78, that is 5:78 x 10-7? g. of radium 
produces a leak of 1 division a minute. The two old standards 
give a mean value of 7:3 for the constant, the leaf not being 
kept charged during the three-hours interval. This difference 
is not much, if any, greater than can be accounted for by 
the effect of keeping the leaf charged. 


4. Results. 


The results are shown in Table II. for the three uranium 
preparations described under Experiments L, IL, and IV. 
(II. pp. 285-289 and 290). The later tests in each prepara- 


TABLE II. 
| Time : Observed | Reduction | Reduced Radium 
Date. (ears) (Time) | Leak. | Factor. | Leak. |(X10-12 gram). 


EXPERIMENT I. 255 grams Uranium purified, 24/10/05. 


9/6/08 | 262 6:86 289 /j|x 96xl15, 32 18-5* 


7/8/08 | 278 | 770 | 33 x96 | 317 18:4* 
25/9/08 | 295 | 857 | 363 x96 | 3:39 19:6 
20/11/08 | 308 | 949 | 3-44 m 3-44 19:8 
5/5/09 | 353 | 1246 | 3-90 » 3-90 29.5 
14/6/09 | 364 | 1324 | 420 v 4:20 243 
27/8/09 | 385 | 1480 | 428 x 4:98 24-7 
29/9/09 | 393 | 1543 | 416 e 416 241 


Experiment IV. 278 grams Uranium purified, 14/8/06. 


30/5/08 | 1-80 | 321 | 273 |x 996x115 302 17-5 
7/3/09 | 273 | 745 | 368 ~ 3-68 21:3 
25/6/09 | 287 | 822 | 3-72 n" $72 215 
4/0/09 | 3315 | 990 | 400 Wi 4-00 231 


ExprRIMENT II. 408 grams Uranium purified, 13/12/06. 


8/8/08 | 166 | 275 | OTO | x36 | 067 38r 
19/11/08 | 193 | 373 | O80 | x96 | 077 4-45 
6/5/09 | 240 576 | 125 1-25 7-90 
15/609 |250 , 625 | 1:26 1-26 7-30 
280 | 783 Et: | 1-37 7-90 


1/10/09 | 
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tion have been performed with the electroscope in its existing 
condition, for which the constant has been accurately deter- 
mined as described. The first tests were done with another 
leaf-system, which was destroyed after one test owing to 
nitric oxide having been present in the gases boiled out of 
the solution. The factor necessary to reduce the readings 
with this system to the same value as those with the present 
system was found to be 0°96. In the initial test shown both 
for Experiments I. and II., to which not much weight can 
be attached, the charging-rod was left after charging close 
to the system as in all previous measurements, whereas the 
present practice is to turn it as far as possible away, which 
was found to increase the sensitiveness 1:15 times. The 
three tests indicated by a * in the last column of the table 
were done by the mercury-pump before the solutions had 
been transferred to the sealed flasks they are now kept in. 
The table shows that in all three preparations the quantity 


Fig. 3. 
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of radium has increased with time. The measurements are 
plotted against the square of the time in fig. 3. It will 
be seen that all the points lie close to straight lines. The 
maximum departure is in the case of the last test performed 
in Experiment I., which lies about 2 units too low. The 
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ordinary error is not more than 1 unit, or 10-7? gram. Con- 
sidering the nature of the measurement the agreement is 
perhaps closer than might have been expected, as it is 
doubtful if any previous measurements of these small. 
quantities of radium have been made to anything approaching 
this degree of accuracy. 


V. Period of the Direct Parent of Radium, 


As detailed in the last communication (IIT. p. 635) the 
growth of radium from uranium should proceed according to 
the same power of the time as there are products in the series 
(counting radium itself) between the two elements, provided 
all these products have periods long compared with the time 
of observation. Rutherford, assuming only one intermediate 
product—the direct parent of radium —to exist, first showed 
that the production of radium should proceed according to 
the formula 

R=1/2AA,Rot? or 1/22r,Ue, 


where R represents the quantity of radium, U that of 
uranium, R, the quantity of radium in radioactive equilibrium 
with the uranium, A,, Az, A, the constants of uranium, the 
direct parent of radium, and radium respectively, and ¢ is 
the time. This may be written 
R=6 x 10-°A,¢?, 
where R represents the radium formed per kilogram of 
uranium and A, and ¢ are expressed in years. It is of 
interest to calculate the value of A, from this equation, 
although, as will be shown later, the calculation is seriously 
in error if other intermediate bodies of period comparable 
with the time of observation exist in the series From the 
curve (fig. 3) representing Experiment I. the growth in 
4 years (= 16) is about 13:3 units, or 52 units per kilogram 
of uranium. The value of A, is therefore 5:4 x 10-5, and the 
value of 1/A,, the period of average life, is 18, 500 years. 
The lower value (10,000 years) given in the preliminary 
communications is solely due to a value having been used 
for the constant of the instrument, which is subject to three 
corrections all operating in the same direction : (1) the effect 
of keeping the leaf charged, (2) the effect of altering the 
VOL. XXII. E 
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position of the charging rod, and (3) the alteration in the 
value of the ratio between U and Ra in pitchblende. 

In Experiment IV. the value depends entirely on the 
Initial observation to which, as already mentioned, not much 
weight can be attached. The experiment shows for the first 
three years a growth of 7°65 units, or 2775 units per kilogram 
of uranium. This gives for A, a value 5 1 x 1075, and for 
1/A_ 19,600 years. 

Experiment III. is very interesting on account of the very 
small total amount of radium present, though the quantity of 
uranium is considerably greater than in the other two. It 
has not been in progress lonz enough to give the slope of 
the curve very accurately. As drawn in fig. 3 the growth 
in y8 years is 7°5 units, or 184 units per kilogram. The 
calculated value of A, is 3:8 x 10-5, and of 1/A4 26,000 
years. 

The experiment is of interest in this way. If the growth 
of radium had been proceeding at the same rate as in Experi- 
ment I., in 4/8 years 10:6 units of radium should have been 
produced, whereas the total amount of radium now present 
is less than this, being so far as the measurements indicate 
only 8:5 units. Even if it is assumed that this difference is 
due to errors of experiment, it is difficult to believe that the 
solution as initially prej ared contained absolutely no radium. 
The resulis of the three experiments taken together thus 
indicate that the rate of growth of radium in terms of the 
square of the time is less for the first three years than for 
the subsequent year. This points to the existence of one or 
more intermediate bodies of relatively short period in the 
series, which would retard the rate of production of radium 
initially. 

The actual measurements of the initial quantity of radium 
in Experiment I. bear this view out, although it must be 
remembered that the errors of measurement initially were 
very much greater than now, and this evidence thus only 
has a doubtful value. For Experiment II. the initial 
measurements may be rejected, as the quantity of radium 
was almost too small to be within the range of the older 
methods. In Experiment IV. no initial measurements were 
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taken. In the older tests a brass electroscope had been used, 
and this was calibrated at every test with reference to a 
y-ray radium standard. As was pointed out (II. p. 286) the 
measurements so corrected were not nearly so regular as the 
actual observations. In light of recent results on the un- 
certainty attaching to y-ray measurements, it is best to reject 
these calibration tests altogether and to assume that the 
sensitiveness of the electroscope did not vary. Recalculating 
from the table (II. p. 282) gives, according to present data, 
the value 12 for the constant of the instrument. The mean 
of the first nine tests over the first 309 days given in the 
table (II. p. 286) recalculated gives the initial quantity of 
radium as 15:8 units. The initial quantity indicated by the 
curve on the assumption that the rate of production in terms 
of the square of the time has been constant from the start, 
is about 12:5 units. This evidence so far as it goes thus 
bears out the view that new short-lived intermediate bodies 
exist. 


VI. The Effects of Short-lived Intermediate Products. 


The general effects of short-lived intermediate bodies may 
now be considered. Let A, B, C, D, E... and Aj, Ag, Az, 
Ap ^s... denote the quantities and radioactive constants 
respectively of a parent element and its successive products. 
It is assumed that initially the products are absent, and that 
the change of the parent is so slow that its quantity may be 
considered constant. The differential equations connecting 
the terms are 


dB AA-XB; TU IXB-XC; 
dt dt 


i 
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If we assume that the periods of the first two products, 
B and C, are short and those of the others long the terms in 
square brackets may be neglected. The casethen corresponds 
to the disintegration series Uranium ~» Uranium X — 
“ Uranium A” .— Parent of Radium —« Radium, where 


B denotes uranium X, for which A, is about 11-4 (year)—', 
E 2 
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C the suspected new intermediate body * uranium A,” for 
which the period is probably of the order of unity, D the 
direct parent of radium, and E radium. 

Solving the equations, the growth of radium is given by 


Bed (P (XM Xs + AAs + A3? 
uL IT ey AA? 


E $ Mt —( ^ | ra I 
ee), (M o X4). E ji (1.) 


The last term is always very small, and may be neglected 
at once, The penultimate term approaches to zero as f 
increases. After a period several times that of uranium A 
it may be neglected. The expression then becomes 


a t? Ao +A. AS + AAs tA 
SA AA f -( : "y 2 iin $ \ 
eat S RAP 


If instead of reckoning the time from the start we reckon it 
from a date later by the sum of the periods of average life of 
the two short-lived bodies, that is, for ¢ in the equation 
we substitute T, where 


1 ] 
f=T+ eae 
then 
B=1/2 AAA f T? + i + be \ = 12 A A AT? + constant 
u= lit NAg: l AS AS j pe tope s pode) 


That is to sav, when the short-lved intermediate bodies 
come into equilibrium tle production of radium proceeds 
strictly aecording to the square of the time reckoned, not 
from the start, but from a date later by the sum of the 
periods of the intermediate bodies. 

To show the effect of the intermediate bodies initially the 
graphs of equation (I.) have been piotted against the square 
of the time, for the following values of A; :—4, 2, 1, °66, *5, 
33, and :25 (fig. 4). The curves therefore show the 
production of radium according as the hypothetical body 
uranium A has the period of three months, six months, 
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1, 1:5, 2, 3, and 4 years. The straight line uppermost on 
the diagram shows the production of radium on the same 
scale if no short-lived intermediate products intervened. It 
will be seen at once from these curves that if the portion 
between the third and fourth years, that is between ?=9 
and ¢?=16, is examined, even for the lowest curve corre- 
sponding to the four-year period, the curve departs but little 
from the straight line. It is doubtful whether the departure 
would be experimentally detectable over this period. This 


Fig. 4. 


shows that the straightness of the experimental curve over 
the period available is no argument against the existence of 
intermediate bodies. On the other hand, the figure at once 
reveals the serious error introduced into the calculated period 
of the parent of radium hy the formula used in Section V. if 
intermediate bodies exist. The true period of this body is 
obtained from the slope of the straight line uppermost in the 
diagram, which represents the rate of production of radium 
if no intermediate bodies intervened. If an intermediate 
body with a period of 1 vear intervened, the period of the 
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parent of radium instead of being 18,500 years as calculated 
in Section V. would really be only 0 72 times this or 13,300 
years. lf the period of the intermediate body were 4 vers, 
the true period of tlie parent of radium would be only 0:32 
of the apparent period, or 6000 years. Yet even a four-year 
period body might exist without producing in the curve a 
departure from the straipht line enough to be detected 
experimentally with certainty as far as the measurements 
have yet gone. 


VII. New Evrperiments. 


Two new experiments are being commenced which it is 
hoped will yield in the course of time further evidence on 
the existence or otherwise of short-lived intermediate bodies 
in the series. In the first the purest fraction of the 50 
kilograms of uranyl nitrate which has been repeatedly 
crystallized from fresh water in the work on the y-rays of 
uranium (Soddy and Russell, Phil. Mag. Oct. 1209, p. 620) 
has been withdrawn from the fractionation and sealed up in 
aflask. Itcontains 3 kilograms of uranium (clement), which 
is 12 times the quantity in the oldest preparation. [t is 
being tested at monthly intervals for growth of radium. The 
initial quantity present has been determined in two agreeing 
consecutive experiments to be 42 units. Considering the 
mass of the material this is gratifyingly low. In the course 
of a year or two the growth of radium from tliis solution 
should settle the question whether new intermediate products 
exist in the series. ; 

Secondly, now that the rest of the 50 kilograms of uranyl 
nitrate has been repeatedly purified, it is proposed to seal up 
one of the preparations of uranium X to be separated from 
it, as in the work with Mr. Russell, and to measure from it 
the rate of production of radium. Unless intermediate bodies 
exist this would hardly be worth while, as it would be prac- 
tically impossible to distinguish the parent of radium formed 
from uranium X—if it is so formed— from that initially sepa- 
rated with the uranium X. Keetmann (Iraug.-Dissert. d. 
Verf., Berlin, 1909) has stated that uranium X and the 
parent of radium both have the same chemical properties as 
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thorium and cannot be separated from this element or from 
one another. But if an intermediate body exists of period 
of the order of a year it should be easy to distinguish between 
the parent of radium initially present with the uranium X 
and that subsequently produced from it. If U represents 
the quantity of uranium initially in equilibrium with the 
uranium X separated from it, and R represents the quantity 
of radiam formed from the uranium X, it can be shown that 


R^ AA, ( M) A; | \ 
— n EM. l -—- m ud ms — -àt pe — £ ~ À3t ; 
U Ta-aa Xs "1 E X cse) 


assuming the same disintegration series as before. Whereas 
if all the parent of radium were present initially, the pro- 
duction of radium would of course proceed proportionally to 
the time. 


VIII. Conclusions. 


The measurements on the growth of radium in the three 
uranium solutions purified by Mr. T. D. Mackenzie between 
three and four years ago, have shown that in all of them the 
growth of radium is proceeding according to the square of 
the time within the error of measurement. The period of 
the direct parent of radium calculated from these results, on 
the assumption that no other intermediate bodies intervene, 
is 18,500 years in the case of the oldest solution for which 
the most complete data are available. But in the solution 
prepared last, the total quantity of radium now present is 
less than what would have been produced from the radium, 
assuming the rate of production to have been tlie same as in 
the first solution. This suggests the existence of at least 
one new product “uranium A?” intermediate between 
uranium X and the parent of radium, with the period of the 
order of one year. From a mathematical investigation of 
the effect of such a body on the growth of radium it is 
concluded that it would not, if it existed, appreciably alter 
the production of radium according to the square of tlie time 
over the period observations have been made, but it would 
vitiate the calculations of the period of the average life of 
the parent of radium according to Rutherford's formula. 
In conclusion, it may be mentioned that a good deal of 
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additional evidence bearing directly on this question of the 
existence of new intermediate products has been accumulated 
in an investigation on the rays and product of uranium X, 
with which it is convenient to deal in a separate communi- 
cation. 


Physical Chemistry Laboratory, 
University of Glasgow, 
October 1909. 


ABSTRACT. 


The measurements on the growth of radium in the three uranium 
solutions purified by Mr. T. D. Mackenzie between three and four years 
ago have shown that in all the growth of radium is proceeding at a 
rate proportional to the square of the time within the error of measure- 
ment. The methods of testing have been improved and the ordinary 
error is not greater than 10-212 gram of radium. This result indicates 
the existence of only one long-lived intermediate product in the series 
between uranium and radium. The period of average life of this body, 
calculated on the assumption that no other intermediate bodies exist, 
is 18,500 years in the case of the oldest solution for which data are 
available over a period from the end of the third to the end of the fourth 
year from purification. But for the solution prepared last, over a period 
from the eud of the second to the end of the third year, the period 
indicated is about half again as long as in the first experiment. Indeed, 
had this solution grown radium at the same rate, with reference to the 
square of the time, as the older solution has been doing during the past 
year, more radium should have been formed than the to/a/ amount now 
actually present. This suggests the existence of at least one new inter- 
mediate product in the series “ Uranium A " with a period comparable 
to the time observations have been in progress. From a mathematical 
investigation of the effect of such a body on the rate of growth of 
radium, it is concluded that it would not, if it existed, appreciably alter 
the production of radium according to the square of the time over the 
period accurate observations have been made, even were the period of 
the new body as great as four years. But its existence would vitiate the 
calculation of the period of the direct parent of radium according to 
the simple formula neglecting short-lived products. Other evidence on 
the problem is contained in the next paper (Hays and Product of 
Uranium X). 
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1V. The Rays and Product of Uranium X. 
By Freperick Soppy, M.A.* 


THE preceding paper has dealt with the evidence from 
the rate of production of radium from uranium, which 
suggests the possibility of the existence of at least one new 
intermediate product in the disintegration series. Although 
the experiments are not yet complete, it is advisable also to 
publish a short account of the results obtained in a different 
field of investigation which bear also upon the same problem. 
Attempts have been made to determine whether, during the 
decay of the 3-radiation of the intensely active preparations 
of uranium X, separated with the help of Mr. Russell (Phil. 
Mag. Oct. 1909, p. 620) from 50 kilograms of pure uranyl 
nitrate, there occurred the growth of a feeble a-radiation 
increasing concomitantly as the other decayed. This is to 
be expected from the work of Boltwood, Keetmann and 
others, who have shown that the direct parent of radium 
gives an a-radiation, provided that it is the direct product of 
uranium X. The work was started in the hope that inter- 
mediate bodies intervened, and that the growth of a-rays 
would occur long enough after the S-rays of the uranium X 
had decayed to be detectable by ordinary measurements. 
But through the generosity of the friend who provided the 
uranium a powerful electromagnet of the Du Bois type was 
acquired, and with this it was attempted to deviate the 
B-rays of the uranium X, so that measurements of the a-rays 
of the preparations could be taken from the start. The 
problem proved a difficult one, but gradually the experi- 
mental methods have been perfected, so that now it is claimed 
that they are sufficiently delicate to detect such a growth of 
a-rays if it occurred in the intensely active uranium X 
preparations investigated to the extent to be expected from 
theory. Much remains unaccountable in connexion with 
these experiments, but they appear to have definitely 


* Preliminary accounts of part of this work appeared in two letters to 
‘Nature,’ Jan. 28th, 1908, 79, p. 366, and March 11th, 1909, 80, p. 37. 
The paper was communicated to the Physical Society of London, on 
Oct. 22nd, 1909. 
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answered the main question in the negative. No production 
of a-rays, such as is to be expected from theory, has occurred, 
and therefore it does not seem possible that the direct parent 
of radium can be the direct product of uranium X. The 
experiments indeed raise the further question whether the 
parent of radium can be a product of uranium X at all, but 
are not vet far enough advanced to be conclusive. 

Were the parent of radium a product of uranium X the 
number of a.partieles it emits should either be equal to, or 
one-half of, the number emitted by the uranium in equilibrium 
with it, according as one or two a-particles are given off 
from uranium. The latter assumption will be made as it 
gives the smaller growth of a-ravs theoretically to be 
expected from uranium X. Assuming that the a-activity is 
proportional also to the ranges of the respective a-particles, 
which are 2:7 and 3:5 em., the a-activity of the parent of 
radium will be 2:7—3:5 x 0:5, or 38 of that of the uranium. 
The period of the parent of radium as deduced in the last 
paper on the assumption that no new intermediate bodies 
exist in the series, is 18,500 years, while that of uranium X 
is about 32 days, or 5 x 10-5in terms of the other as unity. 
The amount of uranium X in equilibrium with a definite 
amount of uranium should produce therefore upon complete 
disintegration about 5 x 1079 of the amount of the parent of 
radiam in equilibrium with the same quantity of uranium. 
The a-activity of this product would therefore be about 
2x10-79 of that of the uranium. In other words, the 
uranium X in equilibrium with 1 kilogram of uranium 
sliould thus produce in its complete disintegration a product 
having the a-activity of 2 milligrams of uranium. 

The uranium X, after concentration to the greatest possible 
extent, was finally prepared in the form of filins in rect- 
angulir trays having an area of 10 sq. cm., which could 
be slipped between the poles of the electromagnet. The 
undeviated radiation entered an electroscope placed above 
the poles provided with an opening in its base covered with 
very thin aluminium-foil. The first attempts were frustrated 
and the first preparations decayed without result, owing to 
the totally unexpected difficulty in deviating the A-rays.. 
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The latter previously had been supposed to consist of homo- 
geneous rays having a value for Hp=2000. But it was 
found that a field twiceas strong as was necessary completely 
to deviate such rays failed to deviate about 5 per cent. of 
the total B-radiation. In the later dispositions the width 
of the gap was reduced to one-half the former width, and 
the field was sufficient to deviate completely all rays with a 
value for Hp below 8640; but the leak due to the still 
undeviated 8-radiation, although now proportionately very 
small, was still several times that due to the y-radiation. It 
was still too great in the earlier measurements for the small 
growth of a-radiation, theoretically to be expected, to be 
within the range of certain detection. In the later experi- 
ments ihe electroscope was filled with hydrogen instead of 
with air, and this constituted an enormous advance. Not 
only is the ionization due to the 8- and y-radiation greatly 
reduced und that due to the a-radiation greatly increased, 
but the convection-currents generated in the electroscope by 
the warming up ot the magnet are also enormously reduced. 
The readings are far more regular and can be continued for 
a longer time before the leaf begins to be disturbed. In air, 
after half-an-hour’s work or less, the leaf commences to wave 
like a flag, and nothing can then be done for eight hours. 
A preparation which gave (in divisions per minute) a leak of 
370 divisions bare, and 351 covered with thin mica (a-rays 
therefore 19) when the electroscope was filled with air, gave 
in the same apparatus filed with hydrogen, bare 105:2 
covered 66:2 (a-rays therefore 39). As the subsequent 
history of the preparation showed, a large proportion of the 
radiation reckoned as **a-" in air is due to the slight 
absorption of the -rays in the mica, whereas in hydrogen 
this absorption is nearly negligible. So that in air, even if 
the theoretical growth of a-radiation occurred, it would 
probably be largely, if not entirely, masked by the diminution 
in the difference between the two leaks, covered and un- 
covered, due to the diminution in the absorption of the -rays 
as these decayed. In hydrogen the effect is still present to a 
slight extent but not enough to prevent the observation of 
the growth of a-rays, if it occurred at the theoretical rate. 
Suhsequent work has thrown doubt on the earlier measure- 
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ments in air, and on the conclusion drawn from them in the 
second communication to * Nature,’ that in one preparation a 
rapid growth of a-rays oceurred which reached a maximum 
in 2:5 days from the start. This observation has not been 
repeated either in air or in hydrogen with more perfect 
methods. This is not itself conclusive against it, for it has 
been impossible to prepare two sets of uranium X preparations 
in the same way. The chemical methods, of separation from 
uranium and of concentration from unidentified impurities, 
employed have varied widelv, being dietated by circumstances 
from moment to moment during the process, owing to the 
perpetually changing character and amount of impurities 
and the totally ditferent chemical behaviour of the uranium 
X accordingly. In fact the methods adopted in the last 
separation were often the converse of those formerly most 
relied upon, the uranium -free, uranium X-containing 
substances being dissolved in excess of ammonium carbonate 
and fractionally precipitated by boiling. Sometimes the 
uranium X came down in the /ast minute fraction almost 
entirely, and in other cases in one of the middle fractions. 
This new method proved an extremely valuable one iu the 
last separation. Unfortunately it was not discovered before 
the whole of the uranium X had been first separated by the 
tedious barium sulphate process. 

The earlier observations and the conclusion referred to 
may be rejected at least for the present. The difficultly 
deviable rays behave in an anomalous manner which was at 
first not suspected, in that they do not seem to be a constant 
quantity. In the case of the most recent preparation, which, 
as already explained, differed in the manner of its separation 
from the earlier ones, two successive measurements of the 
difficultly deviable radiation from the covered preparation in 
air, the first immediately after preparation, and the second 
9 hours later, showed a diminution in the interval in the 
.ratio of 4 to 3. The y-rays of the preparation, measured 
in the usual way in a lead electroscope at the same times, 
showed no perceptible variation. It was later found that 
the value of the leak due to the difficultly deviable radiation 
varied in a completely unaccountible way. The variation is 
far more marked in air than in hydrogen. The behaviour 
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suggested strongly in certain cases that the preparation was 
giving off a radioactive emanation, and from the manner of 
its preparation thorium was suspected. But this was 
completely disproved by special experiments. But the most 
striking proof that the behaviour was not in any way due to 
this case or to defects in the method of measurement is 
that the a-radiation as measured by the difference between 
the leaks with the preparation covered and uncovered 
remained from the start perfectly constant. This shows that 
all the numerous errors to be guarded against in experiments 
where the gas in the instrument is changed have been 
avoided. 

A good many rapidly improvised experiments, done with 
the first batch of preparations before their activity decaved, 
had indicated that the difficultly deviable radiation was 
entirely similar in general character, both in the direction 
of their deviation and in the value of their al sorption 
coefficient, to the ordinary S-rays. The absorption coefficient 
for aluminium, determinad by placing strips of foil directly 
over the preparation, placed in the magnetic field, had been 
found to be about 24 (cm.)—!. This is much greater than the 
usual value (14), given for the ordinary S-rays, and is about 
equal to the value after 2:5 mm. of aluminium have been 
traversed. The field would cause the trajectories of the rays 
in the metal to be lengthened, but owing to the complete 
scattering suffered by these rays by even thin films of metal, 
it is difficult to state precisely what the effect of the field on 
the absorption coefficient would be. If these rays are really 
B-rays, the value of Hp shows that they must possess a 
velocity practically that of light, and a kinetic energy many 
times that of the ordinary B-rays. In view of the great 
decrease in penetrating power which a very slight diminution 
of velocity appears to produce in this tvpe of radiation, it 
might be expected that the diffieultly deviable rays would 
have a very great penetrating power, whereas the value 
found was actually less than the normal value. Similar 
difficultly deviable radiation is given out also by radium, 
although here the value of Hp is even higher, and the upper 
limit does not appear to be reached at 9000 to 11,000. 
Further study may show that thev are to be connected with 
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the scattering of the B-rays, though the experiments done 
rather point to the view that they may be a new kind of 
radiation. So far attention has been concentrated rather 
upon the main problem. 

The electroscope used for hydrogen had a very thin mica 
screen, thick enough to absorb a-rays, hinged inside, which 
could be turned up or down from the outside, without 
opening the instrument, to uncover or cover the preparation 
at will. The first measurements, with the third set of 
preparations, were interfered with somewhat by difficulties 
encountered in making and keeping the electroscope perfectly 
gas-tight. Later a new instrument with properly soldered 
joints throughout was constructed and is now used entirely. 
There were three preparations in the third set, two practically 
identical in every particular, containing initially the uranium 
X in equilibrium with 5°1 kilograms of uranium, and a 
third containing that of 2 kilograms, as measured by means 
of the y-radiation. They all showed the same behaviour, 
and one only of the two stronger preparations need be 
considered here. It weighed 200 milligrams. Measurements 
were done in hydrogen only. No evidence of a growth of 
a-rays either initially or at any subsequent time was obtained. 
The mean of the first five observations over the first 28 days 
gave 14 for the a-rays, which, corrected for the difference 
between the two instruments, gives 16 for the leak in terms 
of the present instrument. The actual observations varied a 
few per cent. from the mean for the reason stated. Sub- 
sequent measurements with the new electroscope 76, 99, and 
137 days from the start, gave for the a-radiation 17, 17:2, 
and 16:6 respectively. 
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In the fourth separation there was one Mene only, 
weighing 77:6 milligrams, and containing initially the 
uranium X in equilibrium with 5:05 kilograms of uranium. 
The measurements of the a-radiation were done at first both 
in hydrogen and air. Those in hydrogen, at different times 
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from preparation, are given in the table on preceding page. 
They are the most accurate so far done and are all comparable 
with one another. 

The initial value of the leak due to the penetrating rays 
was 75. It will be seen that from the start over:a period of 
33 days—nbout the period of average life of uranium X, in 
which 0:632 of the total disintegrates—the a-radiation has 
been practically constant. To obtain an idea of the growth 
of a-rays theoretically to be expected, the a-radiation of a 
film containing 25 mg. of uranyl nitrate (=12 mg. uranium) 
was measured in hydrogen under precisely similar conditions. 
It gave an a-ray leak of 17:8. The growth of a-rays to be 
expected in the last experiment in 33 days, if the the change of 
uranium X into the parent of radium occurred directly, is 
equal to that of 0:632 x 5:05 x 2—6:5 mg. of uranium, or 
about 9:6 divisions. Even if a considerable reduction is 
made for the fact that the weight of the uranium-X film 
was about three times the weight of the uranyl nitrate film, 
it is difficult to believe that the growth would not easily 
have been detected in the experiment if it had occurred. 

In the preceding experiment with the preparations of the 
third separation, the initial a-activity was less than half the 
value in the last experiment. Any rise could therefore have 
been still more easily detected. But up to the period of 
137 days from preparation, when less than 2 per cent. of the 
original uranium X remains undisintegrated, not the slightest 
growth has been recorded. 

The most active preparation of the second separation 
tested recently in the new hydrogen electroscopein hydrogen 
on two occasions 200 days and 227 days from preparation, 
gave the same a-ray leak (about 80). The best preparation 
of the first separation—the best one ever prepared from the 
point of view of smallness of mass—tested in air (in a much 
weaker field than now used) has latterly, now that the 
B-radiation has nearly decayed, shown no change in the 
considerable «-radiation present. In the last tests 264 and 
291 days from preparation, the a-leak has been constant at 
35 (in air). This and a still earlier preparation now 16 
months old, prepared from 3 kilograms of uranyl nitrate in 
preliminary work, have now decayed so far that their 
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a-radiation can be examined without the aid of a magnet in 
an ordinary electroscope against suitable standards. Since 
these tests were started the a-radiation has remained constant. 
A still older preparation, dating from 1903/4, prepared from 
probably not more than 50 grams of uranyl nitrate, has also 
quite an appreciable a-radiation. This has been kept under 
careful observation for over a year and no change has been 
recorded. 

These tests, therefore, although still incomplete, cover for 
different preparations the period from the start up to nearly 
a year in the case of the main preparations, and for con- 
siderably longer for weaker preparations. They have given 
no evidence of the growth of an a-radiation at any time 
during this period. They all show a considerable constant 
a-radiation, but in all it appears to be due to a body present 
from the start, unconnected genetically with uranium X. 
The statement of Keetmann, that uranium X aud the parent 
of radium are identical in chemical behaviour and are always 
separated together, would explain the presence of the a-ray 
body in all the preparations so far kept under observation. 
The conclusion seems to be justified that the parent of radium 
is not the direct product of uranium X, and the question 
now arises whether it can be considered a product of uranium 
X atall. Even if there was a new intermediate product in 
the series * uranium A," with a period of many years, 
provided there was but one, some indieation of growth 
of a-rays should before now have been obtained in these 
experiments. For it must be remembered that its existence 
would greatly reduce, as explained in the last paper, 
the period of the parent of radium, as calculated from the 
measurements of the rate of growth of radium, and so 
would inerease correspondingly the growth of a-rays vlti- 
mately to be expected. The subsequent history of the 
preparations may be expected to throw further light on this 
question. 

The results so far obtained are difficult to reconcile with 
the experiments on the rate of production of radium from 
uranium, on the assumption that the parent of radium is a 
product of uranium X. There is no proof of this, though on 
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account of the intense character of the 8-rays of uranium, it 
seems natural to suppose that uranium X, the B-ray-pro- 
ducing body, is in the main radium series rather than in that 
of actinium. 


Physical Chemistry Laboratorv, 
University of Glasgow. 
October 1909. 


ABSTRACT. 


Experiments have been made with the uranium X preparations sepa- 
rated with the help of Mr. A. S. Russell from 50 kilograms of pure uranyl 
nitrate (Phil. Mag., Oct. 1909, p. 620) to see whether there occurred the 
growth of a feeble a-radiation as the intense B-radiation decayed. Such 
& growth of a-rays, concomitant with the decay of B-rays, is to be 
expected if the parent of radium is the direct product of uranium X. 
From the period of the parent of radium given in the last paper, the 
uranium X in equilibrium with 1 kilogram of uranium should give by 
its complete disintegration a product having the a-activity of 2 milli- 
grams of uranium, if no new intermediate bodies intervened. 

The preparations of uranium X were examined in a magnetic field 
sufficient to deviate all rays having a value for Hp less than 8640, but 
the still undeviated -radiation produced a leak in the electroscope 
several times greater than that due to the y-rays. So far as can be seen, 
these difficultly deviable 8-rays are similar in general character ani in 
the value of their absorption coefficient, to ordinary B-rays. The first 
measurements were made in an electroscope filled with air, by covering 
the preparation with a thin screen, sufficient to absorb a-rays and 
measuring the difference between the leaks with and without the screen. 
The results of these experiments are believed now to be untrustworthy, 
and they are rejected provisionally. In later experiments the electro- 
scope was filled with hydrogen, which constituted an enormous advance, 
and these experiments have shown that the a-radiation of the preparation 
remains sensibly constant as the -radiation decays. Anomalies have 
been encountered with the difficultly deviable 8-radiation, which appears 
to vary in intensity according to the conditions in an unexplained way. 
But throughout, the “difference leak ” between the preparation bare and 
covered, due to a-rays, has remained constant in all the preparations 
examined. These measurements of the a-rays, for different preparations, 
cover a period from immediately after preparation to nearly a year in the 
case of the main preparation, and longer periods in the case of weaker 
preparations. The two most recent preparations each contained the 
uranium X in equilibrium with about 5 kilograms of uranium, and the 
growth of a-rays if the change of uranium X into the parent of radium 
were direct, should be equal to the a-radiation of 10 milligrams of uranium. 
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This should have been easily detectable under the conditions of the 
experiment. It is concluded that the parent of radium cannot be the 
direct product of uranium X. The experiments, taken in conjunction 
with those given iu the preceding paper, indicate that it is not a product 
of uranium X at all, but the subsequent history of the uranium X 
preparations must be awaited before this can be decided. 


DISCUSSION. 


Prof. STRUTT remarked that the Author’s experiments covered much 
ground, and suggested many interesting questions. He congratulated 
Mr. Soddy upon the skill with which he had attacked the subject, and 
referred to the difficulty of carrying out successfully complicated experi- 
ments which extended over long periods of time. With reference to the 
experiments on the growth of radium, he asked the Author what was 
the ratio between the amount grown and the actual quantity present at 
the start, and also what multiple was the final leak of the electroscope of 
the normal air-leak. With regard to detecting the growth of a-radiation 
in the presence of f-radiation, he suggested that the scintillations 
produced by a-rays on a phosphorescent screen might be made use of. 
Referring to the experiment on the growth of helium in sylvine, Prof. 
Strutt remarked that he would have been astonished if the Author had 
obtained any evidence of the production of helium in the comparatively 
short time over which his experiments extended. 

The CHAIRMAN drew attention to one of the formule used by the 
Author in which the * time" occurred as the “square.” He asked if 
this formula held good when the time considered was large. 

Mr. Soppy, in reply, said the natural leak of the electroscope was 1:1 
(divisions per minute), and the leak due to the radium in the oldest 
preparation at the end of the fourth year was 42. The initial value 
found by extrapolation from the curve shown, in which quantity of 
radium was plotted against the square of the time, was 2:1. The initial 
value found experimentally as the mean of the first nine observations 
extending over the first nine months, when the methods were less sensi- 
tive than now, was 277. This bears out the view that a new inter 
mediate body exists, retarding the initial rate of production of radium, 
though no great weight can be attached to the initial observations. 

Professor Strutt's suggestion that the a-radiation of uranium X pre- 
parations should be examined by the scintillation method might prove a 
valuable one, though on account of the impossibility of entirely removing 
B-rays it had not so far been attempted. 

With reference to sylvine, the crystalline character of the mineral 
rendered it open to question whether helium if generated would be 
retained. In addition the radioactivity of potassium had suggested the 
experiment. No doubt a production of helium sufficient to detect would 
be remarkable, but it seemed worth looking for. 

Answering the Chairman's question, the theoretical law, that the 
production of radium should proceed at a rate proportional to the square 
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of the time, only referred to the initial rate of production, that ie for 
periods of observation short in comparison with the period of average 
life of the direct parent of radium. The latter must be many thousands 
of years, and the law referred to should hold accurately over a far 
longer period than could be examined in the life-time of a single 
obeerver. 


V. Note on a Gravitational Problem. 


By C. V. Burton, D.Sc.* 


1. WirHouT actual loss of generality, the question here 
considered may be stated as follows :— 7f the action of gravity 
were intermittent in character, the mutual attraction of any 
two bodies fluctuating between zero and twice its mean value, 
how long could the period of the fluctuation be without giving 
rise to observable periodic effects? Ata first glance we might 
be tempted to reply that the period could only be a very 
small fraction of a second; but though this answer would 
be justified if the earth were perfectly rigid, the yielding 
of the earth to pressure and tu shearing-stress completely 
changes the aspect of the problem, and the results obtained 
are so different from what might have been hastily assumed, 
that a brief indication of them may possess some interest. 

2. Let us suppose that the gravitation-constant G repre- 
sents merely the mean value of G(1+ Ae), where A is a 
numerical constant ; so that, at any time t, the attraction 
between masses m, m' at a distance r apart is 


G(1 + Ae‘) mm'[r*. 


For the sake of simplicity the earth will now be regarded as 
spherical and sensibly homogeneous ; and accordingly the 
intensity of the gravitative field at any point of the surface at 
time ¢ will be 


gitAe™); . .. 2. . . (1) 


and at any interior point distant r from the centre 
gr ipt ; 
f (UPA qe uox we oue WE) 


* Read October 22, 1909. 
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3. At any interior point, a mass-element /ree to move 
under the periodic term of the field-intensity (2) would 
execute oscillations given by 


òr = — TT Aert, ; a. ae ds YD) 
ap 

Consider then the radial vibrations defined by (3), and the 
forces which would be needed to maintain them. At any 
given instant, every radius vector r has acquired an incre- 
ment êr proportional to r, the whole sphere being thus 
symmetrically and homogeneously expanded or contracted, 
and the proportional increment of linear dimensions being 
— g[ap? . Ae”, corresponding to the proportional increment 

of volume 


—3afap? . Aet, M. dn ws Unt a. Td (1) 


In the sequel the discussion is restricted to the case where 
Ap? is small enough to make the expression (4) a small 
fraction. 

4. Thus if every mass-element suffers the periodic changes 
of position defined by (3), there will also be for each element 
periodie (proportional) ehanges of volume indicated by (4). 
The changes of position we may consider to be provided for 
by the periodic term in (2), while throughout the mass of the 
planet, the fluctuations of pressure needed to produce the 
changes of volume of the various elements are supplied by 
the reaction of those elements on one another. At the free 
surface, however, we should further require a periodic pres- 
sure P given hy 


P = 3kho/ap?. Aer . . .. . (95) 


to complete the system of forces under which the vibrations 
(3) would be executed ; k being the bulk-modulus of elasticity 
of the substance of the planet. | 
5. For a moment suppose the periodic pressure P to be 
applied to the earth's surface, in addition to the partly periodic 
character of gravitation expressed by the factor 1+ Ae‘. 
Then every mass-element of the earth would be executing a 
vibration expressed by (3), precisely as if it were free to 
move under the periodic part of the earth’s attraction, and a 
relatively small body resting on the earth's surface would 
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execute, under gravitative influence alone, vibrations exactly 
agreeing with those of the surface. There would accordingly 
be no periodic term in the reaction between the body in 
question and the ground upon which it rested ; the weight 
of the body would appear perfectly constant, and, generally, 
no observations concerned wholly with gravitating bodies at 
the earth’s surface * would give any indication of periodic 
variations in the gravitation * constant.” 

6. Now further add to the system of forces acting on the 
earth a superficial periodic pressure — P ; thus the sole 
periodic influence at work is that due to the term GAe™ in 
the gravitation ** constant," while the only effects observable 
at the earth’s surface are such as arise from the pressure — P. 
The result of such a periodic pressure is a radial movement 
of the surface of period 27/p, and of an amplitude which, 
under certain simplifying assumptions, can be readily ex- 
pressed in terms of the elastic constants of the earth’s 
substance. 

7. Homogeneousness has already been assumed ; let us 
now further postulate some small degree of viscosity, suffi- 
cient to ensure that compressional waves of short period (one 
second or less) propagated inward from the surface, would be 
sensibly extinguished before reaching the centre, though not 
sufficient to produce any perceptible damping effect in the 
course of a few wave-lengths. We have thus only to consider 
the waves travelling inward from the surface under the in- 
fluence of the periodic pressure —P ; and since, in the cases 
to which this inquiry is restricted, the wave-length of the 
disturbance is very small compared with the earth's radius, 
the curvature of the surface may be disregarded, and the 
problem of the motion near the surface reduces to one of 
plane waves. 

8. Let a—r, the depth of any point below the surface, be 
denoted by A; the waves due to the pressure — P and propa- 
gated in the direction of A-increasing may be represented by 


oh EUER Loi avum d a (b) 
where the constant C has to be found and is not necessarily 


* The attractions of such bodies for one another are here excluded 
from consideration. 
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real; while the velocity V is given by 
V*z(kkLíu)o; . . . - « (T) 
Here £, as already defined, is the bulk-modulus of elasticity 
of the earth's substance, while u is its rigidity, and p its 
density. The radial stress at any point, reckoned as a pres- 
sure, is 
| — (A+ 4) d?6h[d^ ; 
and, equating the value of this for h=0 to —P given by (5), 
we readily find 
3ikg A 
C=. = p A dw d X9 
Sman", /{ (k +4u)p} 9 
where n=p/2m, the frequency of the periodic variation of 
gravity. 

9. The rigidity u of the earth as a whole is not very dif- 
ferent from that of steel*, and if we assume the com- 
pressibility also to be something like that of steel, we may 
take as roughly approximate numerical values 


k = 1:5 10" dynes/sq. cm., 4 = 782 x 10" dynes/sq. em. ; 
moreover, p the density is about 6:6 grams per cc., and 


thus (8) gives for the semi-amplitude of the apparent motion 
of the earth’s surface in centimetres 


"00684A /n°. 


10. As an example, take A equal to unity, and n equal to 
one second. The gravitative attraction between any two 
bodies would then vary between zero and twice its mean 
value, the period of the variation being one second. The 
actual periodic displacement of the earth’s surface would 
amount to about 25 cm. above and below its mean position ; 
but the observable effects would, with our assumptions, be the 
same as if (with gravity invariable) the earth’s surface were 
pulsating with a period of one second and with a semi- 
amplitude of *0068 cm. The maximum acceleration involved 
in this apparent pulsatory movement would be about 
"35 cm./sec’, or roughly 1/2500 part of the mean acceleration 
of gravity ; and refined observations would be required to 
discern any periodic effects. If the frequency n of the 


* A somewhat vague statement, though definite enough for the purpose 
in view. 
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fluctuations were changed in a given ratio m (their amplitude 
remaining the same), the amplitude of the apparent surface 
pulsation would be changed in the ratio m-?, and the 
maximum acceleration involved in that pulsation would be 
changed in the ratio m~? *. 

11. It appears, then, that the interaction of the earth with 
bodies at its surface is far from providing a delicate test for 
the existence of rapid periodic fluctuations of gravity. The 
eimplifying assumptions which have been made above are 
not such as to alter the essential aspect of the problem ; no 
doubt the substitution of more correct (mean) values for the 
elastic constants involved would lead to somewhat different 
results, but the general character of the conclusions would 
remain as before. 

12. The apparatus used in the Cavendish experiment, as 
carried out, for instance, by Mr. Boys, would indicate rapid 
fluctuations of gravity with far greater sensitiveness ; on the 
other hand, Prof. Poynting’s form of the experiment, wherein 
a beam-balance was used, would be practically unaffected by 
such a state of things. 


Kennington, near Oxford, 
June 26, 1909. 


Postscript: Nov. 17, 1909. 
I have been reminded by Dr. Chree, President of the 


Physical Society, that my simplifying assumption of an elas- 
tically homogeneous earth must necessarily be far from the 
truth, the pressure at the centre being something like 2800 
tons per square inch. This I am most ready to admit ; but 
although the assumption requires modification, we do not 
know to what extent. Tidal phenomena afford some infor- 
mation as to the rigidity of the earth as a whole, but it seems 
very probable, as Dr. Chree points out, that the bulk-modulus 
of elasticity of the more central portions is increased by the 
pressure thereon to a far greater extent than is the rigidity- 
modulus. This would reduce the amplitude of the actual 


* The amplitude and extreme acceleration of the apparent motion are 
of course proportional to A, which, accordinz to any pulsatory theory of 
gravitation, would be a large number. The value unity has here been 
given to A merely by way of illustration. 
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compressional waves discussed in the paper, the observable 
eflects at the earth’s surface being thus correspondingly 
increased. On the other hand, it appears that my assumed 
values for k and p give for Young's modulus a value consi- 
derably higher than is sometimes assumed, and this would 
affect the conclusions in the contrary sense. 

The problem was one which presented itself in the course of 
some speculations regarding the mechanism of gravitation ; 
its solution was not afterwards found to be important in that 
connexion, but it seemed that, as a mere dynamical curiosity, 
the matter might be worth a short note. So in the above 
discussion the assumptions made were the simplest possible, 
and instead of the most recent authorities being consulted for 
geophysical data, Lord Kelvin's original rough comparison 
between the earth and a sphere of steel was made to serve, 
l'or the present it hardly seems that labour would be profitably 
expended on a more elaborate treatment. 


VT. The Absorption Spectrum of Potassium Vapour, 


By P. V. Bevan, M.A., Royal Holloway College *. 
[Plate IL] 


A CERTAIN amount of work T has been done on the absorp- 
tion of light by potassium vapour, but only in the visible 
region of the spectrum. The absorption in the ultra-violet 
as well as in the visible part is specially interesting, firstly 
for its similarity to the corresponding absorption by sodium 
vapour and secondly in relation to the analysis of lines into 
series by Kayser and Runge, and by Rydberg. The recent 
work by Wood 1 has shown how the principal series lines 
for sodium appear in the absorption spectrum in much 
greater numbers than in any kind of emission spectrum 
that has as yet been studied. A similar effect takes place 
with potassium, and the author of the present paper has 


* Read November 12, 1009. 

[ Roscoe and Schuster, Proc. Roy. Soc. xxii. p. 362; Liveing and 
Dewar, Proc. Roy. Soc. xxvii. p. 132, ete., & xxviii. p. 352, etc. 

t Phil. Mag., Oct. 1909. 
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measured the wave-lengths of lines of the principal series up 
to the line corresponding to n=26 in the Kayser and Runge 
formula, The method of experiment was the very simple one 
of passing light through a steel tube containing potassium, the 
ends of the tube being closed by quartz plates, the emergent 
light was then examined with a quartz spectrograph. The 
tube could be heated and so a certain portion of it filled with 
potassium vapour of density varying with the temperature. 
Potassium under these conditions behaves in a very similar 
manner to sodium, and there is a field for work of a similar 
character to that of. Wood on the optical properties of sodium 
vapour. The spectrograph used was by Hilger giving a spec- 
trum of about 8 inches long from w.l. 2100 to the red end of 
the visible spectrum. Fora source of light a Nernst lamp and 
an arc lamp were used. The Nernst lamp bas advantages in 
giving a continuous spectrum, but when measurements of 
wave-lengths are to be made the arc lamp is most suitable, as 
in addition to giving more intense ultra-violet light it also 
provides a set of standard lines from which wave-lengths may 
be calculated. 

First of all with regard to the visible spectrum. When 
the tube is heated absorption is first noticed at the pair of 
lines w.l.’s 7699, 7655, and this is soon followed by channelled 
space absorption in the region 6000-6800. This part of the 
spectrum will be discussed later. The violet pair w.l.’s 4047, 
4044 next appear and later another channelled space in the 
blue-violet region. Finally another channelled space in the 
orange-green appears. The absorption in the region of the 
lines 7699, 7655 increases, and the lines broaden, soon making 
one dark band which spreads until it joins the red channelled 
space which has in the meantime become a dark band, and 
finally all light from the red end of the spectrum to about 
w.l. 6000 is cut off. The blue-violet channelled space also 
soon becomes a dark band, and this joins the band formed by 
the widening of the lines 4047, 4044. Figure 1 shows a 
series of photographs taken with increasing density of vapour. 
The lines 7699, 7655 have disappeared, the whole space up to 
about w.l. 6000 being dark. In (1) the blue-violct 
channelled space is just appearing. The principal series 
lines are very definite and can be counted up to about n=16 
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(n=4 for the line 4047). As we go down this series of 
pliotographs we notice how the blue-violet channelled space 
increases—the channellings do not appear well in the plate 
though they are quite evident in the negative. The red 
absorption, however, changes its limit on the yellow side 
very little. The absorption lines also broaden but the 
broadening is not symmetrical, the line being more diffuse on 
the less refrangible side. New absorption lines appear on 
each side of the main lines, and these seem to form parts of 
channelled space spectra which appear between the primary 
lines. In (5) the blue-violet channelled space has extended 
to meet the broadened 4047 line, and all the light is cut. off 
in this region. The orange-green absorption extends on the 
more refrangible side but undergoes little change on the 
other. The sodium lines D 3303 and 2852 appear faintly 
owing to a certain amount of sodium present in the 
potassium as impurity. 
The Principal Series Lines. 

These lines are the most definite feature of the absorption 
spectrum, and as bas been mentioned above they have been 
counted up to the line corresponding to n—26. Asn=3 for 
the lines 7699, 7665, the author has been able to observe 24 
of this series. Hitherto the members up to n—11 have been 
observed, so that 15 new lines have been added to this list. 
The wave-lengths are as follows : — 

n Wave-length. 


10 2963-4 (2963-36 Kayser) 
11 2942-8 (29428 „ ) 
12 2998-0 
13 2916-8 
14 2907-6 
15 2900-4 
16 2894-6 
17 2889-7 
18 2885:9 
19 2882-9 
20 2880-3 
21 2877-9 
22 2875:8 
23 287411 
24 2872-5 
25 2871-1 


26 28700 
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The three formule given by Kayser * give for the value 
of the wave-lengths for n=20 


28762 ; 2876°4 ; 2879-4 ; 


the departures from the observed values in the cases of n=10 
are, however, 


+105; —-0:5; 4076; 


so that the agreement is as close as could be expected, and a 
recalculation of the constants is necessary. 

The values for the wave-lengths are estimated to be correct 
to within -2 of an Ångström unit. With a larger spectro- 
graph giving more dispersion and a wider aperture, there 1s 
no doubt that many more lines of this series could be 
photographed. 

There appears to be no trace of lines belonging to the 
associated series for potassium in any photographs which the 
author has taken. This fact is of importance as it shows that 
there must be a very great difference in the mechanism 
corresponding to the principal series and the others, and that 
sodium and potassium are exactly analogous in this way. 
Another interesting point in connexion with these lines is 
the fact that though a large number of lines of wave-lengths 
less than 3000 have been observed in the spark spectrum f, 
none of these lines after 2992°3 corresponding to n=9 
appear. 


The Red Channelled Space Absorption Spectrum. 


The interest of this spectrum and the other channelled 
spectra connected with the absorption by potassium vapour 
lies in its similarity to the sodium absorption spectrum in the 
neighbourhood of w.l. 5000. This region seems unconnected 
with any bright lines in the various emission spectra and also 
unconnected with any of the series lines of Kayser and Runge, 
or Rydberg. There is, however, a certain amount of evidence 
to connect this and the corresponding spectrum of sodium 
with the principal series of Kayser and Runge. Wood has 
shown that there is an intimate physical relation between the 


* Handbuch der Spectroscopie, ii. p. 524. 
t Eder & Valenta, Denkschr. Wien, lxi. 1804. 
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mechanisms which produce the D lines and this channelled 
absorption, and it will appear that the potassium channellings 
are related to the first members of the principal series in a 
manner similar to the corresponding sodium spectra. With 
sufficient resolving power the channelled spectrum is seen. to 
be made up of a large number of fine lines; the edges of 
what appear as bunds are regions of greater absorption and lie 
towards the violet end of the spectrum. This spectrum was 
observed and the edges of the bands mapped by Roscoe and 
Schuster *. Fresh measurements have been made for com- 
parison with the corresponding sodium spectrum. Figure 2 
shows the general appearance of the spectrum under as high’ 
dispersion as the author was able to obtain. It is seen that 
the spectrum consists of a number of fine lines which towards 
the violet end of the spectrum are of equal intensity and 
arranged at approximately equal intervals—the fluted appear- 
ance is not observed here. Going from right to left we come 
to the places where the changes in intensity give the fluted 
appearance with definite edges, and as we come to the red 
end we have a succession of bands equally diffuse on both 
sides. On this spectrum the neon spectrum was photographed 
for purposes of measurement. No definite relations amongst 
the lines have been detected, but remembering the extreme 
complexity of the similar sodium spectrum there seems no 
chance of doing this until the fluorescent spectrum under 
various conditions of excitation has been studied, as has been 
done in the case of sodium by Wood. The definite edges of 
the bands have been measured and it is of interest to compare 
them with the corresponding edges in the case of sodium. 

The edges of the bands are at wave-lengths given in the 
following table. The first column gives the number of the 
band as designated in fig. 2. 


No. Wave-length. 

l 6412 
2 6442 
3 647: 

+ 6512 
5 6543 
6 G58] 
7 662] 


* Lye. cif. 
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These are what appear on the negative as quite definite 
bands. There are outside these limits places which might be 
edges but which are not definite enough and so have not been 
included in this table. The measurements are accurate 
within two or three units, and we may note in passing that 
differences between neighbouring edges are approximately 30 
and 40 units. Doubtful edges at 6383, 6353, give the same 
differences, but no stress is laid on this point at present. 

In the case of sodium we have for the wave-lengths of 
edges of the bands :— 


4783 5009 
4810 | 5041 
4819 | 5048 
4837 | 5080 
4866 5087 
4895 5119 
4932 5126 
4962 5134 
4979 | 


These numbers are taken from Wood’s paper in the Phil. 
Mag. xii. 1906, p. 499. 

lf now we tabulate the ratios of the wave-lengths of these 
edges to tho first member of the principal series for the two 
cases, i. e. for sodium D 5896, for potassium 7699, we obtain 


the following numbers :— 

Potassium. Sodium. 

:8112 

‘8158 

"8174 

:8204 

:8252 

:8328 :8301 

:8367 "8366 

8408 8417 

"8460 8445 

"8499 84835 

"8548 "8549 

"8602 8562 

8615 

"8628 

"8682 

"8694 

'8707 

All the edges of the bands for sodium, that appear in the 
photograph accompanying the paper of Wood's to whieh 
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reference has already been made, are included in the above 
table. It is seen at once that there is a definite corres- 
pondence between the two cases. The actual closeness of 
pairs of numbers in the two cases may not indicate anything, 
but the fact that all the numbers for potassium fall in the 
region oecupied by the numbers for sodium is of interest, and 
also the further fact that the spacing of the numbers is also 
roughly the same. This seems clear evidence that the 
mechanism at the back of the two cases is similar. When 
one remembers the changes in this type of absorption spec- 
trum produced by circumstances apparently trifling it seems 
exceedingly probable that on fuller investigation the corres- 
pondencies between the two spectra may be much more 
definite than is at present observed. Much more detailed 
observation is necessary in the case of potassium, and it is to 
be desired that someone with the instruments necessary may 
be able to make these observations. lt seems clear, however, 
that the two absorption spectra are analogous and that they 
are connected with the first members of the principal 
series. 


Anomalous Dispersion by Potassium Vapour. 


The author has shown * that anomalous dispersion takes 
place in the region of the first members of the principal 
series in lithium and potassium, and further experiments 
have been made with potassium to investigate other lines of 
the same series. Anomalous dispersion has been detected at 
the first four lines of the principal series for potassium, but it 
is very small in amount after the second line 4047. The 
effect ean be easily detected on the negative, but as it is very 
small excepting at the first two members of the principal series 
it does not show sufficiently for a reproduction. The source 
of light was a fine slit illuminated by an arc light. One 
diffieulty in the investigation is concerned with focussing 
ihe image of the horizontal slit on the vertical slit of the 
spectrograph. The focus cannot be good for more than one 
line at a time as a quartz lens must be used, but further 
experiments are to be made for this effect. 


* Phil. Mag., Sept. 1908. 


ABSORPTION SPECTRUM OF POTASSIUM VAPOUR, (9 


I desire to express my thanks to the Government Grant 
Committee of the Royal Society for a grant which enabled 
me to obtain the quartz spectrograph used for the work of 
this paper. 


ABSTRACT. 


The method of studying the absorption spectrum was that used first 
by Roscoe and Schuster, and of late years elaborated by Prof. R. W. 
Wood. The fact that the optically dense vapour has really very 
small density makes it possible to heat the metal in a tube, and to 
have enough vapour to show strong absorption of light with very little 
actual distillation to the colder parts of the tube. A tube with quartz 
plate ends can thus be used and the absorption spectrum studied with 
& quartz spectrograph. The most evident feature of the spectrum 
thus obtained is the appearance of the lines of the Principal Series. 
None of the lines of the two associated series appear, but additional 
channelled space spectra which are unrepresented in the emission 
spectra. Fifteen new lines have been obtained in the principal series by 
this method. . 

In the visible region there appears a channelled space spectrum in 
the red. This shows definite edges of bands towards the violet end of 
the spectrum. The wave-lengths of the edges of these bands were 
measured. When the ratios of these wave-lengths to that of the first 
member of the principal series are found, the values are found to be in 
the same range as the corresponding ratios as deduced from Wood’s 
measurements on Sodium absorption. This the Author regards as evidence 
of connexion between the channelled space spectrum and the principal 
series of lines. Anomalous dispersion takes place at tho first four 
members of the principal series, but the amount of the effect rapidly 
diminishes with the order of the line. The remarkable feature of this 
absorption spectrum and also that of Sodium as examined by Wood, is 
the enormous difference in the properties of the principal series lines 
from those of other lines in the emission spectrum. Some of these other 
lines are in emission spectra far stronger than the higher members of the 
principal series, yet they do not appear at all in the absorption spectrum. 
This may indicate that the metallic vapour at the comparatively low 
temperature of these experiments is in quite a different molecular state 
from its state in a spark or flame, or that in these latter cases chemical 
action is going on and the emission spectrum is not a simple elementary 
spectrum. 


DIscussION. 


Dr. J. A. HARKER remarked that in studying the absorption spectrum 
of a substance by heating it in a tube closed at the ends, there is a region 
of fog at the ends of the vapour for which allowance should be made. 
You do not get the absorption spectrum of the vapour because the result 
is affected by the scattering produced by the particles in the fog. 
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Prof. C. H. Lees asked if the Author could state the nature of the 
absorption in the second and third series. 

Mr. Rayner asked if there was any difficulty in getting the metal 
pure. He also asked if the Author could state approximately the 
temperature of the vapour, and whether there was any gas present in 
the tube. 

Prof. BEvAN in reply stated that he had observed no evidence of 
scattering, such as would be produced by the existence of fog in the 
tube. The amount of vapour used was very small, and therefore there 
could be little cloud effect. The temperature of the vapour was much 
below the boiling-point of potassium. With regard to the gas in the 
tube, he had tried hydrogen at atmospheric pressure and at low pressure 
and he had also used a vacuum. With regard to the purity of the metal 
the sodium lines did appear but they were easily recognized, 


VII. Some further Notes on the Physiological Principles 
underlying the Flicker Photometer. By J. S. Dow, B.Se.* 


In a paper read before the Physical Society of London 
in 1906 (see Phil. Mag. August 1906; Proc. Phys. Soc. 
vol. xx.), the author discussed some of the phenomena of 
colour-vision which affect heterochromatic photometry, and 
referred to the theory, due to von Kries, of the action of 
the minute light-percipient organs on the retina known as 
the “rods” and “cones,” by the aid of which some workers 
in photometry have endeavoured to explain the “ yellow spot ” 
and Purkinje effects. 

It was pointed out that, when the comparison of two 
sources of light differing in colour was attempted, the reading 
of a photometer of the “equality of brightness” pattern 
would be found to depend upon :— 


(a) The obliquity at which rays from the illuminated 
surfaces strike the eye. 

(b) The distance away of the eye from the surfaces. 

(c) The size of the surfaces. 

It was, however, also found that, for some reason, the 
effect was much less readily perceptible in the case of a 
flicker photometer; and this suggested that the physiological 
basis of such instruments might be found to differ from that 


* Read November 12, 1909. 
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of photometers of the ordinary variety. In this communica- 
tion the author wishes to summarise the results of some 
further experiments on this point which seem to throw some 
light on the theory of the flicker photometer : this, however, 
as Mr. A. P. Trotter has justly remarked, is essentially 
physiological, and is therefore correspondingly difficult to 
investigate. 

Before proceeding further, however, it may be well to 
recapitulate briefly the main points in this theory of the action 
of rods and cones on the retina, as it will be frequently 
referred to in what follows. 

According to this theory, there exist on the retina two 
distinct varieties of minute light-perceiving organs, known, 
from their appearance, as the “rods” and the “cones” re- 
spectively. The rods, it is thought, are sensitive to light 
but unable to perceive colour, as such ; they are, however, 
most sensitive to bluish-green light, probably in the neigh- 
bourhood of 0:51 to.0:52 u. Light of all wave-lengths seems 
to be usually perceived by these organs as white *. These 
organs are also sensitive to very weak light but, as the 
illumination is increased, they become as it were saturated 
and do not respond further to increased stimulus. 

The cones, on the other hand, perceive colour but are most 
sensitive to yellow-green light, probably usually near 0:58 p, 
and, while they are insensitive to the very weak order of 
illumination to which the rods respond, they continue to 
become more active, under the influence of increased stimulus, 
once they have started, long after the rods have ceased to 
do so. 

As explained iu the paper referred to above, this theory 
seems to account very satisfactorily for the Purkinje effect. 
Moreover, an experiment described therein also suggested 
that, as the Purkinje effect only became very noticeable to 
the author, for small retinal areas, at illuminations below 
about 0:2 lux, this might be the order of illumination at 
which the cones finally go out of action, and cone-vision 


* According to a recent paper by Professor G. J. Burch (Proc. Roy. 
Soc. 1905) the retina, which, as n rule, seems to lack the power of colour- 
perception at very low illuminations, regains it if kept iu the dark for 
some hours. 
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is more or less completely replaced by rod-vision. In view 
of what follows this figure is rather important, and we may 
next briefly refer in passing to a confirmatory experiment 
which acts as a useful check upon it. 

According to the rod and cone theory, the yellow-spot 
effect is to be ascribed to the peculiar distribution of rods 
and cones over the retina. - At the centre of the retina only 
cones appear to exist; portions of the retina more remote 
from the fovea are covered by a mixture of rods and cones, 
while the extreme peripheral portions of the retina contain 
rods only. It will be seen therefore, that when the bright- 
ness of two surfaces, iiluminated by the aid of red and green 
light respectively, is compared, the result will depend very 
largely on the proportions of rods and cones on the portion 
of the retina on which the image of them is received. It 
therefore occurred to the author that it would be of interest 
to obtain curves connecting the distance away of the eye 
from the photometer-surfaces so illuminated, and the apparent 
relative brightness of the red and green, with a series of 
different illuminations of the photometer. This experiment 
was carried out in exactly the same manner as those of a 
similar description detailed in the paper before the Physical 
Society in 1906. 

The results are shown in fig. 1, and seem to bear out 
completely the suggestion that, whatever be its explanation, 
a somewhat abrupt alteration in the nature of colour-vision 
occurs, in the case of the author's eye, near 0:2 lux. 

The instrument was in this case a Joly photometer, the 
blocks of which were illuminated by red and green light 
furnished by two carbon-filament glow-lamps screened with 
ruby-red and signal-green glasses respectively. It will be 
seen that, as the eye is withdrawn, the reading invariably 
tends to favour the red light at the expense of the green. 
This, according to the rod und cone theory, is to be explained 
on the supposition that, as the image falls more and more 
towards the centre of the retina, the number of rods, as com- 
pared with cones, in the area covered by it, continually 
decreases ; eventuallv, when the fovea centralis is reached, a 
more or less steady state of. things should be arrived at since 
in this region of the retina only cones are believed to exist. 
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For convenience in comparing the steepness of the curves 
at different illuminations, all the readings are reduced to a 
scale such that the value corresponding with the eye at a 
distance of 10 centimetres is unity. It will be observed that, 
as we should expect, we obtain in each case a curve which 
gradually rises but afterwards tends to become horizontal. 


Fig. 1. 


Showing [tect of varying distance of Eve from Joly Photometer at 
various illuminations of the photometer-blocks. (“ Equality of 
Brightness " Method.) 
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But it will once more be seen how very much steeper the 
curve suddenly becomes when the illumination is reduced to 
the order of 0:2 lux (metre-candles). On the other hand, an 
increase in the intensity of illumination from 10 to 40 lux 
has relatively little effect. All this is exactly what 
the theory would lead us to expect. It is apparently only at 
comparatively low illuminations that the struggle of the rods 
and cones becomes marked. And at an order of illumination 
G2 
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about 02 lux (metre-candles) the cones might be supposed 
abruptly to cease exercising their powers, with the result that 
the relatively small number of rods in play become propor- 
tionally more effective. A small change in the retinal con- 
ditions would therefore be much more influential in disturbing 
the judgment of balance than at high illuminations, and the 
curve becomes correspondingly steeper. 

The above experiment, therefore, is interesting not only 
because of the confirmation it seems to afford to the provisional 
rod and cone theory, but also because it serves to bear out the 
suggestion that an abrupt change in the retinal conditions 
(seemingly adequately explained by the supposition that the 
cones go out of action or at any rate suddenly decrease 
in sensibility) occurs at an illumination near 02 lux. 
This figure will subsequently be recalled in connexion with 
experiments on the flicker photometer. 

Meantime it may be pointed out that other experiments of 
the author * suggest that there is a sudden diminution in 
visual acuity at just about the above order of illumination. 
This, therefore, is once more additional evidence that a 
profound physiological change in the retina occurs near tliis 
point. 


Let us now turn to the main question to bé considered in 
this paper, namely, the bearing of the rod and cone theory and 
the physiological phenomena explained by its aid, on the 
flicker photometer. Whatever be the exact explanation of the 
functions of the rods and cones and the retina adopted (and 
physiologists seem as yet to differ considerably in their views 
on this matter), the physiological effects on which the theory 
is founded seem to be well authenticated. It is therefore of 
interest to inquire how far they can be considered applicable 
to the flicker photometer, which is now beginning to receive 
a considerable amount of attention as a means of comparing 
sources of light which differ in colour. As an illustration 
of the possibility of such instruments yielding results which 
differ from those obtained by the aid of photometers of the 


-= # ‘Illuminating Ergireer' (London), vol. ii. April 1909, p. 237. 


PRINCIPLES UNDERLYING THE FLICKER PHOTOMETER, $5 


* Equality of Brightness " or * Contrast" types, an experi- 
ence recently related by Mr. L. Wild may be mentioned. 
This observer finds that, when an incandescent lamp, having 
a tungsten filament and run at a consumption of 1:5 watts 
per C.P., is compared with a carbon-filament lamp running 
at 4 watts per candle, the result varies by 6°/) according as 
a flicker photometer or an instrument of the ordinary variety 
is used for the test. Apparently the tungsten lamp has a 
lower candle-power in the former case *. 

This matter was touched upon in the writer's previous 
communication to the Physical Society on Colour-photo- 
metry tł. On that occasion it was found that the readings 
of an Everett-Edgcumbe flicker instrument, when used to 
compare red and green lights, did not differ, when the distance 
of the eye from the field of view of the instrument was altered, 
nearly so greatly as was found to be the case for an “ Equality 
of Brightness ” instrament. This suggested, therefore, that 
the behavour of the retina was in some way different, when 
judging disappearance of flicker, from that characteristic of it 
when judging brightness, 

It seemed, however, preferable to confirm this result by an 
experiment in which exactly the same portion of the retina 
was utilized in observing both brightness and flicker, and 
the illumination of the surfaces viewed was the same in each 
case. Under these circumstances, the two sensations would 
be compared under exactly similar conditions, and if the 
physiological principle of both instruments is the same, 
should lead to similar results. 


Comparison of the Yellow-spot Ifect for Equality 
of Brightness and Flicker Photometers. 

The Rood type of photometer is particularly convenient 
for the investigation of this point for, by keeping the lens 
still, one may use it as an ordinary instrument, and then, by 
oscillating the lens, compare the brightness of the two photo- 
metrical surfaces, still at the same distance from the eye, by 
a flicker method. 


* Electrician, July 16, 1903, 
t Phil. Mag. vol. xx. 1700. 
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For this purpose the writer made use of the arrangement 
shown in fig. 2. The surfaces of a Ritchie Wedge, W, con- 
sisting of fine unglazed cardboard, were illuminated by the 
two heterochromatic sources of light to be studied, A and B. 
In front of the wedge a convex lens, L, is mounted on springs 
and attached to a cord which passes round the pin P mounted 
eccentrically on the pulley of the electric motor M. In front 
of the lens was placed a small black screen S pierced with 
an aperture 5 cms. high and 2 cms. wide. 

If, now, the motor is stationary, the observer balances the 
brightness of the red and green by the equality of brightness 


Fig. 2. 


Arrangement of Rood Type of Photometer. 
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method. But when the motor is set in rotation a band of 
flicker is produced between the coloured surfaces, since the 
dividing line between them appears to oscillate to and fro. 
By altering the position of the pin P the width of this band 
of flicker can be adjusted until it occupies exactly half the 
field of view, t. e, has the same dimensions as either of the 
coloured surfaces, We thus have the exact equivalent of 
observing two coloured surfaces of equal size, either simul- 
taneously, when we judge their intensity by the equality of 
brightness method, or in rapid succession, when we judge 
their intensity hy the absence of flicker, A typical result 
of varying the distance of the eye from the screen is shown 


Red 
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in fig. 3, the readings, with the eye at a distance of 20 cms., 
being taken as unity in each case. 

The results of experiments on this matter were perplexing 
and variable in many respects. But one point brought out 
by this figure was invariably recognized. The effect of 
altering the distance of the eye was always much more 
marked in the case of the equality of brightness instrument. 


Fig. 3. 
Comparison of “ Yellow-spot Effect ” in Flicker and Equality 
of Brightness Photometers. 
Equality of Brightness. Flicker. 
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The discussion of this result will be postponed till a later 
stage in this paper. 

lt may be noted that Wild * has also stated that in some 
experiments undertaken by him, the effect of varying the 


* Electrician, Aug. 16, 1907, letter. 


88 MR. J. S. DOW ON THE PHYSIOLOGICAL 


region of the retina upon the apparent brightness of two 
heterochromatic surfaces was confirmed, at least qualitatively ; 
but no such effect could be traced to exist in the case of the 
flicker photometer. 


Flicker Photometers and the Purkinje Iijrect. 

In the paper read before the Physica) Society in 1906, the 
author referred to the question whether or no flicker in- 
struments were, like those of the equality of brightness type, 
subject to the Purkinje effect. The results of a method 
employed in some experiments described in that paper seemed 
to suggest that this was the case, but this method (which 
involved reliance on a colour change instead of flicker) was 
admittedly open to objection. In these experiments, the 
photometer was intentionally run at such a speed that all 
trace of flicker disappeared, and the results must therefore be 
supposed to refer to sensation of fused colours rather than 
flicker. 

The chief difficulty in studying the real question at issue is, 
as was then pointed out, that the flicker photometer cannot in 
general be successfully used at the low order of illumination 
necessary in order to exhibit the Purkinje effect in a marked 
manner, especially when the retinal area employed is small 
and central. Subsequently, however, the author has made a 
series of experiments with the arrangement shown in fig. 2 
which allows of a somewhat larger retinal area being used, and 
therefore seems to give indications of the Purkinje effect at 
a somewhat higher order of illumination. Even so the 
indications available are not very distinct, and the results 
obtained must be regarded as very approximate. 

It may again be pointed out, that the arrangement utilized 
enables us to compare the course of the photometrical readings 
with increasing illumination by means of both flicker and 
equality of brightness sensations in a particularly satisfactory 
manner, owing to the fact that the retinal areas employed in 
each case can be kept practically the same: all that is 
necessary is to take a series of readings by the equality of 
brightness method and then, by setting the motor in rotation, 
to produce the proper-sized band of flicker. 

Although, as stated above, very approximate, these readings 
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certainly seem to warrant the suggestion that the Purkinje 
effect cannot be observed to the same extent in the case of 
the flicker sensation, A typical result is that shown in 
fig. 4. 


Fig. 4. 
Comparison of Purkinje Effect for Flicker and Equality of 
Brightness Photometera. 


Red 
Green’ 


Ratio of Candle-power 


1:0 20 3:0 40 50 60 


Illumination of Photometric surfaces in Lux. 


It may be added that other observers have recorded similar 
experiences. For instance, in the discussion following a 
paper by Dr. Steinmetz before the Illuminating Engineering 
Society of New York in December 1906, Mr. P. S. Millar 
referred to some tests on a mercury arc-lamp, which were 
carried out on a Jong photometrical bench with different 
distances between the sources compared and witha corre- 
sponding range of variation in the illumination of the photo- 
meter-screen. A Lummer-Brodhun photometer was first 
used, and it was then found that the candle-power of the 
mercury-vapour lamp, compared with a carbon-filament 
standard, apparently changed gradually, as the illumination 
of the photometer-screen was reduced, to a value higher by 
30 per cent. than that at normal illuminations. But when a 
flicker photometer was used this difference did not occur. 
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Ineussion of Results shown in Figs. 3 and 4. 

Let us now examine the results described in the two pro- 
vious sections in greater detail. The main result of both 
experiments is that the Purkinje and Yellow-spot phenomena 
seem fo be very much weaker when the flicker method is 
used. The flicker curve in fig. 3, in fact, seems to resemble 
that whieh is obtained by using an ordinary equality of 
brightness instrument under such conditions that the effective 
value of the rod-organs has become relatively insignificant 
in comparison with that of the cones. And it will be noted 
that, just as the curves in fig. 1 seem to approach a limiting 
shape in which a certain variation in the results with altering 
retinal area still occurs, even at high illuminations, so, in the 
case of the flicker photometer, some variation, as the eye is 
withdrawn from the photometer, seems to be suggested. 

In both the experiments described above, thercfore, the 
effect which seems so well explained by the struggle for 
predominance between the rods and the cones, is apparently 
much less marked in the case of the flicker photometer. The 
natural inference to draw would therefore be that one of the 
sets of competing organs is in this case less influential; and, 
for reasons which will be more fully explained shortly, the 
author is inclined to suggest that in the case of the flicker 
photometer the rods on the retina may be less influential in 
determining the point of balance. In an extreme case we 
might even suppose that the position of balance of an equality 
of brightness instrument is determined by combined rod and 
cone vision, while in the case of a flicker instrument it might 
be affected by cone-vision only. 

The rods, as we have scen, are believed to differ essentially 
from the cones as regards light and colour-perception. Now 
the author is inclined to suggest that they may also be credited 
with a differeuce in the time taken to record and preserve 
a luminous impression. If, for instance, it were found that 
the speed of the flicker photometer, as ordinarily operated, 
was adjusted to the persistence of vision of the cones, but 
was too high for that of the rods, theabove phenomena would 
be fairly well accounted for. Under these circumstances, we 
should obtain a flicker-sensation due to the cones and, super- 
imposed over this, an impression of luminosity only, due to 
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the fusion of rod-impulses, which might be supposed to 
succeed each other too rapidly to produce any flicker 
sensation. The rod-impulses therefore might not, under 
these circumstances, materially affect the place of balance 
of the photometer. 

This would explain why the Purkinje effect was relatively 
insignificant, and why, with a flicker instrument, the yellow- 
spot effect, as shown in fig. 3, was less marked. In addition 
it might throw some light upon the fact that flicker instru- 
ments, however effective at ordinary high illuminations, do 
seem very difficult to use satisfactorily when the illumination 
is very low. 

The appearance of the field of view of a photometer of the 
tvpe shown in fig. 2, as seen under certain conditions, also 
seems to throw some light on the suggested behaviour of the 
rods. At low illuminations something like the following 
experience may sometimes be noticed. When comparing red 
and green, we may set the photometer so that the coloured 
flickerless surfaces on either side of the band of flicker appear 
about equally bright. The band of flicker in between will 
then be grey in colour, and probably, at the correct speed, 
` the flicker can just be made to disappear. 

If now the photometer is moved towards the red light the 
flicker reappears, and at the same time the red surface on one 
side of the intermediate band of flicker becomes obviously 
brighter than the green surface on the other ; the flicker band 
meanwhile changes from grey to a reddish tinge, and soon 
also becomes unmistakably brighter than the adjacent green. 

But if we move the photometer towards the green surface 
we sometimes have a different experience. We again 
observe a distinct increase in brightness of the green, and 
we notice, as before, that the central grey band becomes 
green in tint and brighter than the adjacent red surface. 
But this gain in brightness is not accompanied by flicker; 
apparently the only effect is to superimposea steady luminous 
impression produced by rod-impulses which succeed each other 
too rapidly to produce a flicker-sensation. 

In short, it appears as though the speed which suited the 
production of flicker due to the red illumination was too 
high to do go in the case of the green illumination. 
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The effect (which, however, was only found to occur at 
very low illuminations, presumably on tlie borderland between 
rod- and cone-vision, and was not always easy to reproduce) 
seems to afford additional evidence in favour of the suggestion 
that the speed which is adapted to the luminous impressions 
received through the cones may be sometimes too high for 
those received through the rods. 

It might, however, be well to guard against one possible 
source of misunderstanding as to the suggestion. implied 
above regarding the Purkinje effect. In suggesting that the 
flicker photometer is less subject to the Purkinje effect than 
an equality of brightness one, the author does not mean to 
convey that it is impossible to demonstrate the profound 
change in retinal conditions responsible for this effect by a 
flicker method. 

On the above supposition, it is only the struggle for pre- 
dominance between the rods and cones that seems to be 
affected, owing to the difficulty of finding a speed to suit both 
types of organs. But there seems no doubt that, if the speed 
is sufficiently slow, a variety of flicker can exist at an order 
of illumination when we should be justified, apparently, in 
concluding that the rods are the main instruments of vision. ' 
Naturally, therefore, any flicker phenomena produced at such 
illuminations must be connected with the peculiarities of 
rod-vision, and may therefore even be used to show the 
existence of the Purkinje effect. For instance, it is easy to 
show that a pure red surface appears black and gives no 
flicker under such conditions.  Haycraft, indeed (Proc. Roy. 
Soc. Lond. vol. lxi. 1897), has even used a purely flicker 
method to demonstrate the difference in the spectrum-curve 
of luminosity obtained at high and low illuminations, and 
thus, in a sense, to exhibit the Purkinje effect as this term is 
sometimes understood. But this result was naturally to be 
expected, and does not seem inconsistent with tlie suggestion 
the author has sought to convey. 


The Theory of Rod-flicker and Cone-flicker. 


It has been suggested that the means by which vision is 
effected through the rods may differ essentially from those 
utilized in the cone-organs, and it would therefore not be sur- 
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prising to find that there was a distinct difference in the time 
for which a luminous impression could be retained in the two 
cases. Thus the visual purple which occurs in the rods, but 
not in the cones, has long been supposed to be the basis of a 
photochemical process by which the former organs achieve 
vision. Since no such substance seems to have yet been isolated 
in the cones (though Edridge Green has recently pointed out 
that the visual purple seems to exist between them)*, it would 
not be unreasonable to suppose that they retained images for a 
different length of time. 

Let us therefore term the sensation received bv using the 
portion of the retina where rods predominate “ rod-flicker," 
and that received through using the part of the retina where 
cones predominate “ cone-flicker." 

A very interesting confirmation of the suggestion put 
forward above, seems to be supplied by the valuable work of 
Dr. T. C. Porter +. This observer found that, for illumi- 
nations varying from 0:25 lux up to 12,800 times 
this value, the connexion between the critical speed of a 
sector-disk (1. e. the speed at which the flicker caused by its 
rotation could just be made to vanish), and the illumination 
was of the form 

n=k.logI+p, 


where n=the number of revolutions per second when flicker 
vanishes, k and p are constants, and I is the illumination of 
the disk. 

Now for illuminations below 0:25 lux a similar relation 
was found to hold, but the constant, k, suddenly diminished 
to half its former value and the curve connecting n 
and logI took an abrupt turn. This means that, at illumi- 
nations below this value, the duration of time during which a 
luminous image was retained appreciably unaltered in in- 
tensity was much greater, and the critical speed propor- 
tionately less. 

Now it will be recalled that the above order of illumi- 
nation, 0°25 lux, is just about the value at which, as we 
have seen earlier, the cones seem to cease action abruptly 


* ‘Illuminating Engineer’ (London), March 1909, p. 210. 
t Proc. Roy. Soc. London, vol. lxx. p. 315 (1902). 
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and cone-vision is replaced by rod-vision. It therefore seems 
highly probable that the abrupt change in the value of & 
corresponds to the substitution of rod-vision for cone-vision, 
and that the sensation of flicker tends to disappear at a lower 
speed in the case of the rods than in the case of the cones. 
This, indeed, seems in accordance with the observations of 
von Kries and other physiologists that the visual purple, 
with which rod-vision is believed to be connected, possesses 
a certain visual inertia in virtue of which it reacts appre- 
ciably later to an impulse than do the organs whieh are 
believed to be predominant at higher illuminations. 

While mentioning this point, it may be of interest to refer 
to some other physiological results which seem to bear out 
this suggestion. The manner in which a luminous impression 
received by the eye disappears when the stimulus is with- 
drawn is, of course, of considerable interest as regards the 
theory of the flicker photometer. "The matter has been made 
the subject of much study among physiologists, and the 
process of dying away of an impression seems to be of a very 
complicated character. Even bearing in mind the different 
behaviour of the rods and cones, this might be anticipated, 
but there are other contributory causes of complication. 

It may be supposed that the impression received by the 
cones would be the first to weaken, and therefore the duration 
of undiminished impression, on which the point of balance of a 
flicker photometer presumably depends, mainly depends upon 
a purely cone-effect. Butata later stage the rod-impression 
would presumably begin to die away were itallowed to 
do so. 

The theory of the “recurrent image" investigated bv 
Shelford Bidwell in this country, von Kries in Germany, and 
others, is very interesting in this connexion. According to 
these observers, if a luminous surface, seen against a dark 
background, is moved before the eyes, a second ghostly image 
may, under suitable conditions, sometimes be seen, following 
the main image at a constant distance away. This imago 
might presumably be explained by the later dying away of 
the rod impression presupposed above. 

Now the recurrent image has been found by many observers 
not tooccur when the central portion of the retina (where 
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there are only cones) is used in vision, to be most easily secn 
by greenish light, and to be entirely absent when red light is 
used. All these facts strengthen the belief that this recurrent 
image is due to the rods, for, let it be remembered, there are 
believed to be no rods in the centre of the retina ; the rods 
are also most sensitive to greenish-blue light, and practically 
insensitive to red light (except under very exceptional 
conditions). 

The subject of after-images is admittedly very complicated 
and not to be explained on the basis of the rod-action alone. 
Even here, however, the experiences of Prof. G. J. Burch *, 
referred to previously seem to furnish pcssible evidence in 
favour of the view that an image received through the rods 
tends to be retained for a longer time than one received through 
the cones. This investigator finds that, after remaining in a 
dark room for several hours, all the after-images constituting 
“dazzle” disappear. During the' period of disappearance, 
it is found that coloured images disappear in a regular suc- 
cession, red being the first colour to vanish and violet the last. 
This seems suggestive, for these colours are at the ends of 
the spectrum to which the rods are least and most sensitive 
respectively. 

Admitting, therefore, that there is a certain amount of 
evidence in favour of the suggestion that the rods retain an 
impression in an undiminished form longer than the cones, 
and have therefore a lower critical speed, let us now deal 
with several other facts which support the suggestion that 
the rod-flicker can be regarded as distinct in other respects 
from the cone-flicker. 

In the first place there seems to be, not only a difference 
in the crilical speed of disappearance, but also in character. 
Several physiologists have pointed out that two varieties of 
flicker seem to exist. At low speeds the flicker-sensation is 
of a violent, coarse nature, but, as the speed is increased, this 
becomes modified and eventually gives way toa fine trembling 
variety, and this it is which we make use of, as a rule, in the 
flicker photometer. 

If the speed is increased still further this, too, eventually 
disappears as all the impressions succeed each other too 

* Pree. Roy, Soc. London, 1565, 
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rapidly for flicker of any kind to be seen. From some 
observations the anthor is inclined to associate the violent 
variety of flicker with the rods and the finer variety with the 
cones. It seems that the violent variety is the only kind 
which can be properly seen when the illumination is very low, 
so that presumably only the rods would be in action. Under 
these conditions we observe the usual peculiarities connected 
with rod-vision. For instance, the violent flicker is best seen 
by averted gaze, so as to bring into action tbe peripheral 
region of the retina where the rods are most numerous. 
(This circumstance seems to have led Dr. Porter to make an 
ingenious suggestion. He supposes that in prehistoric ages 
the peripheral region of the retina so developed as to be more 
sensitive to flicker than the central region (although other 
senses are there most acute), in order to enable men to gain 
immediate intimation of any moving object in the neigh- 
bourhood such as might constitute a possible source of 
danger.) 

At high illuminations, however, when the speed is adjusted 
to a value such that the fine variety of flicker is produced, the 
exact opposite may be the case, 7. e. we may find it possible to 
observe the flicker by the aid of the central region of the 
retina when it cannot be seen peripherally. Very interesting 
charts of the sensitiveness of different regions of the retina 
can be produced at different speeds. The author, however, 
found that, at high illuminations, the flicker, with increasing 
speed, tends to disappear last near the centre of the retina. 
This therefore favours the suggestion that this fine flicker, 
such as occurs at the higher speeds, is best seen by the aid of 
the cone organs. 

F Note.—In this connexion the following experiment (which 
was shown on the occasion of the reading of this paper) is of 
interest. Two disks of equal size are prepared, and can be 
driven from the same motor, side by side, with the same 
speed. One of these disks is provided with red and black 
alternate sectors, the other with the same number of green 
and black sectors. 

The two disks are illuminated witha very weak intensity and 
are driven at a slow speed. If the illumination is very weak 
indeed the red sectors appear to the eye black and the green 
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sectors white, in accordance with the Purkinje effect. Under 
these conditions we naturally cannot perceive any flicker at 
all in the disk with red and black sectors. 

At a somewhat brighter but still weak illumination, how- 
ever, the red sectors will be visible, and we shall then seea 
flicker with both disks. But there is one striking difference 
in the conditions under which the flicker is best seen in the 
two cases. 

In the case of the green and black disk we find that when 
we look straight at the disk we see no flicker ; but by looking 
at it obliquely we immediately see the curious “ wobbly ?' 
violent flicker which, it has been suggested, is mainly con- 
nected with the part of the retina where the rods predominate. 
In the case of the red and black disk the exact converse is the 
case. So long as we can seea flicker at all we can perceive 
it best by looking straight at the disk, i. e. by using the 
central region of the retina. But when we look at the disk 
obliquely the flicker becomes less apparent and, at a certain 
order of illumination, vanishes entirely. In addition the 
quality of the flicker is of a distinctly less violent kind and 
rather resembles the fine variety which is utilized in tlie 
flicker photometer. 

It may be added that the order of illumination most 
favourable for the exhibition of the effect with the green 
and black disk is somewhat lower than that necessary for 
the red and black disk. A certain amount of care is thus 
necessary in order to exhibit both effects side by side 
successfully. 

This experiment serves to show that the central part of 
the retina, where cones predominate, and the peripheral 
portion where there are chiefly rods, differ noticeably in the 
conditions under which flicker is best seen, and encourage 
the suggestion that there is something distinct about tle 
nature of the flicker in the two cases.] 


We may therefore imagine that, as the speed of a flicker is 
gradually increased from zero, the following changes occur. 
First the flicker is mainly of the violent kind associated 
with the rods, which tends to mask the perception of the 
fine variety; this is best seen by averted gaze. Next with 
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increasing speed the violent flicker tends to fuse into a con- 
tinuous impression of luminosity, and is ultimately replaced 
by the fine flicker which requires a higher speed to cause it 
to disappear. Lastly this too disappears. The impulses 
received through both sets of light-perceiving organs may 
now be supposed to follow so rapidly as to produce a con- 
tinuous luminous impression. 

A fact recorded by Porter and other observers that the 
critical speed of disappearance of flicker seems to depend 
upon the angle subtended at the eye by the flickering surface 
(i. e., on the portion of the retina on which the image is 
received), would seem to be very conveniently explained by 
this view of the action of the two sets of organs. 

An interesting point has been raised by Krüss *, which 
seems at first sight against the view that the action of a 
flicker photometer at high illuminations is mainly based on 
the behaviour of thecones. This observer points out that, in 
comparing say & Hefner lamp with an incandescent mantle 
by means of a flicker instrument, we notice that, when the 
speed is low and the photometer out of balance, fluctua- 
tions both in light and colour occur. As the speed is 
increased to what may be termed the working range the 
colours fuse into one another, but we still observe a flicker 
due to fluctuations in brightness, and by the aid of this we 
balance the photomster. This seems at first sight incon- 
sistent with the supposition that the action of the instrument 
is based upon the cones with which the perception of both 
light and colour are associated. But it must be recalled that 
the colours of the two sources named are very impure ; we 
are really comparing not red and green, but white lights 
slightly tinged with red and green respectively. Now the 
writer has found that, as the colours of the lights which it is 
sought to compare become more pronounced, so does the 
range of speed over which a flicker instrument can be used 
with success become narrowed down. In the case of very 
widely divergent colours there is really only one particular 
speed at which the colour-flicker has just disappeared, and 
the loss of sensitiveness due to the fusion of the light-impulses 
has not begun, at which the instrament can be used with 

* Journ. f. Gasheleuchtung, xxiv. June 16, 1907, p. 513. 
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accuracy. In short, the fusions of the colour- and light- 
impulses, when fairly pure colours are used, begin at just 
about the same speed ; this, therefore, if anything would 
seem to favour the view that the action of the instrument 
so used is mainly dependent on the impulses received through 
the cones. 

The portion of the retina employed in a flicker photometer 
is usually restricted to the central region, where there are 
comparatively few rods, and therefore these organs have 
probably not much to do with its action, Partly on this 
account, but chiefly because the correct speed for a flicker 
photometer used to compare widely different heterochromatic 
lights is so limited, it does not seem likely that informa- 
tion as to the theory of flicker photometers can readily 
be obtained by studying the effect of speed on the actual 
readings of the instrument. It is true that Lauriol* 
has been quoted as having recorded very marked variations 
in the reading of a flicker photometer at ditferent speeds; 
but on closer examination it appears that this observer's 
results establish rather the difference between readings of a 
flicker photometer and a photometer of the equality of 
brightness pattern. For the difference recorded is that 
between the readings of a flicker instrument when used as 
such and when used with the flicker-wheel motionless. 

The writer has sought to determine whether the per- 
missible range of speed of a flicker instrument used to com- 
pare moderately heterochromatic sources could be responsible 
for any marked error, but without detecting any distinct 
variations due to this effect. 


Colour-blind Observers and the Flicker Photometer. 


Another possible direction in which an inquiry into the 
theory of the flicker photometer might be pushed is the 
examination of people having defective colour-vision. Some 
data are available on this subject, but they lead to somewhat 
uncertain conclusions. It appears, however, that in some 
cases colour-blind individuals have been observed to obtain 
correspondingly abnormal results with both flicker and 


* Bull. Soc. Ins. des Electriciens, 1004. 
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equality of brightness photometers *, and it would certainly 
lead one to doubt the soundness of the principle underlying 
such instruments were this not the case. 

In reality there seem to be so many different types of 
colour-blindness, and the existing knowledge of the subject 
is still so incomplete, that it is difficult for anyone but a 
physiologist to draw any valid conclusions on the theory of 
the flicker photometer by an examination of colour-blind 
individuals. The study of the principles underlying this 
instrument must, it would seem, be conducted in the light of 
the modern theories of the action of the retina. Physiologists, 
however, seem to have found some difficulty in reconciling 
many forms of colour-blindness with the usual theory of the 
action of the rods and cones. As an illustration of the com- 
plexities of the subject it may be mentioned that according 
to Edridge Green f some forms of colour-blindness arise, 
not through imperfect retinal apparatus, but through con- 
fusion at the centres of perception of colour in the brain ; f 
the same observer states that colour-blindness frequently 
accompanies some forms of insanity. 


Concluding Remarks. 

In conclusion the writer would like to say that he is 
conscious that the data presented are in many respects 
incomplete, and that other and more adequate experiments 
are needed before any decision as to the correctness of the 
suggestions brought forward can be taken. It may be noted, 
for instance, that these results described were, like those 
described in previous papers, obtained for the author's eye 
only. For this reason they are strictly comparable with 
the latter and in some respects seem very consistent. But 
naturally in order to be conclusive experiments in photometry 
sliould be based upon the observations of a large number 
of individuals, and upon a number of different types of 
instruments. 

Tliese experiments were mainly carried out at the Central 
Technical College, South Kensington, during 1906 and 1907, 

* See Brodhun, Gas World, Feb. 15, 1908; Dow, Electrician, 
Feb. 1 & 8, 1907; Tufts, Phys, Review, Dec. 1907, &c. 
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and the author had hoped to make the scries of researches 
described in this paper somewhat more complete. Circum- 
stances having prevented this, however, it occurred to him 
that their present publication might lead others to investigate 
the phenomena described more closely from the standpoint of 
photometry; the need for gaining some insight into the 
physiological facts underlying the flicker photometer may, 
perhaps, give these experiments a certain suggestive value. 

The writer is also well aware that the problem investigated 
is so essentially physiological in character as to be strictly 
only capable of being adequately studied by the combined 
efforts of the physiologist and the physicist intorested in the 
problem from the photometrical side. It may be stated, too, 
that many points in connexion with the theory of the action 
of the rods and cones on the retina (only the main essentials 
of which are referred to in this paper), seem to be still the 
subject of much discussion among physiologists to whom we 
must look for the exact interpretation of their bearing on 
problems in photometry. Dr. Edridge Green, for instance, 
in a recent lecture before the Optical Society *, expressed his 
dissent from the theory of vision based on the supposed he- 
haviour of the rods and cones, and expressed the view that 
visual impulses are only received through the latter organs. 
But the general phenomena on which the theory mainly 
rests, and which have been utilized in this paper, seem to be 
well authenticated. 


ABSTRACT. 


In this paper the Author suggests that something may be learned 
regarding the physiological phenomena governing the flicker photometer 
by observing whether it is subject to certain physiological effects, such 
as the * yellow spot" and * Purkinje" phenomena, which are & cause of 
uncertainty in heterochromatic photometry undertaken with instruments 
of the ordinary * Equality of Brightness" class. 

Some experiments are described which show that the effects referred 
to do occur, but are apparently much less marked ; the question arises 
why this should be the case. The Author sugyests a possible explanation 
based on the assumption that the rod-elements on the retina, in addition 
to the distinguishing peculiarities attributed to these organs as regards 
the perception of light and colour, also differ from the * cones” in the 


* Optical Society (London) Oct. 21, 1509. 
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fact that thev seem to receive a luminous impression more slowly, and 
retain it longer than these organs; in other words the “ last" of an 
undiminished luminous impression is longer. 

This additional peculiarity is of little consequence in an ordinary 
photometer of the equality of brightness type, but may possibly play a 
part in the flicker instrument; it seems to explain why certain effects 
should be more clearly perceived in one case than in the other. 

According to this theory we may imagine the flicker-effect to be due 
to two distinct portions, received by the agency of the rods and cones 
respectively. Under certain conditions the speed of a flicker photometer 
may be supposed to be suitable for the use of “ cone-flicker " but too 
high for the “ rod-tlicker," which becomes fused into a steady luminous 
impression and thus does not atfect the readings of the instrument. 

Some other physiological effects, such as the existence of a recurrent 
image, seem in harmony with the above view, These matters are, 
however, still the subject of much dispute between physiologists, and 
the Author regards his experiments as being essentially of a suygestive 
character requiring more detailed examination. In addition, it ia urged 
that one must be cautious in seeking to draw deductions from cases of 
colour-blindness, aa many ditferent varietics of this affliction exist; thus 
in some cases colour-blindness is apparently attributable to some dis- 
turbance of the centre of perception jn the brain, rather than to any 
peculiarity of the retina. 


DISCUSSION. 


Dr. EvrinGk Green expressed his interest in the paper and stated that 
he was prepared to agree with the effects described, although he thought 
they were capable of explanation by another theory, The theory of 
Von Kries was relied upon because the rods contained visual purple 
whiletheconesdid not. Light falling on the eye liberates visual purple, 
photochemical action is set up and nerve sensation results. The speaker 
described the theory he favoured for the explanation of colour-blindness. 

Mr. A. P. TRoTTER, after referring to the doubtful value of the flicker 
photometer for industrial purposes, said that the present investigation 
should be considered as a scientific one. In discussing the effect of 
varying the distance of the photometer from the eye, Mr. Dow was 
really dealing with the angle subtended or the angle of the field of view, 
and it would be better to use this method of expressing the relation, for 
it could then be referred to definite parts of the retina, Sir W. Abney 
and others had mapped the areas of the retina and had found boundaries 
of colour perception. Abney considers the angles subtended at the 
centre of curvature of the retina, and his smallest boundary lies within 
about 15 degrees from the centre, or, according to usual convention, a 
field of view of about 30 degrees. The whole of Mr. Dow’s present 
experiments fall well within this, and do not extend to the peripheral 
parts of the retina. Taking the width of the Joly blocks as 2 cm., his 
starting point 10 cm. is equivalent to a field of view of about 11 degrees, 
and his 40 cm. to about 23 degrees. For the purpose of investigating 
the action of the peripheral parts of the retina, a photometrical device 
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covering a large field of view should be used, and the middle part should 
be blocked out. 

Dr. RUSSELL suggested that possibly mechanical vibrations are set up 
in the rods and cones of the eye. These oscillations having probably 
different periods might explain some of the curious phenomena that 
Mr. Dow had shown to the meeting. The cones in the eye did not 
satisfy the mathematical definition of a cone, and it would be extremely 
difficult to make any calculations, Ile was not convinced that the rods 
were unable to perceive colour. According to the theory advanced at 
threshold illumination only the rods are active. Dr. Burch has shown 
that after the eye is rested its rensitiveness to the more refranyible rays 
is greatly increased. In this case, at threshold illumination, when pre- 
sumably only the rods are active, the sodium lines appenr to be green. 
The rods therefore at low illuminations perceive green, and so the 
assumption that they do not perceive colour is inadmissible. 

Mr. C. C. PATERSON expressed his great interest in the paper, and 
appreciation of the experimental skill shown by the author. He said he 
wished to make some observations on the so-called yellow-spot effect, 
because, whilst being able to offer no well substantiated theory to 
account for the phenumena which Mr. Dow had observed, he could not 
altogether make the application of the rod and cone theory in this 
instance agree with the experimental facts. Considering the interesting 
lower diagram on page 87, there was a curve there which showed that a 
40 per cent. difference was obtained in the contrast between two 
surfaces illuminated by a red and a green livht respectively, according to 
whether the observers eye was 20 or 60 centimetres away from the 
surfaces. The author explained this difference by assuming that in one 
case more of the retina was employed than in the other, so that in the 
20 centimetre case a ring of the retina surrounding the yellow spot and 
containing more rods, was being used. Referring to the top left-hand 
patch in Figure 3, it might be noted that at 20 centimetres distance a 
square which just included the words ‘red’ and ‘green’ was the area 
which approximately covered the yellow spot, if the eye were directed on 
the centre of the figure. At 60 centimetres distance the whole height of 
the figure about covered the yellow spot. If Mr. Dow’s explanation were 
correct it meant, as far as he could see, that as he obtained a balance and 
looked at the centre of his patches from 20 centimetres distance, the 
author must bave been conscious of at least a 40 per cent. difference 
between the comparison at the centre and the comparison at the top or 
bottom of the vwo illuminated areas. It was difficult to understand how 
balance could be obtained if this condition existed, and Mr. Trotter's 
suggestion of blocking out the centre of the patch and observing only the 
boundaries seemed to be a valuable one. He did not think that in 
making comparisons the area of the retina outside the yellow spot was 
used to avy appreciable extent. All who were in the habit of using 
photometers were probably conscious that if they kept the eve fixed, only 
a small area of the illuminated surfaces was being considered by the 
observer at one moment, and the sensation from the outlying area of 
the surface had no appreciable weight compared with that from the 
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centre, on to which the eye was directed. He (Mr. Paterson) was 
inclined to believe that many of the discrepancies of photometric com- 
parisous were due as much, if not more, to psychological than to 
physiological causes. He did not see why the retina should be regarded 
as the only faulty link in the chain. In the latter portion of the paper 
in which the flicker question was discussed, the Author showed the 
observed facts to be very well explained by the theory of the ruds and 
cones, and he congratulated him upon the flicker experiment which he 
had shown. 

Mr. RAYNER referred to the use of a Ritchie wedge as a flicker photo- 
meter, and asked if there was a greater intensity at the edges of the field 
due to some direct reflection. 

Mr. J. S. Dow, replying to Dr. Edridge Green's remarks, said that he 
quite recognized that the theory of the action of the retina was a matter 
for physiologists to deal with, and he was much interested in Dr. Edridge 
Green's explanation of the most recent view. His suggestions regarding 
the flicker photometer were intended to bring these phenomena into line 
with the well authenticated other physiological eflects which the rod and 
cone theory had served to explain so completely. lle quite appreciated 
the importance of Dr. Edridge Green's discovery of visual purple in the 
fovea. Mr. Trotter's suggestion rezarding expressing results in angles 
subtended at the eye was a good one: in leaving the results in their 
present form he had merely wished to give an idea of conditions occurring 
in an actual photometer. For experimental purposes, however, it was 
often desirable to use a larger retinal area, Mr. Trotter's suggestion 
that the centre part of the retina should be blocked out was diametrically 
opposite to that of M. Blondel, who had suggested using only the centre 
part of the retina, where cones only exist. As a principle in photometry, 
however, it seemed desirable not to depart further from the condition of 
the eye in practice than could be avoided. Dr. Russell had criticised 
the suggestion that the rods could not distinguish colour but yet were 
most sensitive to blue-green light. As he understood the theory, it 
seemed to be suggested that the perception of “luminosity” might be 
greatest for light of this wave-length, although the rods could not analyse 
colour, t. e. all qualities of light appeared to them white. Dr. Burch’s 
experiments, however, had apparently shown that after resting in the 
dark for two hours or more, it was possible to distinguish colours as long 
as any light was visible at all; this result certainly seemed at variance 
with the above view of the behaviour of the rods and in itself suggested 
that the theory required modification. In reply to Mr. Paterson's point, 
he might say that in viewing & coloured surface he was not conscious of 
any want of uniformity in brightness due to retinal peculiarities: the 
eve seemed to weigh up the appearance as a whole, just as in the case of 
white light. No doubt psychological influences played some part in all 
these problems: however, the existence of the yellow spot and Purkinje 
efiects had been known for a long time and both effects had been authen- 
ticated by many observers. It was only the explanation that seemed 
still a matter for conjecture. 
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VIII. Tables of the ber and bei and ker and kei Functions, 
with further Formule for their Computation. By HAROLD 
G. SAviDcE*, 


SHORTLY after the publication of Dr. A. Russell’s paper on 
the ber and bei and allied functions (Phil. Mag. April 
1909), Professor Lees suggested that tables of the ker 
and kei functions, as defined by Dr. Russell, and tables of 
composite functions would be of great use to electricians and 
others ; and the subjoined tables are the outcome of this 
suggestion. Other suggestions have been given in the 
course of the work by Professor Lees and Dr. Russell, for 
which the author desires to take this opportunity of expressing 
his thanks. 


Definitions. 
The functions tabulated may be defined as follows :— 
ber e+e bei x = hev Qt Jo(ix V 0), 
ber x—ı bei x = Jole i) = Iiz V 4), 
ker x+ıkeiz = K(x Vc) = Yy(ur v1), 
kera—ckeiz = Y£ V1) = Kq(ux V 1), 


X(x) = ber? x + bei? z, 

V(z) = ber? x + bei" x, 

Z(r) = ber z ber’ x + bei z bei’ z, 
W(x) = ber z bei'z — bei x ber’ z. 


X(x), V, (x), etc. are the corresponding ker and kei forms; 
thus X(x) = ker? x+ kei? z, etc. 
S(z) = ber’ g ker’ z+ bei’ z kei’ x, 


T(x) = bei’ x ker’ z —ber' z kei’ x. 


* Read November 12, 1909. 

t See Gray and Matthews, ‘ Bessel's Functions.’ J and Y are the 
Bessel functions of the first and second kind respectively, and I and K 
the same functions for unreal values of the argument. Dr. Russell’s 
function Y(x)is here called V(r). ber’ x and bei'z stand for the differ- 
ential coefficients of ber x and bei x with respect to x. 
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The series a, 8, a', B’ are also tabulated. They are useful 
for interpolation, and 8 appears in Dr. Russell’s formula 
(107) (there called e). 

They may be defined by the equations : 


ber z = cos B bel x sin , 


e 
a EE 


and es 
ker a = van cos 8’, ks m A T e"'sin B, 


where z is not less than 6, and 


PU M -E  3 
J/2 82a 384/22 128247 
B= co 1 1 29 | 
~ 2 8 8SJAr log 384/20 7 
1 25 13 
"es E Cái. SIS 128200" 
m ww d 1 95 


B-——3-8t8vz. leet 3822 7 
When g is small, we have 


a = tlog (2mzX(2)], B = arctan (bei z/ber <), 
a’= llog (m , B' = arctan (kei x/ker x). 


Further Formule ( greater than 5). 


Since ber à Fi bei z— I1), we can find the values of 
ber z and bei z by de -— for z in 


3? 8? oe 
I,(2) = Sn i ti usp NC ted 
(Gray & Matthews : Bessel’ Functions, p. 68.) 


Making this substitution, noticing that 


acl Vativ/2— v2) 
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and equating the real and imaginary parts we obtain 


= 32 2 Jan St ss 
ber a= o 1 (V2 24/2 cos Fo +V2— V2: V2sin 7. + 
+(V24Vv2 sin 5 V 3- Veo 5 s t, 


zj/3 —————— és 
ae (v2 V2sin7, V3— V2 cos 7 )r 


beizz € 
WIT $us 
— (4/24 2 cos— +V2—/2sin 7) ! 
\ JJ» 


VE 
P 1*;0*.9* . 11.95.95, 7*. PaE 
8/25 (593 ABe O (B2 
2 Do P? 1.».5»  r,.y.».7.9.— 
820 (8e)  p(soyv2  —— (sva 
‘These expressions reduce to 


Ej 
bera f cos (7. 6), 
b e — . e. (^, T ) 
el c—/ sin 73 p 


1 133 27690 } 


where 


rzl-z— 


where 
ova 


ss i {1+ SV 2u a 2560237 2048 V 24? —ObDl12?4* 77 
E 1. 12—5423 29042—13  4354/2—5060 


ungevecsg * "ds + 3564 t 819244 
From the M. we obtain the following formule : 
/2 5 
A CO E 83 _ 3591 l 
SUS 77 {1+ i/i. 017 2567529 128% 
(en [Q3 49 p T5 4950 
V= yzg LIT viet thet * 3560 v2,8 ^ dst! S 
i ova 1 3 15 45 630 
Z(.r) = —— vi A— 7G lo dus. ais 
T V2 de 4V 2e? 9125  1284/2z 
e? 1 "E 9 39 150 
Wha E o a] 
= 27x L2 8a! Gav 2: 64 V 2a? ub 128? V 22° 
e? 
ir ——— COS W, 
ber’ wx in 
ha a E edu 0, 
V Img 
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where 
„— T 3 21 5 27 
"va BV 20 T isv ze lies 
3 3 21 
os 4L + 


U3*s*tsys," eet Da 


There are similar formule throughout for the ker and kei 
and composite functions: 


1 1 33 3594 
AE a IET m i-i Vie? 618 256 V2u 12832 


and similar formule for V4(.c), Zi(.c), and W,(.r).  Z,(x) and 
W(x) may be found by means of the tables for Z(z) and 
W (e) and the formule :— 


1 3 
Zaa) =- ga(1- ius) 


1 1 
WG)WiG) =- zah + as). 


In these two series the coefficient of z-*is zero. They 
can be used when z is not less than 6 : for smaller values of 
the argumentithese functions are tabulated 


Sr) = csin ty 2—d Cos w/2 
T(w) = — dsines/ 2 —c cos e / 2 
where 
i 75 15435 


ee Oe eee ae ee 
825 512 pyet 2207 4/245 


c= 


1 9 2475 


= z- m| e + ri wee 
2r 2853 128» 


and these may be written 


Sr) = —9 cos yr 
T(.s) 2 —9 sin yr, 
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where 
1 27 
9—$,ti985' 77777 
yar 2 + d UE 
442c 647223 2560 V2." 
x. | ber x. | bei a. ker x. kei x. 
| 
SE RS MET ig -1 
1 i+) 107 x9844 |+ 1077x2496 |+| 107! x2867 |-| 107} 4-950 
2 |+| 107 xT517 |+| 10. x9723 I| 107? x4166 |-| 107! x202 
3 |-| 10 x2214 | 1938 |— 107? x6703 |— 107? x5112 
4 ||— 2-503 ||+ 2293 |—| 107? x3:618 |+| 107? x2:198 
5| 6230 |--| 10^! x1160 '—| 107? x1151 |+| 107? x1119 
6 5 8:858 || 7:335 - 1074 x6531 ||+| 107? x7-216 
i [- 3633 |-| 10. x2124 |+| 107? x1922 |+| 107? x2-700 
8|.l10 x2097|-|10 x3502 4| 107? x1-486 |+| 107* x3:696 
9|. 10 x7391|—|10 x247 + 1074 x6372 |-| 1074 x3-192 
10 b: 10? x1388 |-|10 x5637 +! 10 * x1295 |-| 10 * x3075 
11/4] 102 1-330 |+| 10 x2572 |—| 1075 x4779 |-| 10 ^ x1495 
12 |-| 10. x1985 |+| 102 x5470 |-| 107° x6308 |—| 10 ^ x3:899 
13 |—| 10? x8827 |--| 10? x6-466 |—| 107° x3474 |+| 10 x5387 
14 ||-| 10° x2331 |—| 10? x1609|— 1075 x1088 || 10 1-268 
5|—| 10* x2967 |-| 10. x2953 |-| 10 ? X1514 |+| 10 ^ x7-963 
16 |_| 10 x6:595 | —| 10? x8191 l+! 107° x2-466 |--| 10 ^ x2895 
17 |+| 10° x9484 |—| 10 1-309 |+| 1075 x1797. | 1077 x28861 
18 a 10! x3:096 |— 10* xT451|4 07 xT438 |— 107 x 4-555 
19 -| 10t x5625 |+| 10* x2804 ||+| 10 x1293 |-| 10 — x3982 
20 |+| 10*. x4749 ||+| 105. x1148 |-| 107° xT715 |—| 1077 x1859 
21 ||— 10* xT616 |+| 105. x2337 |-| 107° x8636 - 10 ? x4:388 
"UN 10: x4155 |+| 10° x2539|—| 10 ^ x4535 |+) 1078 x1097 
23 m 10 x9:536 |—| 105. x1527|— 107° x1320 | 4| 1078 x 1824 
94 —| 10° x1242 ||-| 10° x1-460 |+| 10 ^ x8786 |+| 107? x1083 
25 |-| 10? 9-798 ||-| 10° x3:809 |- 10, x 3-723 + 107° x3:703 
26 |+| 106 x4936 ||—| 10° x5 744 |+ l0 X72532 + 10 x1912 
27 i+] 107 x1489 |—| 10° x2:308 |+ 10 9915 — 10 ont 
28 |+| 107 x2:553 ||--| 107 1-578 | 10 x1 367 » 10 X58791 
29 ||+| 107 x1825 || 107 x5695 |-| 107, x18320 | 107 "x2563 
30 ||—| 107 x4612 ||+| 10* x1100|— 10  x1291 |—| 10^ "x 5290 
—-[LL————I-—-—i- E 
© | o0 | fra) 0 | 0 
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z. a. p. —a'. -- B'. 
1 ‘9343 2483 7844 1:0458 
2 1:4717 ‘9126 1:4560 17738 
3 2-1362 1:6846 2-1499 2-4900 
4 2:8473 2-4119 2:8501 3:2023 
5 3:5532 3:1230 35529 3:9127 
6 429572 3°8332 4:3574 4 6221 
7 49522 4:5430 4:9623 5:3310 
8 5:6678 5:2520 56678 60394 
9 6:3737 5:9606 6 2737 6:7475 

10 7:0799 6:6689 7:0799 7:4555 

11 7 7862 7:3769 7:7862 8 1633 

12 8:4926 8:0848 8:4926 8:8710 

13 9:1992 8:7925 9-1992 9:5786 

14 90-9058 9:5001 9:0058 10:2862 

15 10°6125 10:2077 10°6125 10:9937 

16 11:3192 10:9152 11°3192 11 7011 

17 12:0260 11-6227 12 0260 12:4085 

18 12:7328 12-3301 12:7328 13:1159 

19 13:4397 13-0375 13:4397 13:8232 

20 14:1465 13:7449 14+1465 14:5306 

21 14:8534 14:4522 14:8534 15:2379 

22 15:5604 15:1595 15:5604 15-9452 

23 16:2673 15:8668 16:2673 16:6524 

24 16:9742 16:5741 16:9742 17:3597 

25 17:6812 17:2813 17:6812 18:0669 

26 18:3882 17:9886 18:3882 18:7742 

27 19:0951 18:6958 19 0951 19:4814 

28 19:8021 19:4031 19:8021 20:1886 

29 20:5091 20:1103 20-5001 20-8958 

50 21-2161 20:8175 21-2161 21-6030 

oo oo oo oo oo 


The following simple expressions for æ and B give a four 
figure accuracy when æ is not greater than 1:5 and 1-4, 
respectively : 


1/ea Il fast" 413 (r\8 
a= log 2a+} loge +3 (5) — 192 E) + a(z) a ete 


(obtained by logarithmic expansion), 4 log 2r ='918939 ; 
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rM I /r\8 19 /.19 
8 =(5) =C) +a) s 


; bei x 
(obtained hy expansion of arctan =), 


Os aS lates 


as. X(x). | V(x). Z (v). | Wev). 
1:000 0 0 0 
L031 | 107'x2513 | 107?x6266 | 107x5052 
1:510 1084 | 1071x5209 1-169 
3°803 9:240 2:054 9:817 
10 x1183 10 x1:007 6 909 8:446 
10 x3°883 10 x3375 10 »x2:345 10 x2757 
10 xr1323 | 10? x1177 | 10 x8215 | 10 x9393 
10? « 4°643 10? x 4°203 10? x2:943 10^ x3:294 
10? x1666 | 10° x1526 | 10 «1072 | 10? x1-181 
10? x6:077 10? x5621 10! x3:953 10? x4305 
10* x2:245 10* x2093 1U* x1474 10* x1:590 
10! x8383 10* x'T8063 10! x5°541 10! x935 
10° x3:157 10° 2-977 10° x2:099 105 « 2°234 
109 x 1:197 105 x1:131 105 x'r:999 105 x8472 
106 x4568 | 10° x4241 | 10° x3:065 10° x3233 
107 x1752 107 x167;2 , 10' x1180 107 x1:240 
107 x6752 107 x6-461 10" x4-561 107 4-777 
10? x2:612 10° «2-506 10° «1770 10 x18148 
10? x1:014 JO^ x9°752 10 x6:837 10° x'175 
10? x 3:950 10° x3-806 10° x2:688 10° x27194 
10!?xc 1:543 10'? X 1-489 10!'? x 1:052 10° xc 1:091 
10'x6041 | 10?x58412 | 10? x4127 | 10 x 4-273 
10! x 2°371 10" x 2-296 10° x 1:622 10° x 1:677 
]0!! x 9:326 10" x 9-044 ]0!! x 6:390 10" x 6:596 
10?x 3:675 10!'? x 3:568 10? x2:521 1012 x 9:599 
103? x 1:451 10? x 1:410 10'? x 9:966 1013 x 1:026 
10x 5 736 103 x 5:582 10? x 3:915 10:3 x 4:057 
10 «2-271 10!! «2-213 10!* x 1:564 lu" x 1:606 
10!:x 9:007 10! xàa783 


10!* x 6:207 10! xt370 
105 x 2467 105 x 2:529 
10'5 x 9790 10'* x1005 


29 105x 3:576 
30 10" x 1-422 


108 x3490 | 
10'5 x 1'389 | 


——— o — M | € 


| eo | ob o0 | oo | op 
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We may write V(x), Z(z), W(x) in a form similar to 
2a 


Dr. Russell’s formula X(x) = - , namely : 


TTL Pe wi ayie Diyip 125 
z. V/x™. | Bx) | wx, | ZV) wv” 
0 0 | 0 | 0 | 0 | s | 
| 24137 | ‘06076 | 4899 | "2494 20104 | 
2 ‘7177 | 3H9 "773 4806 1-0782 
3 ‘8518 5309 "7455 6339 ‘8787 
4 ‘8512 "5842 7141 ‘6863 ‘8389 
5 ‘8691 6040 1101 6950 ‘8171 
6 ‘8901 ‘6211 7101 6978 | "7919 
7 "9051 0339 "1094 "1004 ‘7838 
8 9162 0433 7088 7021 ‘7736 
9 9250 6505 "7084 7033 ‘7659 
10 9321 6562 ‘7081 ‘7040 7597 
ll ‘9380 | 6609 "7079 "7046 "7547 
12 ‘9430 6648 ‘7078 7050 "7506 
13 ‘9472 ‘6681 ‘7077 "1054 ‘7471 
14 ‘9509 “6709 "1076 7056 7442 
15 ‘9541 ‘6734 "075 7058 F415 
16 9569 6755 7075 "1060 7394 
17 ‘9593 ‘6774 ‘7074 ‘7061 "7374 
18 ‘9615 ‘6791 ‘7074 ‘7062 "7357 
19 9635 6805 ‘7074 7 F342 
20 9653 “6819 1073 "7064 7328 
21 ‘9669 ‘6831 "7073 "065 7315 
22 ‘9684 6842 ‘7073 "1065 7304 
23 9698 6852 1073 ‘7066 7293 
24 :9710 '6861 7073 7066 "1284 
25 ‘9721 ‘6870 7073 7067 "7275 
26 ‘9732 ‘6877 7072 7067 7267 
27 ‘9742 "6885 7072 ‘7067 7260 
28 9751 ‘6891 "7072 7068 F253 
| 929 9759 6898 7072 7068 7947 
| 30 9767 6903 "1072 7068 ‘7241 
| œ | 1 7071 7071 “ort | ouo 
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Z(z) = 


BER AND BEI AND KER AND KEI FUNCTIONS, 


-— where ¢ = 


W(x) = Gis , where w = 
ZTT 


e o x10 OU». ON — O 


15 


s|suUSNSEEDHETSZZI*S 


X (x). 


oo 

7! x3272 
107? x4210 
107? x7-106 
107? x 1:314 
10 * x2577 
1075 x 5:250 
1075 1-099 
107? x2344 
107" x5078 
107" x1113 
107° x2:464 
07 x 5:500 
107 x1236 
10 x2792 
10 x6341 


10 


10^ 


10^ 
10^ 


VOL. XXII. 


e EE SE: 9 
V2 842r los 128 y2, 1284" 
uu p ee 
V3 82x lU) 3514242 128c 

V (x). S(.v) T(x). 

a) 0 —0:5 
107 x 6-006 10 7X2 186 - 107 x3255 
10 ^ x5-968 10^! x2541| + | 10 ?x 1-063 
10? x&:933 107?x4733| + | 107! x 1834 
10^ x1:503 10 X 1104] + | 107*x5:949 
M x 2:962 I0 x6254| S 10 X7801 
10 ^ x5:901 10 501 — | 1077x6263 
107? «1-214 10 ?x6086 + | 10? x 3741 
10 ^ x2560 10 "x22 + 1107? 5793 
1077 x5491 10 x5421| — | 10 ^x1217 
107^ x1195 1072-910 — | 107?x4:992 
10. x2628 10 ^x 4521 — | 10 ?x4684 
LM X 5:833 I0  Xl087 + 10 ^x 4022 
10  X1305 l0 x3:506 + | 10 ^x1582 
l0 x2-936 I0 x 1-967 || — 1077 2-981 
10" x 6-646 I0 x2450| — 107? 2-254 
10 X1-512 10 x2451|| + 10 ^x 1939 
10  x3452 10 x1438| + | 10 x2560 
10 "x7912 10 ?x2607|| — | 10? x9:593 
10  x1820 10 ^x5085|| — | 1077x2582 
107 X4 197 10 ^x 2498 | + 10 ^x9118 
10 X9-704 | 10 ^x2883| + | 1077x236: 
10" Px»-950 107?x2485| + | 107*x6-261 
10^ 5x 5:226 107x9195 || — | 107?x1-970 
107 5x 1-216 (0 ?X1496 | — | 107? x 1166 
107! x 2:836 107?X166| + | 10 ^x1401 
1073 x 6:625 10 ?^x1482|| + | 10 ^x 1:517 
107 x 1-550 10 ?xre21 | — | 10 ?x 8918 
107 ?x 3-681 10 ?x6078|| — | 10 ?x16:9 
10 x 8517 Vd [10 7? x 3253 
107x2000 - 10 *x$196 | + | 107? 1668 

0 0 
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Similarly for V(x), Zir), and W(x), e. g. 


‘ 3 21 
V Le h PNE AVR. CCELI 
S NS Vitsviàe 1280 22 


, etc. 


ME 
T 128." 


10^! x 3736 | 10! x2498 | 


10 ^x3073 | 


10 ^x 5:072 | 


10 ?x 1-086 | 10^! x 9:343 


—— —— 


10  x2071 10 *x1:829 


IX. The Effective Resistance and Inductance of a Helical Coil. 
By J. W. NicuoLsoN, M.A., D.Sc.* 


Tue problem of the propagation of alternating currents 
in wires has been solved in but few cases. For a single 
wire isolated in space, a solution has been given by Som- 
merfeld f. If the return current be conducted along a 
concentric sheath, instead of by the dielectric, the problem is 
that treated earlier by Sir J. J. Thomson}. The case in 
which the return current flows along a parallel wire has 
been discussed by Mie §, and to a first approximation, in a 
simpler manner, by Morton ||, who has given, in other 
papers $f, a detailed examination of the distribution of forces, 
and applied his method also to the case of a greater number 
of wires. 


* Read November 26, 1909. 

T Wied. Ann. lxvii. p. 233 (1899). 

] Recent Researches, p. 262. 

§ Ann. der Phys. ii. p. 202 (1900). 

|| Phil. Mag. Dec. 1900. 

*| Phil. Mag. May 1901, Sept. 1902, June 1903. 


Digitized by Google 


RESISTANCE AND INDUCTANCE OF A HELICAL COIL. 115 


The influence of electrostatic capacity in wires renders 
the mathematical investigations very complicated, but from 
a practical point of view, the main object to be attained is a 
knowledge of the effective inductance and resistance of the 
wires when the capacity and leakage are not so great as to 
produce a sensible attenuation of the wave in a short 
distance. 

The concentration of the current in the outer regions of 
the wires, when the frequency is high, completely changes 
the character of the inductance and resistance, and a know- 
ledge of their values for steady currents is frequently of 
little service. But even with the restriction to wires with 
small capacity and leakage, mathematical solutions have not 
hitherto progressed far. The problem of the concentric 
main was discussed by Maxwell* and Heaviside f, and 
afterwards for very high frequencies by Lord Rayleigh f. 
A practical formula for the resistance of the inner conductor 
was given by Lord Kelvin $, whose solution is not essen- 
tially different from that of Heaviside. 

Formule for the effective inductance in this case have 
also been obtained by Sir J. J. Thomson ||, and an exhaustive 
treatment of the whole problem by more simple methods, in 
which the ranges of application of all the previous formule 
are critically examined, has been given by Russell €f. 

The investigation of the effective inductance and resist- 
ance of two parallel wires, one being the return of the other, 
was made by the author **, and developed, in a later paper Tf, 
in a form capable of more immediate practical use. The 
upper limit necessary to the capacity was at the same time 
examined. 

The main problem of importance in which the wires are 


* Elec. and Mag. vol. ii. $ 690. 

t Electrical Papers, i. p. 353; ii. p. 64 et seq. 

t Phil. Mag. xxii. p. 381 (1886) ; Scientific Papers, ii. p. 486. 

$ Journ. Inst. Elec. Eng. xxiii. p. 4 (1889) ; Math. & Phys, Papers, 
iii. p. 491. 

| Recent Researches, p. 295. 

«| Phil. Mag. April 1909; Proc. Phys. Soc. xxi. 

** Phil. Mag. Feb. 1909 ; Proc. Phys. Soc. xxi. 

tt Phil. Mag. Sept. 1909; Proc. Phys. Soc. xxii. 
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bent is that of the single helical coil of considerable length. 
Solutions have hitherto dealt with the case in which the 
wire is closely wound round a circular cylinder, forming a 
helix whose pitch is very small. Wien * first discussed the 
problem, but assumed that the current distribution is the 
same at all points equidistant from the axis. Battelli showed 
that this assumption was not lawful, and the results do not 
agree with experiment. Shortly afterwards, Sommerfeld f 
investigated the problem in so far as the resistance is con- 
cerned, and his method was applied later by Coffin Ẹ to a 
determination of inductance. Picciati $ gave an independent 
solution, but like those of Sommerfeld and Wien, its agree- 
ment with experiment was not very good. The best solution 
in this respect is that of Cohen ||, which appears to be quite 
satisfactory for all cases in which the pitch of winding is 
very small. 

The present paper deals with the corresponding formule 
for a helical wire whose pitch is not very small, wound on a 
cylinder whose radius is large compared with that of the 
section of the wire, which is of course circular, and cannot be 
treated as square in the manner applied by Cohen to the 
other extreme case. A rigorous solution would be very 
difficult, but it is shown that some very simple approximate 
results are sufficient for practical purposes. The coil is to 
be regarded as sufficiently long for the effects of the ends 
to be neglected. A connexion between these formule and 
those of Cohen cannot be made without a consideration of 
the difficult intermediate case in which the pitch is 
moderately small. 


Choice of Coordinates. 


Let the axis of the cylinder on which the wire is wound 
be chosen as that of 2 in a Cartesian system. Defining the 
central curve as the locus of the centres of all normal sections 
of the wire, this curve will be a helix, and if «a is the radius 


* Ann. der Phys. xiv. p. 1 (1904). 

T Ann. der Phys. xv. p. 673 (1904). 

tł Bulletin of Bureau of Standards, ii. p. 275. 
$ Il Nuovo Cimento (5) ii. p. 35. 

! Bulletin of Bureau of Standards, iv. no. 1. 
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of the cylinder, and 6 the twist in a plane perpendicular 
to z of the radius in that plane measured from a line parallel 
to x, the coordinates of a point on the helix become 


€-acosÓ, y —asin0, z-—a0tana . . (1) 


where a is the angle of the helix. 

Let (p $) be polar coordinates in the plane of the normal 
section at the point defined by 0. The initial line from 
which $ is to be measured is perpendicular to z and to the 
tangent of the helix. Thus if z were vertical, the initial 
line in any section would be the horizontal line. Now the 
direction cosines, at the point 0, of the tangent to the helix 
are 

(—sin8 cosa, cos cosa, sina). 


A line perpendicular to this and to the axis of z (00 1) is 
readily shown to have a direction 


(cos0, sin, 0). 


- This is the line ¢=0 in the section defined by 6. 

Let (A, 1, v) be the direction cosines of the radius vector 
p in the section. It is at an angle $ to the above line, and 
is perpendicular to the central curve, so that 


A cos ÓÜ + sin 0 = cos 4, 
—X sin ĝ cos a + p cos Ó cos «-F v sin a = 0, 


with M Epl 4 y? — 1. 
Thus 
]—»!z +47 = (Acos 6+ p sin 0)? + (p cos 0 —X sin 0)? 
= cos? $ +r’ tan? a, 


or v= + cos«sin $. 


We choose the positive sign, and deduce 


(2) 


p = sin Ó co; b—sin a cos Ü sin $, 


X = cos 0 cos P+ sin asin ô sin $, \ 


|: y = cosa `in g 


as the direction of the radius vector. 
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The coordinates of any point of space are therefore 
æ = acos Ó-- pX 
— (a +p cos $) cos 0 +p sin a sin 6 sin $, 
| y=asind+pp 
— (a +p cos $) sin 0 —p sin a cos @ sin ¢, 
a tan a+ pv 


N 
Il 


| 
t. (8) 
| 
) 


= af tan a +p cos a sin gd 


We shall call (p $ 0) the helical coordinates of any point of 
space. If ôs (which only involves 68) be an element of 
length perpendicular to a normal section at the point (p, $, 0), 
then the space elements ôs, 6p, pd@ are mutually perpen- 
dicular, and the surfaces p 2 const. are those of helical wires 
with a common central curve. This system of coordinates 
is therefore appropriate to problems in which surface con- 
ditions must be satisfied at the boundaries of such wires. 


Property of Orthoaonal Systems. 


In the problem here contemplated, in which an alternating 
electromotive force Ee‘?! is applied to the terminals of a long 
helical coil, the electric and magnetic vectors in and near 
the coil will not depend on 6, if the other portion of the 
circuit is kept at a distance. Thus 0/00=0. 

Consider now a general orthogonal system in which the 
components of all vectors are independent of one coordinate. 
Denoting the three coordinates by (p 40), let the corre- 
sponding space elements along their instantaneous directions 
of increase at any point be 


(ds, dss, ds;) = (dp/py, d$ /ps, d6/p;). * œ (4) 


Let (a, B, y), (t, y, 2) be the components of magnetic and 
electric force along these directions. Since the operation 
9/09 annuls any component, the solenoidal conditions 
become. 

AE P 
Op Papa Oépp ^7 , 
Sa ELE 


ee a) 
OP P2P3 OP ip J 


) 
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It is assumed also that (p; p; ps) are independent of 6, as is 
the case in all important applications. Functions y and qr 
may be introduced, where 


X = P2P3 0x/0¢, Y= Pips 0x/Op, 
a= pp ydp, B= pips d¥/Op 


By Faraday's law, if & be the permeability, 
—uoy 0 Y ðX 


Pips Ot Opp OO PY 
Ò D» OX , Ò PzP OX. 
Fo ae Oe v. EIS, 


aud by Ampére’s law, in a dielectric, 


mmm OF eut O Y 
pom >, =H "Od ps? e s ub ds dS) 


whence, on reduction, x, and similarly 4r, satisfy the equation 


Ò Pips oF do Ó Paps soy — Ps O0 (9) 
Op » Op Op p Of  Vipnp 08 7 ^ V 
where V is the velocity of propagation of electromagnetic 
disturbances. Thus any disturbance in which the vectors are 
independent of one coordinate of an orthogonal system must 
be made up of two types, in which the electric and magnetic 
forces along the direction of increase of that coordinate are 
respectively zero every where. 
If the wave-length of the oscillation, supposed simply 
periodic, be 27/k, the equation for 4» becomes 


ò Pı P3 2 + Ó PoP Ov , k’ p3 10 

àp p dP 9$ m 96 nw O0 
and for a hts medium, it is only necessary to change 
k2. In the present problem the oscillation defined by y exists, 
but not that defined by y. The vectors are given by 


l.. 0 


X=Y=0, a=y=0, 
fo) | 
Z= i v Y, B= — pi pa. s. cs (11) 


The electric force is along 6 increasing, or parallel at any 
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point to the corresponding tangent of the central curve. The 
magnetic force is along ¢ increasing. At the surface of any 
wire of the helical system, both forces are tangential, as they 
should be. 


Solution as a Fourier Series. 


If ds, is an element of arc along p increasing, 


GJ- QU (eene 


so that p; x1. — 


er) 4.( 97 j ò: 5 
( -(5; (35) * ($3) 
«spur e m 
+ (p sin $ sin@ +p sin a cos Ó cos $)? + p? cos'a cos? $ = p! 


on reduction, and p; p^7l. Similarly 
p= fu? seca + 2ap cos $ + p'(cos? $ + sin? a sin? $) 175. . (12) 


If the wire be thin, p,—2a^! cosa, and we are led to the 
usual solution for the straight wire of great length. 
The differential equation may be reduced to 


ò pov. lo | Ov 1 Ops, Low 1 Ops _ 
op? p'pop Thee reg, Ps Op tdg pòp UU Mts) 
Now 
lop _ ap sin $ +p? sin $ cos $ costa 


p. d ^ a! sec'a t Zap cos $ + p(cos'é + sina sind) 


à pP . 
= sin $ cos’a — 9 Sin 2 costa +...... «5. - (14) 
on expansion in powers of p/a, replacing the trigonometric 
functions by those of multiple angles. Again, 


P ÒPs _ EE. 2 = p 2 M Tm 2 = 
M on acos a Cos $ zga COS a(2 — 3 cos’a — cos*acos2).. (15) 


We shall not retain p?/a? or higher powers. 
The equation (13) has a solution of the form 


y=Ao+Aicosp+A,cos2p+...... . . (16) 
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where the functions A are independent of ¢. By substitution, 
the accent denoting 0/0p, 


(è P st Kp (As Ay cos $ + A, cos 26+...) — : (A; cos $ -- 224, cos 2¢.... 


— A cos?a{ 2 cos PAo + (1+ cos 29) A,' 4- (cos $ -- cos 3p) Ay’ 4 ...... } 


p 


T Daa 
[i 
tje 


cos? 


2a 
t£ 


cos’a(2—3 co? a)(Ào' +cos PA,’ -- eos 20 A, 4 ...... ) 


cosfa(2 cos 26 À,' + (cos $ -- cos 3p) A, + (1+ cos 49) A, ^ ...... } 


costa { (ccs p —cos 3p) A, + 2(1 —cos 46) Ay + 3(cos p —cos 5)Ay+ 
we deduce the following system of equations, where 


Dep 44 ora CD) 


d" dp 
DA,— » cos'aA,' — un — cos?a (2— 3 cos?a) A + P costa Ay 
A 
is 9; cos?a + i costa ; 


| A, P ' ' p" 2 2 ! 
DA,— rum oe gia + A,') — PERS a(2 —3 cos’a)A, 


t£ ; cos*a(A,’ TOn =? costa + -F da cosfa(A,+3A;)=0, 
and soon. But it is evident that Ag, Aj, Ag...... form a 
sequence, each member of which is of a higher order in a^! 
than those before, 

For the purpose of this investigation, Ay is required to 
order p*/a?, and therefore, as an intermediary, A, to order p/a 
oniy, and A, not at all. ‘Therefore the equations may be 
written more simply in the — 

costa d 


DA, -£ .cosra(2— —3 costa) Č = Tp (PA 1); - 
Ay _ Ke dAg, » 
C MU Pgs 


and A, must be eliminated. 


= ((L— cos 2)A, + 2(cos $ —cos 3p) Az + 3(cos 26 — cos 4h) A, 4- .... 


. (18) 
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It is convenient to take a new variable Apr, so that 


cos?a dAg 


d? l d 1 
(lat; d.c #1-5)A= as Sige AED M a (20) 
PP Ld cos?a(2—3 cos?a) _ costa d . 
Cz ii edu fue 2b] 0 2 = Jlar i, (241). (21) 
Now (20) may be written 
did VN cos?a dA, 
dz dz" “ka de’ 
Or 
Ga Pd 1 _ costa d d zf Ao 
z dx” dx * Es ae kuz dz” pos 


and the elimination with (21) may be effected at once, 
dpt 


a? cos*a(2—3 cos?a) d 
P E "de a J iat = 2h*a? * xl Ao 
|. cos* a 1 d MT 


diei 9 
= Ikta? da” da’ ' (22) 


and it is at once evident that Ay is only altered to the second 
order by the bending of the wire. It is henceforth supposed 
that not only a, but ka is large, as this case includes nearly 
all of practical interest. When £a is small,a special investi- 
gation is necessary. 
Ignoring the effect of bending, the differential equation 
becomes 
d? ld t 
(ist ede +1) ^o: 


so that, for a solution finite on the central curve, 


(atra 5*1) Ac A. s 


and finally 
A, AJ (£) + Bardi (x), 


where A and B are arbitrary. In determining the self- 
induction and resistance, we only require the modification, 
inside the metal, of the form J4(4), and in the outer medium, : 
of the form K,(ur). The solution wd)() may be discarded, 
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as it corresponds to nothing in the case of the straight wire, 
to which the formule must lead when a is infinite, or «=0. 
Writing therefore 


costa 


A =J T) F oka? Uze è à . (23) 


where.» is a new variable, only required in its first term, not 
involving (ka)—?, then on substitution, and rejection of (£a)-? 
in the result, 


(n. FEE Med it dic deos (Set EE t +1) 2% 
By properties of the Bessel function of zero order, this 
becomes | 
(2i p - +1) u= + (1—5 sin?a)J (£); . (24) 
whence 


d 
iat ie +1)u=+4 1(1— 5 sinta)aJ (2), 


ignoring the complementary function. Finally, 
u=—4$(1—5sin’a)rJo(rz),. . . . (25) 


again ignoring a complementary function. The total form 
thus ignored is ArJ, (x) + BJ,(z), of which the first term 
pertains to the redundant solution of the original equation. 
The second has no relation to the original J (x) with unity as 
coetticient. We write therefore 


box (1- SECOS Vae) . . (26) 


as the value of A, to the second order. Substitution in the 
differential equation directly verifies this solution, and it 
therefore corresponds to the function Jo(z) of the unbent 
wire. 


Solution for the Dielectric. 


The above values hold for the interior of the wire of resis- 
tivity ø, provided that k?=—4mptp/o, where p/2m is the 
frequency of oscillation. For the dielectric, the appropriate 
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function outside a straight wire would be K,(ehp), where 
h=p/V takes the place of k. The function is defined by 


K,, (tx) =f dd cosh npe™™ shh . . . (27) 


and possesses the properties 
d 
a= — 


Kysai(u) — K,,-,(u)= en K, (u), 
(28) 
dK,„(u 
Ky4i(u) + Kyiy(u) = — oo) 


d 
p K,(u)=—K,(u). J 


The analysis required in determining the corrected function 
is very similar to that above, and leads finally to the function 


2 15 me 
B, (chp) = {1- MEME Ig | Klip). . (29) 


Determination of Inductance and Resistance. 


The terms of the Fourier series involving ¢ do not con- 
tribute to the total current across a section of the wire. Let 
Ee'?* be the mean value across a section, of the line integral 
of impressed electric force per unit length perpendicular to 
the section, and parallel to the central curve. If we'"' be the 
total current, and (L, R) the effective self-induction and 
resistance per unit length of wire, 


(Lp-R)s-E. . . . . . (30) 


Now at this point, the problem becomes identical in process 
with that of the straight wire, provided that the appropriate 
functions A,(£p) and By(thp) are used for the wire and di- 
electric respectively, in place of Jo(kp) and K,(chp) for the 
straight wire. Quoting therefore the result in the latter case, 
as developed in a former paper *, namely, if r be the radius of 
the wire, 


E _ 2mp f Jo(kr) k Ko (chr) 


w kr Udolkr) phe K(f? ^." (31) 
Phil. May. Feb. 1909, p. 259. The result requires a factor —1/a. 
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we find for the helix 
E 2up A, (kr) k Bo (thr) (32) 


w^ kr A ir) (kr) he Bo (uhr) 
Let 166= cos’a(5sin?'a—1), . . . . (33) 


x A(kr) = (1+ =) Jo (kr) 


Av (Ir) = (2 ;) Jor) + 2 "Je (kr), 


and to order 1/k?a? 
^ o (kr) _ Jo (kr) f, 26r Jy (kr) 
A,(kr) Jkr) ka Jo (Er) 


Finally, if 


Jo(kr) _ Ko (thr) 
by (ir) t'O de Kel ulin) 


z = Quip (P +Q) {1-2 2 = Qr 


—2tp (P’+ iQ’) 1-4 Lb um (P' + Qh. ( 

In determining the effect of the concentration of current 
upon the inductance and resistance, which in the former 
case is all that is sought, only the terms involving P and Q 
(and thus the resistivity) are needed. The effective resistance 
is altered from its steady current value of o/r? to the real 
part of E/a or 


2 
R= —2upQ+t PP costa (1—5sin*a) PQ, . (36) 


=P +Q, . (34) 


and the self-induction is 
L= -2,4P-5. cos? a (1—5sinfa)(P*—Q?). . (37) 
The values of P and Qare well known. With Lord Kelvin's 
definition of the functions ber x, bei z, where 
— TT 
Jo(kr)=berc+ebeiz, . . . . (38) 
and on reduction, 


— Q= (ber z bei' z — bei x ber’ x)/{ (ber! x)? + (bei! )?} 1 (39 
| £P = (ber x ber’ z + bei x bei’ z)/ ( (her' x)? + (bei’.r)?} J 
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The values of these functions have been tabulated, yet as 
Russell has shown *, the tables need revision. But it is 
preferable, in place of a laborious tabulation, to use the 
asymptotic formule for these functions, which Russell 
develops in the same paper. We may distinguish two im- 
portant cases, and it is convenient to recapitulate, at this 
stage, the meanings of the various symbols. The oscillation 
is assumed to be sine-shaped, and of frequency p/Zz, p and o 
are the permeability and resistivity of the wire. The wire 
has a radius r of section, and is wound on a cylinder of 
radius a, such that r/a is small. The angle of the helix is a. 
Let n'be the number of turns of the helix in a length z 
parallel to its axis. Since, in a helix, : «0 tan a, we have 

n—0/2T — z/2«a tan a, 
and therefore 
a-ian^!(z[mwna). . . . . . (40) 


Case of Small Frequency. 
When z=r(47yp/o)! is less than 2,we may write 


X ) 13 (a 647 p 
«P= is[1- ali) + Gola) ~ 12%, aay j 


2 l/í(zrM 1 aÑ. 11 zy l 
—rQ== {14 iila) - isl) + is:38-39 (2) j 


and therefore 

TM 13 eye 
PQ-- EE "8 —zio2) } 

(c rM 67 [aV 

qe Lfiol(ny. 1: 

p-Q- 741 iss) + wis) f 

4 l(z* 1 fao 
— {14 5(3) as) J 


no higher order being necessary in the last two, as they will 
be multiplied by r?/a?. 
The resistance becomes 


l (app? L (repr ) 
nao 5 77)- T p} y. epy | 
alti c 180 e J * i2: ^" 730 


een 2 ELA 4 (Tepr _ 13 Tpupr 
3954? Cos a(1— 5 sin TERENI = ) 2160 2^ y pam 


* Loc. cit. 


(41) 
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and the self-induction is changed by the concentration of 
current to an amount 


Ld 1 zupy 13 fm n^ M 647 Tup " 
L=zu{ 1- 9g (ME + 4320 eu ) 
= ur a JE sd Tupr^? 6T Eo 
6. ao a(1-—5sin 211 isl E ) + gói = 


LANE TI 149231 E (ry 
be S a(1—5 sin? a) uit &V e )—910 . (13) 


g 


In these results it is not possible to proceed to the limit of 
zero frequency, for it has been assumed that A/a* is large. 
Although, therefore, the expression for R does not become 
ajm? when p is made zero, no error is involved on this 
account. Near p-0 another form of expression must be 
used. 

The limitations of these results are determined by the con- 
siderations that kr shall be less than 2, and that »?/à? and 
ka~‘ shall be negligible. As an average practical case, wo 
take a copper wire of radius 2 millimetres, and determine 
the requisite conditions for a three figure accuracy. In the 
first place, 1?/a* cannot be ignored, unless a is greater than 
l2rapproximately. This condition is usually fulfilled. Even 
if it is not, the order of accuracy may extend to two figures 
for a much greater value of r/a, so that this limitation is not 
of great moment. 

Secondly, kr is less than 2, so that in the present case, if 
f be the frequency, and ø= 1696 c.6.s. units, approximately 


brf? <2 or vfi-10, 


where ris in centimetres. The upper limit in frequency is 
therefore about 2500 per second. 

Thirdly, (ka)—* may be neglected if ka>10, so that, to 
determine the lower limit, there is an inequality 


af? > 50, 


or if a=12r in the most unfavourable case, f is about 400 
per second.- The formule, therefore, range between fre- 
quencies of 400 and 2500 for a wire of 2 millimetres radius, 


———— 9 o "Ium 
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wound on an appropriate cylinder. In general the conditions 
for a three figure accuracy are 


a>l2r, afi >50, rfi-10,. . . (H) 


the radii being in centimetres. 


Case of High Frequency. 
We pass to the case of a higher frequency, whose lower 
limit is determined later. When 
X — 721 = 2r (2Tup/o)i 
is not less than 8, a four figure accuracy may be obtained by 
the use of the formule * 


3 3 


aP=l- ea js 
: - Se (15) 
-aQ=1+i t gs | 


a small but convenient change in the notation having been 


introduced, Therefore 
1 9 
VFQ-I A 4X. 


2 4 9 
mE M=—(F + ta) 
and finally 


i 
_{ upoM c 3 oe — 
(re) {1+ Lies + 4 82rppr" | 
t 9/ o X , 
-5a z5 3z C0S? a (1—5 sin? a) Lo (uso ) - 7 Sea) \ (43) 
oe} Leto aka! 
2mpr? 4 8mp? 2\ 8arppr? 


c cos sn c y4 ( c ) 9 c (ATi 
T 32m pra* san) zs mpupr? T tne L 


A three-figure accuracy in these results will be secured if 
the conditions 


a>l2r, rft>70. . . . . . (48) 


* Russell, 7. c. p. 532. 
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are satisfied, in the case of copper wires. No further eon- 
dition as regards a is here needed, as it is satisfied by virtue 
of the others. In the limiting case of very high frequency 


i 
R= pps) — 33— coj?a(l—5sin*a). . . . . . (49) 


20 1? 


ou M ade ud cy b] 
~\ yar pr E ) 
L (so) d 32a pra? a) > mar Pi (90) 


and the change in resistance due to twisting tends to 
become independent of both the frequenzy anl the radius 
of the wire, whereas the change in self-induction ten.ls 
to vanish. 

For the intermediate cise, in which r/? lies between the 
limits of about 10 and 70, the formule (36, 37) must be used, 
provided that a satisfies the proper condition. These formula 
require the functions P and Q when z lies between 2 and 7. 

In a paper recently presented to the Physical Society * 
Mr. H. G. Savidge has given tables of these functions 
suitable for the case in question, together with graphs of tlie 
functions —zQ, «P of (39). The formule (30), (37) are 
therefore rendered sufficient for practical use. 


ABSTRACT, 


This paper deals with a determination of the effective resistance 
and inductance of a helical coil of great length, composed of thin 
wire, wound on a cylinder whose radius is large in comparison with 
that of the wire. The pitch of the winding is not small, so that the 
problem cannot be treated by the method of Cohen. The method 
employed depends upon the use of a type of “helical coordinates ” 
defining the position of any point, and of the general theorem relating 
to orthogonal systems of coordinates. A solution is obtained for the 
internal and external forcer, corresponding to a given impressed electro- 
motive force, in the form of a Fourier series of which only the initial 
terms require calculation. The value of the effective current across any 
section is obtained, and thence the inductance and resistance. The 
results are of simple character, and are expressed in general in terms 
of the ber and bei functions of Lord Kelvin, whose results for a 
straight wire appear as a limiting case. Certain particular cases 
are worked out in detail and formule obtained iu terms of elemen- 
tary functions which are suitable for a very high or a low frequency. 


—— — — — — —À M —  — aaae 


* Supra, p. 105. 
Von. XXIL K 
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Their necessary limitations are also examined numerically, For a high 
frequency, it is found that the change of self-inductance due to twisting 
of the wire tends to vanish, and that the change of resistance tends 
towards a value independent of the frequency. 


DISCUSSION. 


Dr. RussELr stated that the Author's paper was most instructive and 
that he had done excellent pioneering mathematical work. "This paper 
contained the first published attempt to get a solution of the very difficult 
problem of finding the effective resistance nnd inductance of a helical 
coil when traversed by high frequency currents. Previously only cylin- 
drical current-sheets had been cousidered. He pointed out that, in the 
particular case when the wire was very thin, an approximate value of 
the inductance could be found by counting the linkages of the magnetic 
lines of force with the helical current. ven when the coil was of finite 
length this presented no great difficulty. In the Author's problem, 
however, the wire was of finite thickness and so the difficulties to be 
overcome were much greater. lle considered that the Author's solutions 
would prove very helpful to other workers in electromagnetic theory. 

Prof. C. H. LEES congratulated the Author, aud remarked that both 
the functions occurring in Equation 39 had been tabulated by Mr. Savidge. 
Prof. Lees indicated the form of the graphs of these functions. 

The AUTHOR, in reply to Prof. Lees, said the tabulation of the 
functions referred to was most valuable. 


X. Ductile Materials under Combined Stress. By 
WALTER A. SCOBLE, A.R.C.Se., B.Sc., Whitworth Scholar*. 


[Plate III.] 


Introduction. 


Tue theory of combined stress, and the results recorded 
by earlier writers, were diseussed in a previous commu- 
nication T, and the literature of this subject has since been 
very fully reviewed, from an engineering standpoint, by 
Mr. L. D. Turner t and Mr. C. A. Smith $. The most im- 
portant experimenta] results obtained by other observers are 
given later. 

The object of this paper is to consider further the results 

* Read November 26, 1909. 


f Proc. Phys. Soc. Lor.don, vol. xx., and Phil. Mag. Dec. 1908, 
t Engineering, l'eb. 5, 1909, § Engineering, Aug. 20, 1909. 
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of the writer’s earlier experiments, and to record the data 
which were obtained from some later tests made on tubes. 
The results are also compared with those obtained by other 
observers, who employed different methods and combinations 


of loading. 


Further Consideration of the Earlier Tests. 


Specimens and Apparatus.—The first test bars were of 
steel, $ inch diameter, and 36 inches long. The ends were 
of square section, 2 inch side, to allow a torque to be applied 
to the bar. One squared end was held in a special clamp 
which prevented this end of the bar from rotating under the 
torque, but allowed it to take its natural slope as a supported 
beam under a bending load. ‘The bar was also supported, at 
30 inches from the centre of the clamp, on V rollers, which 
formed the other support under the bending load, and offered 
no resistance to the torsion of the bar, A bar was bent as a 
beam 30 inches long, supported at its ends, by a dead load 
directly applied mid way between the supports ; it was twisted 
by means of a wooden pulley which fitted on the other squared 
end of the bar. Two flexible wire ropes were attached to the 
pulley, and exerted a couple upon it because of the weights 
which they were made to carry. 

Therefore it will be noticed that when a bar was twisted, 
it was subjected to a uniform torque all along its length, but 
the maximum bending moment acted on one section only of 
the bar. Within the elastic limit of the metal, the shear 
stress produced by the torque varied from zero at the axis of 
the bar, to a maximum all over the surface. Similarly the 
maximum stresses aue to bending were a compression at the 
top of the bar, and a tension only at its lowest point ; and 
these were confined to the mid-section, which was under the 
maximum bending moment. This system of loading repre- 
sented the most common example of combined stress in 
engineering practice, which is a shaft subjected to combined 
bending and torsion, and it had the further advantage that 
the critical stresses were produced by comparatively small 
loads, l 

The bending deflexion was measured by means of a scale 
which rested on the bar, and was guided in a slide provided 

KC» 
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with a vernier. This simple arrangement was quite satis- 
factory on such a long beam. The torsion was measured by 
a pointer clamped to the bar, which moved over a fixed, 
finely-divided circle. The twist was also measured at three 
points by clamping mirrors to the bar; fixed telescopes aud 
vertical scales were used in connexion with these mirrors. 


The Criterion of Strength. 


The theory of elasticity is based on Hooke’s law, that 
strain is proportional to stress. Beyond the elastic limit of 
a material this law is no longer strictly true, and therefore 
the usual formule for caleulating the stresses cannot be 
applied. Consequently it is clear that the elastic limit is the 
correct criterion of strength. Butit is now the usual practice 
to adopt the yield-point. Guest * stated that Hooke's law 
holds to the yield-point, and he considered that the first 
deviation from proportionality of stress to strain was caused 
by local variations in the material, which altered the stress 
distribution, and caused local yielding. Thus he assumed 
that stress was proportional to strain for the main part of the 
material until the yield-point was reached, and therefore he 
selected the yield-point as the criterion of strength. Un- 
doubtedly the yield-point of a material is less affected by 
special treatment than the elastie limit, and it is more easily 
determined, consequently other observers, following Guest, 
have adopted the yield-point. 

Unfortunately opinions differ concerning the exact location 
of the yield-point, and for comparative purposes, in order to 
have a well-defined point, the writer also neglected the 
intermediate state between perfect elasticity and complete 
vield, and obtained the critical loads from the intersections 
of the continuations of the lines which represent these two 
limiting states on the stress-strain curves. 

It is probable that Guest's assumption is partly true, 
because, with the loading adopted by the writer, with which 
tl.e stresses are unequally distributed, the ratio of the strain 
to the stress is constant until it increases very rapidly just 
before the complete breakdown of the specimen. The slight 


# Pree. Phys. Soc. London, vol. xvii. Sept. 1900, 
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deviation from Hooke’s law, which is noticed between the 
elastic limit and the yield-point in a simple tension test, 1s 
not observed. 

It therefore appears that for this kind of test the elastic 
limit and the yield-point practically coincide, and therefore 
the stresses are now taken, in all these tests, from the point 
where the strain ceases to be proportional to the stress. 


The Quantities Tubulated. 


The strains have not been tabulated because the maximum 
strain theory is not supported by engineers in this country. 
The formule relating to combined stress which are given in 
the text-books are based on the maximum stress theory. 
Recently, however, the shearing stress theory, or the stress 
difference theory as elasticians prefer to name it, has rapidly 
gained favour with engineers. It is, therefore, clear that 
the maximum stress and the maximum shearing stress are 
most important from a practical standpoint, but the maximum 
strain hypothesis is indirectly considered later, when the 
deviations from the shear-stress law are discussed. 


Culculation of the Stresses. 


The maximum tensile stress, p, in the material due to 
bending is calculated from the formula 


p.M 
y Y 
in which 
M is the maximum bending moment ; 
I is the moment of inertia of the area of the section about 
its neutral axis, in this case a diameter ; 
y is the greatest distance of a point in the section from 
the neutral line, and equals half the diameter of the 
section. 


The maximum shear stress, S, caused by the torque, is 
calculated from the formula 


vis ; 
Top 
Lamp n 
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ii which 


T is the torque ; 
D is the diameter of the bar. 


For the tubes employed in the later tests the formula 
becomes 
T .1D*—d* 
T= T5 S >a 
in which 
D is the external diameter of a tube ; 
d is its internal diameter. 


Having found pand 8, the maximum and minimum prin- 

cipal stresses are represented by the expressions 

Pa. [lags 

es a7 S? 
one of which is positive, and the other is negative. Tne 
third principal stress is zero, because in the case of solid 
bars the stress due to the shearing force ou the section 1s zero 
where the bending stress is a maximum. Since the tubes 
are bent by couples, there is no direct shearing force on a 
cross-section. 


The stress difference is the difference between the maxi- 
mum and minimum principal stresses, and therefore equals 


S SN 
2 / E TS 


It is twice the maximum shearing stress. 
The maximum strain is given by 


P,—75(P, * Pe) 
E 3 
in which 
P, is the maximum principal stress ; 
P, and P, are the other principal stresses ; 


4 is Poisson’s Ratio ; 
E is Young's Modulus of Elasticity. 
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In these tests there are stresses in one plane onlv, and the 
expression becomes 
Fins 
E 
If the maximum strain be constant, then P;—7P; must be 
constant, so that this hypothesis comes between the maximuin 
stress law, that P, is constant, and the stress difference or 


shear-stress theory, that P, — P, is constant, but it is nearer 
the former. 


The Results from Steel Bars. 
TABLE Á.— Original Tests of Solid Steel Bars. 


i 1 
i . | ' Streas 
| Tensile ' Shear . qs po 
Number Bending; Twisting, Stress Stress ot d MET 
| of | Moment, Moment. due to | due to NL d S Mas: ce 
Dar. lbs. ins. | lbs. ina. | Bending. Torque. p MC eM Ec 
lbs. Ji. in. Ibs. e. in. ba./8.1u. ^ lbs.'s. in. Shear 
i Stress. 
| | 
Int ...! 0 | 2190 0 | 26600 96600 :; —26600 : — 53900 
1V... 6675! 2130 | 16220 25880! 35260 | —10040 ; 500 
XL... 1160 | 2033 | YR20 94700 ^ 42520 ' — 44320 ^ — 56840 
V... 1331 1985 32350. — 24100 |— 45210 — —12800 | 5ROTȚO 
XIL... 2000 | 1360 ; 48600 | 16520! 05700 , — 5100 ; — SxRoO 
VI... 2000 1630 | 486:0 — 19800 | 55650 , — 7050 ! 62700 
IX... 2020 | 1335 | 40000 10320 | 53000 | — 4900 | — B8s00 
VIL... 2820 | (645 , 56500,  TM0| 27350 E 1050 | 58400 
| VIL... 2420 | 980 | 587505 11900| 61075 (omen | o 
| 


| | 

Only one test was made on each bar. The bending and 
twisting moments at yield are plotted in fig. 1 (Pl. I.). If the 
maximum principal stress were constant at the yield-point, 
the twisting moment under pure torque would be double the 
bending moment required to cause the bar to yield. If the 
maximum shearing stress were constant, the plotted points 
would lie on a circle described with the origin as centre. 
Fig. 1 confirms the writer’s original conclusion that the 
maximum shear stress is approximately constant at failure, 
but that an ellipse lies between the points better than a circle, 
and that the bending moment is greater than the torque. 

The maximum stress varies between 26,600 and 61,075 
lbs./s. in., it certainly is not constant. The stress difference 
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is not exactly constant; it varies from 53,200 to 63,400 
]bs./s. in., but it increases steadily with the bending moment, 
consequently the deviation from the stress difference, or shear 
stress law, is still further away from a constant maximum 
stress, so that the maximum strain a'so varies considerably. 


The Apparatus for the Tests on Tubes. 


The tests on tubes were made in a machine which is part 
of the equipment of the engineering laboratory at the City 
and Guilds Technical College, Finsbury. The machine was 
designed by Prof. E. G. Coker, and it has been recently 
described *. A tube to be tested was sweated, and when it 
was necessary pinned, on two steel holders, or mandrils, each 
of which was provided with two keyways. One hoider fitted 
into a wormwheel so that this end of the tube could be 
twisted, but the wormwheel casing was pivotted on roller 
bearings so that there was no resistance to bending. A 
lengthening piece was fitted on the holder to carry an over- 
hung load, which produced a benling moment on the spe- 
cimen. The other holder was held in a special fitting which 
was supported on a spindle of small diameter, so that the 
resistance to torsion was negligible. The fitting was also 
arranged to carry an overhanging load at this end, and an 
arm projected at right angles to tlie specimen to support the 
load which measured the torque. This latter arm was always 
kept horizontal by turning the wormwheel as the twisting 
load was increased. The loading in this machine was also 
by dead weights. The torque was produced by the twisting 
load and the extra supporting force which it required at its 
support. The torque was uniform along the tube. The 
bending moment was cause.l by a couple at each end, com- 
posed of the supporting force and the overhanging load ; it 
was constant along the specimen. There was no shearing 
force on a section due to the bending loads. 

The twist of a tube was measured by Prof. Coker's torsion- 
meter, and the bending deflexion by an adaptation of the 
Ayrton-Perry twisted strip. The latter apparatus was 
designed for use during some bending tests in which the 


* Proc. Phys. Soz. London, vol. xxi., and Phil. Mag. April 1909, 
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deflexion was extremely small, and it was therefore very 
sensitive for the purpose of the present tests. It was necessary 
to measure the strains separately, because the writer has 
shown that when a ductile material is under combined load- 
ing, it does not always yield first in the way which is indicated 
by the increasing load. The first yield is probably determined 
by the loading which produces the greatest shearing stress. 


The Tests on Steel Tubes. 


Solid drawn steel tubes were tested, and the yield during 
each test was kept very small so that several experiments 
could be made with each tube. All these specimens were 
cut from the same length of tube. The results are collected 
below. 


TABLE B.—Tests of Solid Drawn Steel Tubes. 
Internal diameter 0:818 in. External diameter 0:855 in. 


Se — — 


| 
| £ | Stress | 
Te.sile | Shear | . ai 
Bending | aisting, Stress | Stress iaie Principal Mcr | 
Test. | Moment, Moment. dueto | due to NARRA Saas | Ma bad | 
lhs. ins. | lbs. ins, Bending. Torque. Mas ix ibe la in ia Sl dena 
| Ibs./s. in. | 1bs./s. in. A deis eer 


SO — 


| 

| 

| 
Blass 0 940 0 25600 25600 | — 25600 51200 
EZ...... 0 1030 0 28050 28050 | — 28050 56100 
E dup 300 1090 16320 | 29700 388970 | —22630 61600 
sk Pore 600 970 32700 | 26400 47400 | —14700 62100 
DI... 800 600 43550 | 16330 48080 | — 5420 54400 
Clos 810 700 44100 | 19100 51250 | — 7150 58400 
BE ade 1100 400 59900 | 10900 61770 | — 1870 65640 
oe irisi 1120 800 61000 | 21800 68000 — 7000 79000 
EL aus 1250 0 68100 Ü 68100 0 68100 
a4 uu 1330 0 72400 0 72400 0 72400 
Boos. 1400 0 16200 0 76200 0 76200 
B5... 1400 300 76200 8165 77000 


ee | 77800 


The maximum stress has 25,600 and 77,000 lbs./s. inch 
for its extreme values, and the stress difference varies 
from 51,200 to 77,800 lbs./s.in. The bending and twisting 
moments are plotted in fig. 2, in which the numbers of the 
tests are shown against the points. The letter refers to the 
tube, and the number indicates the order in which the test 
was made on that specimen. | 
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The figure is interesting because it shows very clearly the 
An ellipse is drawn to lie evenly 


effect of repeated loading. 
between the points. 


Specimens cut from the same length of 


material are not exactly alike, and an error is possible in 
locating the yiell-point; but after allowance is made for 
these facts, it is evident that the vield-point was raised by a 
previous test. Nevertheless, the results clearly indicate that 
the maximum shear stress is more nearly constant than the 
principal stress, and that the bending moment is again greater 
than the torque, so that the shearing stress and the stress 
difference inerease with the bending moment. 


The Tests on Copper Tubes. 


Tests were also made on solid drawn copper tubes, of 
0'79 inch internal and 0:881 inch external diameter. The 
specimens were given a set to correct for their defective 
elasticity, and to allow several tests to be made on each tube. 
As in the case of the steel tubes, the yield during each 
test was kept small. The data obtained from these tests are 
tabulated below. 


TABLE C.—Tests of Solid Drawn Copper Tubes. 
External diameter 0:8812 inch. Internal diameter 0:790 inch. 


Tensi Shear Maxi Mini pos | 
Bending Twisting dum | Stress PT | ipeum i aa 
Test. | Moment, Moment. B e due to | fee ee mod 
lbs. ins, | Ibs. ins, | Pending. pai Stress. Stress, Maximum 
° lbs./8. in. .I!P. ]bs/s.in. | Ibs./s.in. | Shear 
]bs./8. in. 
ees | Stresa, 
A32. us 0 1150 0 24200 24200 | —24200 48400 
| ee 300 | 1180 | 12620 | 24800] 31910 | —19290 | 51200 
| C3 ...... 500 1100 21040 | 23150 80920 | — 14880 50800 
POD RES 800 910 33660 ; 19140 42330 | — 8670 51000 
| C 4 ...... 1000 730 42080 | 14860 47080 | — 5000 52080 
B 3 ...... 1100 600 46300 | 12620 40510 | — 3210 52720 
| Dd: 1300 300 54700 6310 55450 | — 750 56200 
| B 4 ...... 1330 0 56000 0 56000 0 56000 
| 


Here again the stress difference is approximately con- 
stant, and the deviation from this law is opposed to a constant 


maximum 


stress, 


because the stress 


difference 


Increases 
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steadily with the bending moment. The bending moment 
and the torque are plotted in fig. 3. 


Deviations from the Shear-Stress Law. 


The stress difference is given in the tables, because it is 
the difference between the maximum and minimum principal 
stresses, which it follows. It is now more convenient to 
deal with the maximum shear stress, which is half the stress 
difference. The stress difference and maximum shear-stress 
laws are therefore practically alike, but the former does not 
indicate the existence of the shearing stress which appears to 
cause the actual fracture of a ductile material. A ductile 
material behaves like a viscous fluid after the yield-point, so 
that it would be expected that the flow is caused by a 
shearing stress. The stress difference theory indicates a 
result, but it does not indicate the behaviour of the material, 
Moreover, the shearing is the stress considered by engineers. 

By referring to the tables it will be seen that the maximum 
principal stress increases tremendously as the bending 
moment increases, whereas the maximum shear stress is 
approximately constant. If the maximum stress were con- 
stant, the maximum shear stresas would decrease with 
increasing bending moment; but it is found that the shear 
stress increases, so that the deviation from the shear-stress 
law is opposed to the maximum stress theory, and it 
disproves the maximum strain hypothesis, which is in effect 
an intermediate law, as has been already explained. The 
results are similar for each series of tests. 

Even before there were any reliable experimental results 
available, certain elasticians, influenced possibly by the forms 
of fractures, were convinced that a material failed by 
shearing. But further, there was usually a stress perpen- 
dicular to the plane of greatest shear, and it was believad 
that this force across the plane affected the value of the 
shear stress at the elastic failure of the material. The shear 
stress tended to make the opposite surfaces at a section slide 
upon each other, and therefore it appeared that a compression 
across the section would introduce a resistance to the shear 
analogous to friction. Since a material tended to flow or 
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fracture along an uneven section, so that the surfaces fitted 
into each other to a certain extent, it was conceivable that a 
tension across a section assisted the shearing stress, and 
lowered its value at the breakdown. 

Many of the experimental results available were examined 
in the former paper to determine whether the friction hypo- 
thesis would explain the deviation from the shear-stress law. 
The final conclusion was that :—“ It must be concluded that 
the maximum shear stress determines when yield takes place, 
but this will vary slightly on account of the difference in the 
shearing resistance 1n various directions, and any idea of a 
force analogous to friction must be abandoned.” 

But the bending moment appears to be always greater 
than the torque, and it was suggested that when a shaft was 
under a torque, T, and a bending moment, M, the equivalent 
torque, Te should be calculated from the equation 


T 2 e (we 
c= f, A, 


t 


in which f, is the shear stress, and fe is the tensile stress in 
the material at yield under simple loading. This equation 
represents an ellipse which replaces the circle of the shear- 
stress law, and thus allows for the limiting bending moment 
being greater than the torque. The present experimental 
results justify the above suggestion. 

The theories of failure under combined stress can be very 
simply expressed in terms of the three principal stresses, Pi, 
Pa and P, of which P, is the greatest and P; is the least. 
The maximum stress hypothesis assumes that P,— constant. 
lf the maximum strain theory be correct, then, for stresses in 
two directions only, P, —75P;- constant. The stress differ- 
ence or shear-stress law states that P, — P4 constant. Since all 
these equations are particular forms of P, 4- mP;-— constant, it 
appears to be desirable to examine the results to find whether 
the stress distribution at yield may be expressed in a similar 
form. 

The maximum and minimum principal stresses for these 
tests are plotted.in fig. 4. The points for the copper tubes 
lie very close to a straight line because the original results 
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were exceptionally good. The other points would have been 
close to the straight lines if corrected values had been taken, 
but, if the remarks against the points are considered, the 
lines represent the relations between the principal stresses 
fairly well. The letters against the points in fig. 4 indicate 
the positions of the corresponding points in the former 
diagrams when compared to the mean curves. The letter 
indicates the error in the original result from all causes, the 
experimental error, difference in material, and in the case of 
the steel tubes, due to the effect of repeated loading. On the 
diagram, fig. 4, A is the maximum and B is the minimum 
principal stress. Using th» original notation, the equations 
which express the relations between the principal stresses 
are 

P,— 1:57 P;=71000, 

P,—137 P3= 62200, 

P,—1:26 P3=54500. 


The constant varies because it indicates the strength of the 
material, and is the tensile stress at yield. The values for ** m ” 
are 1:57, 1:27, and 1:26, but the materials are different. 

It is now evident that the shear-stress law is most nearly 
correct of those stated above, and it is intended to be applied 
to all ductile materials. Although the deviation from the 
shear-stress law is sometimes considerable (under combined 
bending and twisting), if an equation be adopted to express 
the conditions at yield more closely, it must contain a con- | 
stant which depends upon the material considered. This is 
a very serious complication, and engineers will probably 
prefer to assume a constant shear stress at failure, although 
the results obtained will be slightly inaccurate. Also 
combined bending and torsion is not the only example of 
combined loading, and it is desirable for practical purposes 
to adopt one rule to apply to all cases, if that be possible. 
It is therefore proposed to further consider this matter by 
examining the resulta obtained by other observers, who 
employed different methods and combinations of loading. 

Guest called these principal stresses Pi, Py, and D;, and 
each represented the stress in a particular general direction, 
irrespective of its relative magnitude. ‘he notation has 
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GUEST. 


STkEL Tcbzx I. | 


>) on d i 
P. | P, | Poo) Pa Py. | Pe. Bi Pe d B dn 
j 
7 ! H l 1 
17900 |—17900 | 0 | 30800. .|—30800 0 15650 IS ABO | 0 
50300 | 9000 | —430 | 60500+| O Ü ó43400| o0 | 0 
51050 13500 | —640 29500 ,—91500 0 15650 |— 15650 0 
51300 | 14800 | — 700 | 45800 | — 11350 0 94250 = 620 0 
46500 0 0 | 55500 0 Ü 30050 — 2550 0 
17900 |—17900 0 57800 0 0 QJU0U0 | O0 Ü 
| asooo i— 5400| 0 | | 
SS ee "| 29500 !— 99500 0 =- 
49900 — — 10500 0 "ean Y 
Correr Tese X. 49800  — 12600 0 Brass Tree XII. 
|| 52900 | 23000 | — 10:0 
' | | SERRO be ee 9450 | — 9450 0 
6070 | —6070 0 SF 200 QO 0 
10630 | 0 0 | 16650 | —1215 | U 
10950 | —1755 0 Correr Trae XI. 14685 | —2315 0 
11500 10940 | —660 | 2011 14500 | —850 
10830 13160 | —850 19260 15360 | - 900 
12050 0 0 | 5025 11850 — 750 20100 0 0 
1275 | 0 0 9925 O 0 10350 |— 10350 0 
13835 3355 , —740 | 12730 7740 — 500 17610 |— 2O40 0 
| 6070 — 6070 O 19980 16800 | —985 
| x 14500 | —850 
Sree, Tuse IV. [ STEEL Tusr V 
500 -22500 , 0 || 33500 | 0 0 
41200 0 Ü s T 
49900 £4000 | —1050 | 50900 |— 4100 0 
9i í —1700 | —1050 | ; 
42700 | 33800 | —1500 | 99100 |— 2300] 0 
39000 | —4000 0 32600 24000 | — 1050 
> 
31209 |—29500 | Q | 30900. | 5500] —1050 
Ma 30350 | 29800 | —1350 
| Brass Tver XIII. | = 
| 19250 | 15340 | —900 | 
| 17750 0 () | | 
| 8100 | —8100 0 | | 
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Results obtained by other. Observers, 


Proc. Phys. Soc. London, Sept. 1900, vol. xvii. 
Loading by Tension, Torsion, and Internal Pressure. 


i I 
SreeL Trese LI. | 
| 


Steen Tuas III. 
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been changed to P,, Ps, and Pe, because P,, Pz, and Ps have 
been reserved to represent the principal stresses in descending 
order of magnitude. 


C. A. Smita. ‘Engineering, Aug. 20, 1909. 
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| TasLE A.—Sourp — , TABLE C.—Sorip Mirpo Tasta D.—HoLLow 


| STEEL. STEEL. : STEEL. 

Combined Compression Tension, Compression, l Co:npreasion and 
and Torsion. | and Torsion. Torsion. | 

Boss iE 

| Max. Max. Max. Max. — Max. Max. 

! Principal Shear Principal Shear Principal Shear 

|. Stress. Stress, Stress. Stress. | Stress. Stress, | 


| Ibs./s.in. | 1be./e. in. | lbs./s. in. | lbe./s. in. | ]ba./3. in. | lbs./s. in. 
| 


— | —) | 
E 


19800 19500 | —20170 19450 | 24900 23700 | 
|| —20560 20420 
19800 | 19500 | 3jgjo | 21000 | 47600 | 23800 
26100 20000 ! —31570 700 
| 


t 
| 
| 
| 
| 
29500 20400 || 39620 17810 , ————á 


| —38180 19190 
32300 20400 | —20750 20610 
27950 20320 | 
30140 19710 : 
26370 20500 | 
29050 20420 ` 
32300 21300 


The maximum and minimum stresses for Guest’s steel 
tubes are plotted in fig. 5, and for his brass and copper tubes 
in fig. 6 (Pl. 1II.). Mean lines are drawn through the 


points, and their equations are :— 


Guest’s Steel Tube I. P,—1-°87 P;=51400. 
» 9 9 II. P,—0°92 P= 58100. 
» » X IIT. P,—1°16 P3;=33500. 
” » 9 IV. P,— 0:9 P,— 42900. 
» » 99 V. P,—0°93 p,— 33500. 
Guest’s Copper Tube X. P,—1:09 P;=12/00. 
” ” » XI. P,— 1:04 P= 12400. 
Guest’s Brass Tube XII. P,- 1:03 P,=20100. 
» 9 » XIII. I^ — 1°34 ps 19000. 
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Mr. Smith’s results are not shown plotted here, but they 
are found to give,— 


Smith's Solid Steel. Series St. Table A. P,— 1-09. P,—41002. 
39 39 » Series AD. Table C. D,—0775 P, = 302300. 
» Hollow Steel. Series 8B. Table D. P,— rOl P;247000. 


It is evident from the diagrams that the points are not 
always very close to the straight lines, so that it is difficult 
to assign an exact value to “m” for a given series of tests. 
But when average values are taken for ** m," they are found 
to differ considerably for different tests, even when these are 
made under very similar conditions. For steel tubes, Guest’s 
* m" varies from about 0*2 to L9. The copper tubos give 
consistent results, but one brass tub» gives “m?” equal to 
1:03, and the other has “m” equal to 1:34 ; the points are 
very irregular. It is evidently not necessary to give a more 
elaborate method for finding “m,” since it varies so much. 
Mr. Smith’s values for steel are 1:09, 1°01, and 0:775. 

An examination of Guest’s results shows that the third 
principal stress has no appreciable effect on the other stresses 
at failure. 

Conclusion.—In most cases the deviations from the shear- 
stress law are opposel to a constant maximum stress, and 
this is always so with bending. But it is probable that the 
value of ** in" varies somewhat for ductile materials, because 
there are degrees of ductility. The writer has shown that 
cast-iron behaves quite differently to a ductile material *, but 
it does not conform to any exact law. He hopes shortly to 
publish results which prove that a strictly brittle material 
behaves differently to cast-iron and ductile materials. It 
is therefere not surprising that the results from ductile 
materials vary somewhat, and it is desirable that a stress- 
strain diagram for a tension test of the material should he 
considered in order to estimate its ductility. It is possible 
that the behaviour of all materials might be expressed in 
one form, P,+mP ;=constant, in which m depends on the 
degree of duetility of the material. But in tho present state 


* Proc. Phys. Sos. vol xx. 
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of onr knowledge it may be fairly claimed that the shear- 
stress or stress-difference law expresses the average behaviour 
of ductile materials under combined stresses, and that the 
maximum stress and maximum strain laws are not true for 
ductile materials. 


ABSTRACT. 


The Author further considers the results from some earlier tests made 
on mild steel bars, 3/4 inch diameter, and 30 inches effective length, 
under combined bending and torsion. It is pointed out that the yield- 
point is usually selected as the criterion of strength, because it is 
more easily determined than the elastic limit, it is less affected by 
special treatment of the material, and it is assumed that the failure 
of Hooke's Law between the elastic limit and the yield-point is due 
to local yielding. The elastic limit is the correct point, and is used 
throughout because the intermediate state mentioned above does not 
appear in bending. The results of tests on steel and copper tubes under 
combined bending and torsion are alsogiven. Allthe results indicate that 
the maximum stress and maximum strain laws do not apply to ductile 
materials. The stress difference or shear stress law is approximately 
true, but there is, in each case, a deviation from the law which is opposed 
to the other theories mentioned. The deviations from the shear stress 
law are considered. In an earlier paper the Author suggested a formula 
for combined bending and torsion which allows for the fact that the 
bending moment is always greater than the torque. The internal 
friction hypothesis was also shown to be untenable. The three laws are 
now expressed in terms of the principal stresses, P,, P,, and P,, of which 
P, is the greatest, and P, is the least. Guest’s experiments proved that 
P, does not appreciably affect the failure of a material. The maximum 
stress law states that P,=constunt; the maximum strain theory that 
P, —75P, = constant, in which n is Poisson’s Ratio; and the stress differ- 
ence or shear stress hypothesis is expressed in the form D, — P, = 
constant. In the general equation P,—mP, = constant, the value of 
“m” indicates which law is most nearly true for the material. The 
Author's tests appear to be the only experiments in which bending was 
adopted, and for these the values of “m” are 1:57, 1°37, 1:26. The 
figures apply to different materials, but are all greater than unity. 

The results obtained by other observers, who employed different 
methods and combinations of loading, are also examined. For Guest's 
steel tubes, * 1n" varies from 0:9 to 1:87 ; his copper tubes give 1:04 and 
1:09. For brass tubes the values are 1:03 and 1:34. Smith's tests on 
steel, three series, show ** m" to vary from 0:775 to 1:09. 

The shear stress law appears to state the average behaviour of ductile 
materials, but there are considerable deviations from the law, which are 
usually opposed to the other theories, Other tests by the Author indicate 
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that brittle materials obey the maximum stress law, and it is therefore 
suggested that the value of “m” depends chiefly on the degree of 
ductility of the material considered, and to a lesser extent on the system 
of loading. 


DIscussIon. 


Prof. CokER congratulated the Author on being able to present so 
many actual tests. Although many experiments had been carried out 
during the past 10 years there was still difficulty in stating the law 
which was followed when a ductile material was subjected to stress. An 
initial difficulty was to determine whether the elastic limit or the yield- 
point should be selected as the criterion of strength. Guest had shown 
that for tension both points yielded similar results, but for combined 
stress the results were very different. Ife thought the elastic limit should 
be selected. With reference to the repeated loading of the tubes he 
thought more consistent results would have been obtained if a new tube 
had been used for each test. Although the results obtained threw light 
on the various theories they did not favour any one of them. 

Mr. C. A. SMITH expressed his interest in the paper and said he did 
not think much further progress would result from experiments on tubes. 
He enumerated the disadvantages connected with the use of tubes and 
said he thought the case for the use of solid rods was proved. He did 
not think copper specimens were suitable for tests, as the same system 
of loading did not always give the same result. Mr. Smith pointed out 
that no reference had been made to non-axial loading. If the load was 
applied acentrically errors were introduced which should be allowed for. 
He thought it was advisable to work with as simple a formula as possible 
(P,—P, =cons.) and to introduce a suitable constant for each different 
material. 

Mr. ScoBLE, in reply to Prof. Coker, said that Guest used the yield- 
point as the criterion of strength. In his paper he (the Author) had 
referred his stresses to the elastic limit, t. e. the point at which the strain 
ceased to be proportional to the stress. He had used solid bars of $ inch 
thickness because engineers required results on specimens as large as 
possible. He appreciated the advantage of using a simple law, but the 
results of his experiments did not follow any simple law. 
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XI. The Recoil of Radium C from Radium B. By WALTER 
Makower, M.A., D.Sc., Assistant Lecturer and Demon- 
strator, and SIDNEY Russ, D.Sc., Demonstrator in Physics, 
in the University of Manchester *. 


INTRODUCTION. 


It has been shown in a previous paper f, that during a 
radioactive transformation involving the expulsion of an 
a particle, the residue of the atom from which the æ particle 
has been expelled recoils in an opposite direction to that in 
which the a particle is emitted and can travel a considerable 
distance through a gas if the pressure is sufficiently low. A 
similar effect was also demonstrable in the case of the trans- 
formation of radium B into radium C, although this change 
is supposed to be accompanied by the expulsion of only 8 
rays, no « rays having ever been detected. (It has recently 
been shown by Hahn and Meitner that radium C is complex; 
but it is only the product whose period is 19 minutes with 
which we are concerned in what follows 1.) 

Now it was thought that this transformation was worthy 
of further study, since it is possible to investigate it by itself 
without any complications arising from other radioactive 
processes taking place simultazeously. If a plate is exposed 
ag the negative electrode in an electric field to radium 
emanation for a long time, radium A. radium B, and radium C 
will be found on the plate after removal from the emanation; 
but if the plate is then left for half or three-quartcrs of an 
hour, the radium À on the plate will have diminished to a 
small fraction of its initial value, and we are left with only 
radium B and radium C, which are being transformed 
respectively to radium C and radium D. A disk which is 
suspended above such a plate therefore recieves radium C and 
radium D projected on it as a result of the recoil during the 
transformation of radium B and radium C. Now, since the 
time period of radium D is exceedingly long, the activity of 


* Read November 26, 1909. 
t Russ & Makower, Proc. Roy. Soc. À. vol. Ixxxii. 1909. 
+ Hahn & Meitner, Phys. Zeitschr. x. no. 20, pp. 697-703 (1909). 
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the disk due tc the presence of this substance after exposure 
to the active plate is inappreciable, and we should therefore 
be in a position to study the disintegration of radium B by 
itself. 

The phenomena were, however, soon found to be more 
complicated than had been anticipated, and it was found 
possible only under certain conditions to study the recoil of 
radium C from radium B without the interference of secondary 
disturbances. 

Before discussing these conditions it will be necessary to 
briefly describe the apparatus used and the method of con- 
ducting an experiment, which were essentially similar to 
those employed in the experiments quoted above. 

The glass vessel V (fig. 1), of 1°9 cms. diameter, was 
provided with stoppers at both ends. A brass support A was 
fixed as shown in the diagram, and an active plate P which 
was to serve as the radiating surface could be placed upon it. 
From the other stopper a disk was suspended by a wire and 
exposed to the radiation from the plate mounted on A. After 
an exposure of the required time with the air in V at the 
desired pressure, the disk B could be removed and tested for 
its activity in the usual manner, either by means of a 
quadrant electrometer or a sensitive a ray electroscope. 

The method of experimenting was as follows :—A platinum 
plate, mounted on an iron disk to give it rigidity, was 
exposed in an electric field to radium emanation over mercury 
for at least three hours to allow the maximum amount of 
active deposit to be collected on the platinum surface. After 
removal from the emanation the iron-platinum plate was 
allowed to stand for a time varying in different experiments 
from half an hour to three-quarters of an hour before 
mounting on the support A (fig. 1). This interval was used 
to get rid of the emanation dragged out, from the vessel 
containing the emanation, by the disk and adhering to it. 
It was no easy matter to do this satisfactorily, but after a 
number of trials the best plan was found to be to put the 
plate in an evacuated tube kept at about 360° C. by an 
electrically heated furnace. Air was occasionally admitted 
and pumped out again to remove the emanation as it was 
given off by the plate. In this way, the adhering emanation 
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was almost completely removed from the plate without 
appreciable loss of radium B by volatilization. The quantity 
of active deposit on the plate after this treatment was then 
tested by a y ray electroscope in the usual manner by com- 
parison with a standard quantity of radium. 


Fig. 1. 
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Conditions for obtaining Pure Radium C by Recoil. 


Attention has already been drawn to the fact that it is only 
under special conditions that the recoil of radium C from 
radium B can be studied by itself without the interference 
of disturbing causes. It was soon found that if the disk B 
(fig. 1) were exposed to the active plate P in a vacuum, there 
was in general radiated to the disk, not only radium C, as 
was to be expected, but also a certain amount of radium B. 
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Now, since in all the experiments to be described in this 
paper, a long interval of time was allowed to elapse between 
withdrawing the active plate from the emanation and mounting 
it for an experiment, the proportion of radium A left on the 
plate must have been very small. It was therefore some- 
what surprising that any radium B should reach the disk, 
and the facts seem capable of only two explanations, Either 
the proportion of radium C particles shot off from an active 
plate by recoil is exceedingly small compared with the total 
number of radium B particles breaking up on the plate, or 
the radium B is in some way detached from the plate and 
carried away during the recoil of radium D from radium C. 
If the first explanation is correct, then, although the ratio of 
the number of radium A particles on the plate to that of 
radium B is small, the actual number of radium B particles 
leaving the plate by recoil from radium A might be com- 
parable with the number of radium C particles. It will be 
seen later that at least one-tenth of the radium B particles 
which recoil from radium A actually leave the plate. 

The second explanation of the phenomenon seems probable 
if there is deposited on the plate sufficient active deposit to 
form a double layer of atoms, in which case a radium B 
particle, if deposited on the top of a radium C particle, 
might easily be mechanically carried off the plate during 
the formation of radium D. It will be seen later that each 
of the two causes suggested is in all probability partly 
responsible for the ejection of radium B from the active 
plate. 

On account of these considerations it was thought that in 
order to obtain pure radium C on a disk exposed to an active 
plate, as long a time as possible should be allowed after 
removing the plate from the emanation to allow the radium A 
on it to decay to an inappreciable quantity. Moreover, it 
seemed desirable to use the smailest quantities of emanation 
that would permit of the subsequent measurements being 
made with sufficient accuracy. The following series of 
experiments shows how a condition can thus be reached in 
which the active plate radiates practically pure radium C to 
a disk exposed to it in a high vacuum. The plate to be 
rendered active was exposed for some hours to a considerable 
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quantity of emanation, after which it was withdrawn and 
heated in a vacuum for 27 minutes to remove any adhering 
emanation. The quantity of radium C on the plate was then 
measured on a y ray electroscope, and found to be equal to 
the amount in equilibrium with 8:05 mgms. of radium 
bromide. Six minutes later it was mounted on the support 
A (fig. 1), and a disk suspended a few millimetres above it 
to receive the radiant active matter emitted by it. After an 
exposure of 20 minutes the disk was removed, and the rate 
of decay of the activity collected on it measured by a 
quadrant electrometer. The results obtained are shown in 
fig. 2, curve I. (p. 104). It will be seen that the activity of the 
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disk fell to half value in about 33 minutes, indicating that there 
were both radium B and radium C on it. After 80 minutes 
from the time at which the active plate was removed from 
the emanation, a second disk was exposed to the radiating 
plate, and a similar series of observations made with it after 
an exposure of 20 minutes. The results are given in curve II. 
and show that even after this time the disk had received 
some radium B as well as radium C, for the activity took 
244 minutes to fall to half its initial value, although the 
radium A on the plate must have fallen to a hundred 
millionth of its initial value by the time this exposure was 
begun. A third series of observations was therefore made 
with another disk beginning 184 minutes after the removal 
of the plate from the emanation. By this time the quantity 
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of active deposit on the plate had become so small, that on 
testing the disk its activity was found to fall to half value in 
20 minutes, indicating that the matter radiated to the disk 
now consisted of practically pure radium C (see curve III.). 
The experiments just described indicate that even when 
there was practically no radium A on the plate, a certain 
amount of radium B reached the disk suspended above it 
in vacuo ; and, as we have seen, this phenomenon can he 
explained if we suppose that radium B is mechanically 
removed from the plate during the recoil of radium D from 
radium C. Since, in addition to the interest of the pheno- 
menon itself, this action is liable to produce disturbances 
when studying the recoil of radium C from radium B, 
the matter was investigated in greater detail. Now, since 
the recoil of radium D from radium C takes place as the 
result of the emission of an æ particle of high velocity, 
whereas in the transformation of radium B into radium € 
no such particles have been detected, it is evident that 
the energy with which the radium D residue leaves the 
disintegrating atom must far surpass that of radium C when 
expelled from radium B. If, therefore, using the same 
apparatus as previously, the pressure of the air between the 
radiating plate and the disk were increased to such a value 
that all the radium C leaving the plate by recoil from radium 
B was prevented from reaching the disk by the intervening 
air, any radium B or radium C found on the disk after 
exposure could only have reached it by secondary mechanical 
projection during the more energetic recoil of radium D 
from radium C. Moreover, the number of particles of 
radium B and radium C expelled from the plate should have 
been in the ratio of the number of particles of radium B to 
that of radium C on the plate at the time of an experiment. 
The point was tested in the following way :—A disk was 
suspended 7 millimetres above a strongly active plate with 
no radium A left on it and exposed to the radiation from it 
for 10 minutes, the pressure of the air between the plate and 
disk being maintained at 23:3 mm. of mercury. After 
exposure, the disk was removed and the time period of the 
activity received by it tested. As may be seen from fig. 3, 
the activity wasfoundtofallto lf valuein about 40 minutes, 
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and this may easily be shown to mean that the numbers of 
radium B and radium C particles on the disk, when tested, 
were nearly equal. This was to be expected since, under 
the experimental conditions, the amounts of radium B and 
radium C present on the plate must also have been almost 
equal. It will be noticed that experiments were made with 
the plate charged with positive and the disk with negative 
electricity and vice versa, and also with the plate and disk at 
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the same potential. This was done because it was thought 
that possibly the radium C produced from radium B by 
recoil might become charged after being stopped by the air. 
If no field existed between the plate and disk, this radium C 
would diffuse to the disk and plate and to the walls of the 
containing vessel, whereas in an electric field it might be 
attracted to one or other electrode. Any such action would 
have complicated the results, and the effect of an electric 
field of 340 volts per centimetre was therefore tried. It 
will be seen, however, that the field had very little effect, 
the time period of the activity received by the disk being 
almost independent of the direction of the field, as may be 
seen from curves II. and III. (fig. 3). 

The result just arrived at, that radium B and radium C 
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are mechanically projected from the plate as a secondary 
effect due to the recoil of radium D from radium C, is not a 
little surprising when we consider the possibility of the 
formation of a double layer of atoms of active deposit. For 
the area of the plate was about one square centimetre, and 
if we take the diameter of a molecule to be 2 x 10— em., 
we see that it would require about 3x10” active deposit 
particles to completely cover the plate with a siugle layer of 
atoms. But since the quantity of radium C in equilibrium 
with 1 gram of radium emits 3:4 x 10” a particles per second *, 
it follows that in this quantity of radium C there are 5°77 x 
10" particles. Hence, since in the above experiments there 
were about the same number of radium B and radium C 
atoms on the plate, it would have required the amount of 
these two products in equilibrium with 26 grams of radium 
to form a single complete layer of atoms on the plate. This 
is certainly 3000 times as much as was present on the plate 
in the experiments, and to explain the observed effect it seems 
necessary to suppose that the active deposit is not evenly 
distributed over the plate but deposited in heaps at certain 
places on the plate, the greater portion of which is entirely 
free from deposit. Whether this localization of the activity 
is due to the non-uniformity of the electric field during the 
exposure of the plate to the emanation caused by the uneven- 
ness of its surface, or to some other unknown cause, remains 
a matter for speculation, but the existence of this aggregation 
of the deposit is certainly striking. It may be mentioned 
that an active g'ass surface behaved quite similarly to the 
platinum surfaces generally used, so that the phenomena do 
not appear to depend on the smoothness of the surface. 

To emphasize the extreme difficulty of getting absolutely 
pure radium C by the recoil method, an experiment may be 
cited in which a plate was exposed to a small quantity of 
radium emanation for some hours, when it was removed and 
transferred to an evacuated vessel placed in a furnace at 
360? C. for nearly half-an-hour to remove emanation. The 
plate was then tested by its y radiation and found to be 
equivalent in activity to °066 milligram of radium bromide. 


* Rutherford & Geiger, Proc. Roy. Soc. A. vol. Ixxxi. p. 141. 
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A disk was then suspended above the plate in vacuo, and 
after an exposure of 20 minutes, removed and tested by a 
sensitive a-ray electroscope. The decay of the activity on 
the disk is shown in fig. 4. It will be seen that the activity 
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at first began to decay with the period of RaC, viz. 19 minutes, 
which gradually became longer as time proceeded, indicating 
that even in these circumstances there was present on the 
disk a small quantity of radium B. 


The Proportion of Radium C projected from a Plate 
by Recoil. 


In a previous paper * it was shown that when a disk was 
exposed above some emanation condensed by liquid air at 
the bottom of a tube, the amount of radium A and radium B 
projected on to the disk was about one-eleventh of the 
quantity which would have reached it if every a particle had 
been effective in causing a recoil as it left a disintegrating 
atom. Having regard to the easy absorption of this radiant 
active matter, this was perhaps as large a fraction as was to 
be expected, for any slight film of condensed water-vapour 
or other gas over the surface of the condensed emanation 
would tend to prevent.the escape of the active matter from 
the surface. A similar result has since been obtained for 
the recoil of radium B from radium A deposited on a plate. 
In the case, however, of the recoil of radium C from 
radium B which is much less energetic, it was at once seen 


* Loc, cit. 
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that the fraction of the total number of particles of radium C 
escaping from an active plate to the total number formed 
was very small. This was clear without uccurate measure- 
ment for, whereas the activity of the plate could be measured 
in a y-ray electroscope, the activity of a disk exposed to it 
for 20 minutes could be measured only by careful observations 
with a sensitive a-ray electroscope. It was therefore 
necessary to carry out a series of quantitative measurements 
to determine the fraction of the number of recoils of 
radium C which resulted in its removal from the surface 
of the plate. For this purpose, the activity of the radiating 
plate was compared with that of a standard quantity of 
radium by means of a y-ray electroscope in the usual 
manner. The activity on a disk exposed in vacuo at a known 
distance from the plate for 20 minutes, was measured on a 
sensitive a-ray electroscope and compared with that of a 
polonium standard * giving out a known number of a particles 
per second. In this way the number of « particles emitted 
from the active disk would be found and the number of 
atoms of radium C on it deduced. 

In a long series of experiments in which the activity of 
the radiating plate was equal to that of ‘2 milligram of 
radium bromide, the quantity of radium C collected on a disk 
suspended 2:5 cm. above it for 20 minutes in vacuo varied 
between the equivalent of 5x 10-7 and 1:4 x 1075 milligram 
of radium bromide. Now, if balf the radium C particles 
produced had been projected upwards from the plate, the 
disk, which was of diameter 1'7 cm., should have had on it 
the number of radium C particles equivalent to about 4 x 107? 
milligram of radium bromide at the end of the exposure. 
Thus the quantity of radium C reaching the disk varied from 
nolo tO 34g of the total quantity which could have reached 
it. The smallness of the amount of radium C escaping from 
an active surface by recoil has recently been noted by Hahn 
and Meitner +, who obtained little more than one millionth 
of the total obtainable quantity of radium C on a plate 


* This standard was kindly lent to us by Dr. Geiger, who determined 
the number of a particles emitted by it per second. 
t Hahn & Meitner, Phys. Zeitschr. x. 1909, pp. 697-703. 
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exposed to a surface covered with radium B. This is a far 
smaller quantity even than we have found ; but the experi- 
ments of Hahn and Meitner were carried out at atmospheric 
pressure, which may explain the smallness of the effect 
obtained by them. The lack of constancy of the amount of 
radium C emitted from the surface upon which radium B 
had been deposited is remarkable, seeing that the plates used 
were always treated in an exactly similar manner. But it 
was perhaps even more surprising to find that, working with 
a single surface, the power of emitting radium C varied 
considerably if the surface were allowed to stand untouched. 
After making due allowance for the decay of radium B, it 
was found that an active surface after standing for half an 
hour or an hour, altered its power of emitting radium C, 
sometimes becoming a more powerful and on other occasions 
a less powerful radiator. The cause of these changes in the 
surface is very obscure, and it is difficult in the present state 
of our knowledge to advance any satisfactory explanation 
of it. 

Returning to a consideration of the small amount of 
radium C which was in all cases emitted from the active 
surfaces, it seems not unreasonable to imagine that, on account 
of the smallness of the energy of recoil of the radium © 
particles, it is only those particles which come off normally or 
in directions making small angles with the normal to the plate, 
that succeed in getting away from the plate beyond the range 
of molecular attraction. If this were so, all particles emitted 
from the plate in directions making large angles with the 
normal to the surface of the plate would be drawn back, and 
therefore not be detected as radiant matter. 

To test the correctness of this view, experiments were 
undertaken to study the variation with distance of the amount 
of radium C received by a disk exposed in vacuo at different 
distances from the radiating plate. The apparatus used was 
that shown in fig. 1. The results obtained are shown in fig. 5 
(p. 158). On the same diagram are also plotted the curve 
showing the variation of activity with distance assuming that 
particles emitted in all directions from the plate are equally 
likely to escape from the surface, and also a curve assuming a 
cosine law for the radiation such as could be applicable to the 
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case of light *. It will be seen that the experimental curve 
agrees with neither of these hypotheses, indicating that the 
radiation from the plate falls off as theangle which it makes with 
the normal to the plate increases. The deviation of the experi- 
mental curve from that obtained on the supposition that the 
the particles are radiated in all directions at random seems, 
however, insufficient to entirely account for the smallness of 
the fraction of radium C particles which succeed in getting 
free from the radiating surface. 


Fig. 5. 
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The Absorption of Radium C by Air. 
When radium B is transformed into radium C, the process 
is supposed to be accompanied only by the emission of 
B particles of low velocity T. It therefore follows that the 


* These curves have been plotted from values obtained by Mr. H. 


Bateman (Phil. Mag. Dec. 1909). 
t H. W. Schmidt, Phys. Zeitschr. vi. p. 897, and Annalen der Physik, 


xxi. p. 609. 
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energy possessed by a radium C atom after recoil should be 
exceedingly small compared with that of an atom of radium B 
when produced from radium A or with that of any atom which 
recoils as the result of the emission of an a particle. On this 
account, the power of penetrating matter possessed by an atom 
of radium C should be very much smaller than that, say, of an 
atom of radium À or radium D when projected from a dis- 
integrating atom. For if we take the mass of an atom of 
radium A to be 218 and that of an « particle to be 4, and its 
velocity to be 1:77 x 10? centimetres per second *, then, from 
the equation of momentum, the velocity with which the 
particle of radium B must be travelling after recoil will be 
3:25 x 10’ centimetres per second. It is evident that an atom 
of radium A when formed from the emanation will recoil with 
approximately the same velocity. On the other hand, since 
the mass of an atom of radium B is 214 and that of a 
B particle 1455, then, if we assume the velocity of the 
B particle from radium B to be 10" centimetres per second f, 
the velocity of expulsion of the radium C atom formed by the 
process will be 2°75 x 10* centimetres per second. Ittherefore 
follows that an atom of radium B will recoil with 1:39 x 10* 
times the energy of an atom of radium C. The penetration 
of matter by radium C should therefore be less than one- 
millionth of that of radium B, if the power of an atom of 
penetrating matter is proportional to its energy. 

Now the latter radiation is exceedingly easily absorbed, 
being cut down to one-tenth of its initial value by passing 
through 6:5 centimetres of air at a pressure of one millimetre 
of mercury. It might therefore be expected that even a 
minute quantity of air would be sufficient to entirely stop 
radium U from escaping any distance from a deposit of 
radium B. This is, however, not the case ; for the radium C 
expelled by recoil from radium B can penetrate appreciable 
quantities of air before being stopped, and it was even found 
possible to measure its absorption by air, though the experi- 
ments were difficult and the accuracy of the results not great. 

* Rutherford, Phil. Mag. Oct. 1906. 

t There appear to be no available data regarding the velocity of the 


B particles emitted by radium B; but the value assumed is such as to 
give an upper limit to the velocity of expulsion of radium C. 
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The apparatus used was that shown in fig. 1, p. 149. In view 
of the very large absorption to be expected, and on account of 
the necessity of working with small quantities of radium B in’ 
order to get pure radium C projected on to the disk B, it was at 
first thought desirable to bring the disk close to the radiating 
plate. The first experiments were therefore made with the 
disk suspended 2 millimetres above the active plate, and the 
radiation received by the disk after an exposure of 20 minutes 
to the plate measured, the pressure of the air in the vessel V 
being varied. It was, however, soon found that working in 
this way very irregular results were obtained, aud it seemed 
that the disturbances were produced by secondary causes due 
to the diffusion of the radium C particles when stopped by 
the air ; for if a certain proportion of the atoms of radium CU 
projected from the active plate are stopped by impact with 
air molecules before reaching the disk suspended above, then 
it becomes a matter of chance whether such particles diffuse 
on to the disk or back again on to the plate. In fact a small 
current of air passing between the plate and disk might make 
all the difference in deciding whether the disk received much 
or little radium C from the plate. The distance between th» 
disk and plate was therefore increased as far as was possible 
without rendering the amount of radium C reaching the disk 
unmeasurably small. With the disk 2:5 centimetres from the 
plate, and using the active deposit equivalent to *2 milligram 
of radium bromide on the surface of the plate, it was found 
just possible to make the required measurements. Even in 
these circumstances the experiments were difficult to perform 
with any precision, for, as bas been mentioned above, the 
amount of radium C expelled from a plate coated with a 
definite quantity of radium B is a variable quantity, and it 
was therefore necessary not only to test the quantity of active 
deposit on the plate before starting an experiment but also to 
determine its power of radiating radium C. Unfortunately, 
the measurements were still further complicated by the 
changes in the radiating power of the surface when left to 
stand : the surface had therefore to be tested after as well as 
before an experiment, to make sure that it had not changed 
enough to completely vitiate the results. Surfaces have 
never yet been obtained which maintained their power of 


Proc. Phys. Soc. Voi. XXII. Pl. /. 


Fre. 2 
5340 ee Fre. 4. 
N Ea : 
| Fig. 3. A | 
| 5° 103840 *ul x | k hee 3 | 
15 A | | 
2 | 
| 02840 | = LAS | m af | | 
I-03440 a | | [| 
| 
ae e / O E | 
e 
x p rms i 


k02640 


/ , 02240 
| * 
<= X 1:01840 


/ 


40 i Z 4i / ^ as eee ot ERN. i Q 
WESTON CELL. j E 
Q | x 
SUITABLE VOR | 
D USE IN | ES 4 is 
V | 2 € | 
- e acc : 30? Q 0 X ji | 
V / S Q | 
SSH OS | | | 
ONES AS | 
: HERS | 
—— E A » i Q 
E 3 UNSUITABLE FOR | 
OSL VIV | 
/ WESTON CELL. | 
j T IN 
HA f 


cy ok 
-00840 x í x 
| 01040. — E = : N 
| 5 
nt S 
00640 E za] ^ / i 
100340 
| i0 EM 
| I-00240 RON m | | 
(099840 x ZEMFERATURE 
SSS EET N | m MS 
0° 10? 20° 30°, X ag? 50? 
0 4 8 E 16 20 
PERCENTAGE | OF CADMIUM. 
5 10 15 ai 


/ 


VIVA 


<y 


Pay /U. / : 
C» C» 
On Co 
ID» I 
ums a 


pu 
i 


d 
We 


O 
D 
o 


| 
OF CEOMIU. | 
FERE PP TREE ee | 


Digitized b Goo gle 


Proc. Phys. Soc. Vol. XXII. Pl. 1I. 


t- t- t- 

m b hod Pel 
pmi e ~~ N 
~p e e 


BEVAN, 


3102 
3034 


Fic. 1. 


Fic. 2, 


SCOBLE. 


SNO 


STREss looota 


ov 
o 


PRINCIPAL 


Fre. 1. 


— [ x 


Momenrs. 


ORIGINAL STEEL Bars. 


FIG. 4. 


POESIE EN 


@TABLEA Sotto STEEL 
X « B STEEL Tvaés 
© " C COPPER TUBES 


HL 
^ 


- 


HEUS UNE 


pi 


TIwisT!NO &. 
Benping Moments 
AT YIELD: Soiio 


DRAWN STEEL TUBES 


o 500 BeNoinG 1000 
MomMeENT. 


30000 


o Minimum “10000 Principal 720000 


x X—X 


LBS./Ns. 


1500 


-30000 lbs; 
"S. 


Proc. Phys. Soc. Vol. X XII., Pl. ILI. 


Fie. 3. 


cepas 
INS 
looo 
W 
3) 
G 
t 
|? 
500 
RI Twisting & B ENDING 
D E Moments 
Copper Tuees. 
Oo 500 BENDING looo LBS.INS. 1500 
MomENT 
Ire. 6. 
IbsZ n 
20008 
Principal Stresses. 
: Cuesrs Copper & 
Vv 
ME 
t Brass Tubes. 
e 
U) 
15000 
E 
Q: 
T 
c 
c 
Q 
10000 
E N | 
x N 
5000 
[0] — 5000 — 10000 


Minimum Principal Stress. Ibs/s.in. 


COPPER ZuBE X 

x x - Xi 
© BRASS ~- XI 
xl 


Digitized b Goog le 


p 


RECUIL OF RADIUM C FROM RADIUM B. 161 


radiating radium C perfectly satisfactorily, but the changes 
were erratic, being sometimes very large and sometimes 
comparatively small. Only those experiments were made 
use of in which the changes of surface were reasonably 
small: other experiments were rejected. 

The method of conducting an experiment consisted in 
exposing a platinum plate, mounted on an iron disk to give it 
rigidity, to some radium emanation for several hours. The 
plate was then removed from the emanation and allowed to 
stand for three-quarters of an hour to allow radium A to decay 
to an inappreciable amount, the emanation adhering to the 
plate being driven off in the manner already described. The 
activity of the plate having been measured by a y-ray 
electroscope, it was mounted on the support A and the disk B 
was suspended 2:5 cm. above it to receive the radium C 
expelled from the plate. The air in the vessel V was then 
pumped out as quickly as possible by a Gaede pump, and after 
20 minutes the disk B was removed and tested by a sensitive 
a-ray electroscope. It was noticed that both sides of the disk 
were radioactive when tested, though the activity of the front 
side of the disk which had faced the radiating plate was always 
greater than that of the back. Now no active matter could 
have reached the back by direct radiation, and its activity was 
at first attributed to traces of emanation left on the plate and 
gradually escaping from it. But it was subsequently shown 
that this was not the case ; for when the disk was exposed to 
an active plate for a long time, so that all the radium B and 
radium C present had decayed, neither side of the disk showed 
the slightest activity. No doubt the real explanation of the 
effect is that a portion of the radium C emitted by the plate 
is stopped before reaching the disk by the residual air left 
even at very low pressures and then diffuses round to the back 
of the disk. In order to find the amount of radium C directly 
shot on to the disk, the activity of the back of the disk was 
subtracted from that on the front. 

After exposing a disk in this way another similar one was 
then suspended above the plate, and the pressure of the air 
in V adjusted to any desired value which was read on a 
McLeod gauge. After 20 minutes this disk was removed and 
tested,and a third one was inserted and exposed to the radiation 
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for 20 minutes in vacuo. Allowing for the decay of radium B 
on the plate, it was easy to caleulate the amount of radium € 
which should have reached this third disk in terms of the 
quantity which reached the first disk exposed. If the quantity 
of radium C found on the disk proved to be very different from 
the calculated amount, the experiment was rejected ; in other 
cases, the mean of the two readings obtained in vacuo was 
taken. In this way it was possible to get some idea of the 
law of absorption of radium C by air. The results are given 
in Table J. and fig. 6, below. The absorption at different 
pressures can be seen from the last column, which gives the 
quantity of radium € reaching the disk, the mean of the two 
vaeuum readings being taken as 100. 


TABLE I. 
NEN gh een LR LEAL 
s | Activity in Arbitrary Units. | er ae 
i ETRA Ss m o UN the Mean of | 
“of Mercury. | Front. Back. E " m | 
0114 | 85 36 49 88 
‘019 1040 182 858 61 
| 020 | 952 56 196 64 
EE | 226 61 165 72 
| 036 | 347 65 282 53 
| Ot | 186 66 120 35 
| 043 88 44 44 46 
| 045 333 | 145 188 49 | 
| 066 89 31 57 24 | 
| 073 90 | 38 51 14 


Although the results are not very consistent, the order of 
magnitude of the absorption can be seen from the numbers 
given. By a comparison with the absorption of the radiant 
matter from the emanation condensed at the bottom of a tube 
in liquid air, studied in a previous paper, it will be seen that 
radium A and radium B, when expelled as the result of a 
recoil from an @ particle, can penetrate only about 40 times 
as much air without being stopped as radium C when. it 
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recoils as the result of the emission of a 8 particle from 
radium B. Now it has already been calculated that the 
energy possessed by radium C should be less than one- 
millionth of that possessed by radium A or radium B after 
recoil. The order of magnitude of the absorption of radium C 
is therefore far smaller than was to be anticipated. It is 


Fiz. 6.—Absorption of RaC by Air. 
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difficult to explain this discrepancy ; if an @ particle of slow 
velocity were expelled during the transformation of radium B 
into radium C, the difficulty would be removed. But it must 
be admitted that the possibility of the existence of an un- 
detected « particle in this transformation seems remote in 
view of other evidence. 

There still remains the question whether all the excess of 
activity on the front of the disk over that on the back at the 
higher pressures is due to radium C projected directly on to 
it, or whether some of it finds its way there by diffusion 
after having been stopped by the residual gas left even 
at the highest obtainable vacuum. To test this possibility 
the following experiment was made :—According to the 

MZ 
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procedure already detailed, a brass disk was fixed 1:4 centi- 
metre above a radiating surface, but shielded from direct 
radiation by a copper screen placed between the surface 
and the disk so that any activity obtained on the disk 
must have reached it by diffusion. The exposure lasted half- 
an-hour in vacuo, and on removal the disk was found to 
have a very small activity both on the front and back, the 
activity on the two sides being almost exactly equal. This 
showed that the excess of activity obtained on the front of 
the disk over that on the back in previous experiments is not 
due to diffusion, but to radium C projected directly on to the 
disk. 


The Electrical Charge of Radium C. 


During the course of this work several attempts have been 
made to ascertain whether radium C becomes charged with 
electricity at the moment of its formation from radium B. 
Assuming that radium B emits only B particles, a simple 
calculation shows that if radium C is charged, a field of 
500 volts per centimetre between the plate and disk (fig. 1) 
should suffice to cause the recoiling atom to return to the plat» 
from which it started after travelling 415 millimetre. 

All attemps to stop radium C when it recoils by. an electric 
field have failed, indicating that radium C when formed from 
radium B either remains electrically neutral or, as'is sug- 
gested by the absorption experiments Just described, the 
energy of a recoiling atom of radium C is, for some unknown 
reason, greater than has been supposed. 


We have again to thank Professor Rutherford for his 
kindness in supplying us with the necessary radium emanation 
and also for his interest in this work. 


ABSTRACT, 


It has been shown in a previous paper, that during a radioactive trans- 
formation involving the expulsion of an a particle, the residue of the 
atom from which the a particle has been expelled recoils in an opposite 
direction to that in which the a particle is emitted, and can travel a 
considerable distance through a gas if the pressure is sufficiently low. 
A similar effect was also demonstrable in the case of the transformation 
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of radium B into radium C, although this transformation is supposed 
to be accompanied by only 8 rays. The phenomena associated with this 
recoil are studied in this paper. 

In the first place it was found that it was only in certain circumstances 
that pure radium C free from radium B was projected from a plate 
coated with radium B and radium C. The reasons for this were two- 
fold: firstly, only a very small fraction of the radium C produced from 
radium B escaped from the plate so that even a small quantity of 
radium A on the plate was capable of emitting a comparatively large 
quantity of radium B. Secondly, the active deposit on a plate appears 
to be concentrated into heaps, so that radium C in breaking up mechani- 
cally carried with it some radium B. If, however, sutticient time is 
allowed after removing a plate from the emanation for radium A to 
completely decay and if, further, sufficiently small quantities of deposit 
are used to avoid the formation of heaps, practically pure radium C is 
emitted. 

The law according to which the radiation fell off with distance was 
also studied, and it was found that radium C is not emitted from an 
active plate equally in all directions, a greater quantity being emitted 
normally to the plate than in directions making an angle with the . 
norma]. | 

The absorption by air of radium C when it recoils from radium B was 
investigated. Although the experiments were difficult to perform owing 
to the ease with which the radium C is stopped by the air and owing to 
uncertain changes in the radiating power of the plate, it was possible 
to get some estimate of the penetration of radium C. It was found that 
about half the radium C projected from a plate was stopped by 2:5 cms. 
of air at a pressure of 0:04 mm. mercury. Since radium B emits only 
B particles, the energy of recoil in this case should be less than one- 
milli nth of the energy of recoil in a transformation in which an 
a particle is emitted. The fact that the penetration of radium C when 
it recoils is as much as one-fortieth of that previously found for radium 
A and radium B is therefore surprising. 

All attempts to stop radium C by an electric field when it recoils have 
failed, indicating that radium C when formed from radium B either 
remains electrically neutral or, as is suggested by the absorption experi- 
ments described, the energy of & recoiling atom of radium C is for some 
unknown reason greater than has been supposed. 
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XIT The Sun's Motion with respect to the Ether. 
By C. V, Burton, D.Sc." 


l. Soxz time ago, in a letter to ‘ Nature,’ I ventured to 
point out thai. the Sun's velocity with respect to the ether 
could be deduced from the observed times of the eclipses 
of Jupiter’s satellites. At that time it was unknown to me 
that the following remark on the same subject had been 
made by Maxwell t :— 

“The only practicable method of determining directly the 
relative velocity of the sther with respect to the solar 
system is to compare the values of the velocity of light 
deduced from the observation of the eclipses of Jupiter's 
satellites when Jupiter is seen from the earth at nearly 
opposite.points of the ecliptic.” 


If for brevity we speak of the motion of the esther with 
respect to the solar system as a wind, the essence of the 
matter might be expressed bv saying that light from Jupiter 
would reach us more quickly when that planet was to wind- 
ward of us than when it was to leeward; the wind-velocity 
being in the former case added to, and in the latter case 
subtracted from, the velocity of propagation. Maxwell’s 
reference to Jupiter as “scen from the earth at nearly 
opposite points of the ecliptic” is evidently a mere slip. 
The context makes it clear that the very simple essentials of 
the problem had been fully realized. 

2. Thongh some thirty yeurs have elapsed since Maxwell 
wrote, attention does not, seem to have been directed to the 
subject in any effective degree; yet from the standpoint of 
electromagnetic theory, great interest attaches to any physi- 
cally possible method of determining motion with respect to 
the ether; while from an astronomical point of view the 
results to be looked for are no less important. Unfortunately, 
owing to the small inclination of Jupiter’s orbit to the 
ecliptic, we are virtually restricted to a problem in two 
dimensions. The present would seem to be a favourable 


* Read November 26, 1909. 
+ Encyclopedia Britannica, 9th ed., article “ Ether." 
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time for directing the attention of astronomers and physicists 
to these questions anew ; on the one hand because Prof. 
Kapteyn's diseovery of two principal star-drifts makes it 
important to determine the motion of each drift with respect 
to the zther, so far as we can; and on the other hand because 
the material needed for the computations will soon be avail- 
able. The Harvard photometric observatious of the eclipses 
have been very fully discussed by Prof. R. A. Sampson, in 
a memoir which is about to appear as vol. lii. pt. ii. of the 
Harvard Annals *. 

3. Let the origin of coordinates coincide always with the 
sun's centre, the coordinate axes being in directions fixed in 
space. Atany time ¢ let the coordinates of Jupiter's satel- 
lite I. be (', y/, 2’) and those of the earth (x, y, 2) ; let the 
velocity of the sun with respect to the ether have components 
(a, b, c) in the directions of the coordinate axes, the assump- 
tion being made that this velocity does not vary sensibly 
within the period covered by the observations considered. 

4. Let an eclipse of satellite I. be observed at time t’; then 
the eclipse actually occurred at some previous time tz t'— 7, 
when the coordinates of the satellite were 

fa'— (a+ a)r, y'—(b+y')t, z-—(ecz)r); . (0) 
the axes of reference being here understood to have the 
same position in the ether as our heliocentric axes have at 
time 4. In the interval of time 7, therefore, light has 
travelled through the sther from (1) to a point whose co- 
ordinates, referred to the same axes, are (z, y, 2). It may 
be provisionally assumed that a+.2’,b+4',¢+2' are small 
compared with V,the velocity of light ; the distance between 
(1) and (x, y, 2) is then approximately 


r+ - (Ea 2) 0-3) +l) . . (2) 
where 
E n, C= a—a',y—y’, z—2, and 7? = (e—a')* + (y—y')? (:—z' y. (3) 
5. Since (2) has to be equated to Vr, each observation 


* Since this note was written Prof. Sampson has favoured me with 
ecme advance sheeta of his work, wherein are tabulated just those 
residual errors from which the Sun's velocity has to be computed. 
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furnishes an equation of the form 
Vr—r—t/r. (E(a 4 a) +(+ JP) - £(c-2*)] =0 ; 
or, remembering that r/r is very approximately equal to V, 
Elate) tty) Ee Z)— V(Yr-77) —0. . (4) 


Now (a!, j', z^) is the resultant of Jupiter's orbital velocity 
and of the velocity of satellite I, in its orbit around the 
planet. At the time of an eclipse it may amount, perhaps, 
to 22 kilom. per second, which is about half the smallest 
possible estimate of the probable error in the most favourably 
conditioned velocity-component (a) [see (11) below]. More- 
over, the error introluced into a, b, or c by neglecting 
&', Y’, and 2 would be a very small fraction of 22 kilom. per 
second, and accordingly equations (4) may be simplified by 
the omission of ‘zr’, 9’, z'. 

6. These simplified equations can be treated by the method 
of least squares. In this preliminary discussion, all the obser- 
vations are taken to be of equal weight, so that we have 
simply to make the sum of the squares of the left-hand 
members of these equations a minimum with respect to a, 6, 
and c. Thus 


aXP FÓXEQ4cLULIVERVT—TY) 
aX£n 4 bin? +clnl=Vin(Vr—r) >; . . (5) 
aXt£ + bint eX 2 VEV Tr) 


and from these equations values for a, b, c can be at onco 
written down. 

7. Before discussing the choice of axes, it will be convenient 
to obtain general expressions for the probable errors of a, b, 
and c. The residuals Vr—r may be regarded as the sole 
source of error, since all the other quantities involved in (5) 
are known with ample accuracy for our purpose. In dealing 
with the various errors which may affect the values adopted 
for the quantities Vr—r, let the suffix , distinguish true 
values, while the suffix , indicates those quantities which are 
variable from one Vr —r to another. Thus let 


VzVeo- o, Prod kry . . . . (6) 


so that v is the error in the accepted value V for the velocity 
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of light, and & is the proportional error in the value assigned 
to the solar parallax. (The angular magnitudes involved in 
our estimate of r can be so accurately ascertained that no 
appreciable error can arise from them.) 

8. Again, let (ro), denote the time actually taken by light 
to travel from the satellite at mid-eclipse to the observer. 
Then, (To), being the difference between the apparent and the 
actual time of mid-eclipse, the value 7, which is available to 
us will be liable to differ from (7,), owing to three sources of 
error ;— 

(i.) The irregularity of Jupiter's surface causes the actual 
eclipses to succeed one another at intervals of time which are 
sensibly discrepant from those calculated theoretically. Thus 
T, is affected by an error of prediction which is periodic or 
quasi-periodic * in character, and which we denote by y,. 

Cii.) There will also necessarily be some slight uncertainty 
as to the epoch of the actual eclipses, and 7, will on this 
account be liable to a small constant error (y). 

(iii.) In determining the apparent time of mid-eclipse, an 
error of observation is incurred; let the error thus intruduced 
into the value of v, be called v,; we have accordingly 


Te=(To)etXstytue e... (7) 


9. For any single eclipse-observation, to a sufficient 
approximation, 


Vr—r z Vyrg— ro + V(v, 4 yi y) T 10 — Ár. . œ (8) 


Without, in the first place, taking account of the motion of 
tho solar system through the æther, we may make y very 
small by making use of a number of eclipse-observations 
extending over at least one Jovian year. Moreover, y only 
enters into our results in association with factors which tend 
approximately to disappear in the long run ; its effect may 
therefore be disregarded. For similar reasons our final 
results will not be appreciably affected by the small errors v 
and k. (When the numerical values of a, b,c have been 
found from (5), it will be possible, without much additional 
labour, to determine more definitely the influence of given 


* Though Prof. Sampson tells me that no period has been recognized 
in the residual errors. 


—— Hueso Ee m m e s i e À — 
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errors y, v, k on the values found for a, b, c, as well as the 
probable errors in a, b, c arising from an assumed “all 
round ” value for the probable observational error corre- 
sponding to a single eclipse. For the present we must be 
content with a more tentative estimate of the accuracy to be 
expected.) 

10. Finally, since the residual effects for whieh we are 
searching depend on the direction of the line drawn from 
the earth to Jupiter, and have thus a principal period of 
about 12 years, it is especially important for our purpose 
that the Jovian system should be free from any influence 
having an approximately equal period, and capable of affect- 
ing the times of eclipse of the first satellite. Prof. Sampson 
kindly went into this question with me, and found that no 
disturbing influence of the period in question was to be 
feared. We may accordingly confine our attention (in this 
preliminary discussion at least) to the errors typitied by 
Xs + Us. 

11. Referring now to equations (5), we find that the error 
X. +v in a single observation gives rise to an error in a 
equal to 


y? Es Eén XU | 2E Xi SEE | 
Nc ve) 5, Xy Eng |; where DZ 2h an? Inf 
p 2nf XD IU x» xp | 


Thus if e represents the all-round probable value of the 
error x ,4- v, for a single eclipse, we shall have 


a (E EEn XE 
p.e. ina= SE Ns Èy Iné t 
| Es Zt 2c i 


= VD (Enp — Ent. Ene; . - . CY) 


as is found on expanding and simplifying. The probable 
errors in b and c can of course be similarly expressed. 

12. In order to obtain a preliminary notion of the con- 
ditions of the problem without undue labour, I have considered 
a simplified system which is not strictly speaking a dynami- 
cally possible one, but which represents the actual system 
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sufficiently nearly for the purpose in view. The observer is 
supposed to be carried uniformly round the sun in a circular 
orbit whose radius It is equal to the mean radius of the earth's 
orbit, the time of revolution being one year. The Jovian 
system is supposed to move in a very slightly elliptic orbit, 
with the sun at the centre of the ellipse, the inclination, $, 
of this orbit to that of the observer being 1? 18' 41", which 
is the actual inclination of Jupiter's orbit to the plane of the 
ecliptic. The excentricity of the modified orbit of Jupiter 
is such that its projection on the plane of the observer’s orbit 
is a circle, this circle being uniformly described in 11 years 
315 days, and having a radius R' equal to the mean radius 
of Jupiter’s actual orbit. To take account of the fact that 
eclipse observations are impracticable for some time before 
and after Jupiter is in conjunction, an eclipse is considered 
as possibly observable only when the angle earth-sun-Jupiter 
lies between the limits + (y — 102^, say). Between these 
limits, eclipse observations are taken to be uniformly frequent 
and uniformly weighty. With the axis of æ through the 
node of Jupiter’s (modified) orbit, the axis of y in the per- 
pendicular direction in the plane of the ecliptic, and the axis 
of z perpendicular to the ecliptic, the results found are 


(p.e. in ay- 2v e. 5 € € i 
n 'R?—-9?]UHRsin Yip 4 R? 
14:2 
(p.e. in b) = 2V i . l , (10) 


n ` R? sin” yy?) 
. .9 2V4e? JG—2R'R sin Y/p +R? 
Paa a iu lc A P ae 
(eam ores eur eS TREES cinta) 

13. In these expressions R=148 x 108 kilom., R/R=5-2, 
V z3 x 105 kilom. per second, $ — 1? 18' 41"; n, the number 
of available observations, is about 330; and e, the “ probable ” 
discrepancy between the observed and calculated time of an 
eclipse, is estimated by Prof, Sampson at about 4'5 seconds, 
The numerical values thus derived from (10) are 


TRE b=237 93) » 
» » rz 10,000 » ” 


p.e. in a=44°0 kilom. per second 
(11) 
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14. The determination of the velocity-component c (per- 
pendicular to the plane of the ecliptic) is so badly conditioned 
that the investigation can hardly be considered to afford 
any light on that point. It may be admitted as probable 
that the velocity of the solar system through the ether is 
very far below 10,000 kilom. per second ; otherwise we 
should have to suppose (for example) that practically all stars 
whose radial velocities have been measured are moving 
through the ether with velocities of thousands of kilometres 
per second. This certainly appears unlikely, though perhaps 
the possibility ought not to be too lightly denied. An in- 
direct argument against a vory high velocity of the solar 
system may be derived from other considerations. For we 
know that the velocity components in the plane of the ecliptic 
must be relatively moderate, otherwise there would be a 
marked anomaly, having a period of about 12 years, in the 
observed times of the eclipses of Jupiter’s satellites*, and 
a priort it is unlikely that the velocity of the solar system 
should be nearly in some arbitrarily assigned direction, such 
as that perpendicular to the plane of the ecliptic. 

15. On the other hand, if we begin by admitting complete 
ignorance regarding the velocity-components to be deter- 
mined—save only our assumption that they are small com- 
pared with the velocity of light—then 10,000 kilom. per 
second will represent approximately the probable error in 
the value of the component c ; and in general the determi- 
nation of the component of velocity resolved in any direction 
in space will be affected by a large probable error arising 
from the uncertainty in the value of c. On this view, the 
exact choice of coordinate axes becomes of importance, the 
relatively large probable error in b given by (11) being due 
to the influence of the error in c. So long as the axes 
remain as specified in $12, this unduly large error in b can 
only be avoided (if at all) by an excessive arbitrary weighting 
of the observations, so designed as to secure the vanishing 
of the coefficient of c in each of the first two ot equations (5); 
these two equations being then solved for a and b. 


* It may be hoped that the investigation now proposed will indicate 
these components more definitely, or at least a superior limit to them. 
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16. In the simplified problem of $12, it appears that, 
without special weighting of the observations, the probable 
error in the velocity-component b can be greatly reduced by 
a slight change of axes. Theaxis of z remaining unchanged, 
the axes of y and z are to be rotated in their own plane 
through a small angle; and if the velocity-components along 
the new axes are called a, bı, cj, it is found that the probable 
error in b, is a minimum when the axis of y lies very nearly 
in the plane of Jupiter's (modified) orbit. If we take that 
plane as the plane of zy, the probable errors, corresponding 
to our simplified problem, are: 


» bj 455 » » 
„ €;710,000 ,, 3 


(12) 


39 


p.e. in a =440 kilom. per "i 


2 


using 330 observations, each with a probable error of 4:5 
seconds. 

17. In the absence of definite reasons to the contrary, it 
would be natural to take the plane of the ecliptic as one of 
the coordinate planes, but it appears that, by taking the plane 
of Jupiter's orbit instead, we can avoid increasing the pro- 
bable error of one velocity-component (b or 5j) by an unknown 
amount, and this without adding seriously to the labour of 
computation. In the actual problem, therefore, it will pro- 
bably be advisable to determine the values of two velocity- 
components in the plane of Jupiter's orbit, using for this 
purpose equations corresponding to the first two of (5), and 
causing the coefficients Xf, nf to disappear as nearly as 
may seem necessary by a moderate spocial weighting of the 
observations. We may then proceed more tentatively, on 
the assumption that c is moderate, to identify the velocity- 
component b; so found with the corresponding component b 
in the plane of the ecliptic. If, for example, on general 
grounds, and in the absence of any positive information, we 
assume c=0 +500 kilometres per second, the probable error 
in b thus arising will be approximately 12 kilom. per second, 
an the total probable error in b will be about ¥ (15:52 4- 12?) 
= 47 kilom. per second. 


17t THE SUN’S MOTION WITH RESPECT TO THE 2 THER. 


l hope very shortly to consider this problem more in 
detail ; meanwhile I wish to thank Prof. Sampson for his 
kind and most helpful advice. 


Boar's Hill, near Oxford, 
9 October. 1909. 


ABSTRACT. 


Nothwithstanding the well-known “principle of relativity,” it ia 
theoretically possible to determina the motion of the soiar system with 
respect to the æther from observations of the eclipses of Jupiter’s 
satellites; and the possibility was indicated by Maxwell some 30 years 
ago. For convenience, the motion of the wether with respect to the 
sun may be called a wind, and the method proposed is based on ths 
consideration that the tidings of an eclipse will travel towards us more 
rapidly when the Jovian system is to windward of us than when it 
is to leeward. The residual discrepancies between the observed and 
calculated times of eclipses have to be analysed for systematic dif- 
ferences depending on the direction in space of the straight line drawn 
from the earth to Jupiter, and formul:e are given for finding by the 
method of least squares the most probabie values of a, b,, ¢,, the com- 
ponents of the Sun's velocity with respect to the ether. The material 
available is to be found in Prof. R. A. Sumpson’s discussion of the 
Hazvard photometric eclipse-observations ; about 330 eclipses of Jupiter's 
satellite I being included. 

In order to obtain a preliminary notion of the accuracy to be expected, 
a simplified system has been considered in which (for one thing) the 
eccentricity of the orbits was virtually neglected; and it appears that 
some advantage is to be gained by taking the plane of Jupiter’s orbit, 
rather than the ecliptic, as one of the coordinate planes. The axis of x 
is drawn from the Sun's centre through the node of Jupiter’s orbit, the 
axis of y lying also in that orbit, and the axis of z being perpendicular 
thereto. Taking 4'5 seconds as the “probable” discrepancy between 
theory and observation for a single eclipse, the following preliminary 
estimates are obtained :— 


Probable error in a = 456 km. per second. 
n » b, = 45:6 » » 
» » c, = 10,000 ,, ” 


The determination of the component perpendicular to Jupiter’s orbit is 
perhaps too badly conditioned to be worth considering; the two com- 
ponents in the plane of Jupiter's orbit can be much better computed, 
and even if the velocities found do not exceed the probable limits of 
error, an upper limit to the numerical values of those components can 
be assigned, 


E 


ON SATURATION SPECIFIC HEATS, ETC. 175 


XIII. Saturation Specific Heats, &c., with van der Waals’ and 
Clausius’ Characteristics. By RosERT E. Baynas, Af. A.* 


[Plate IV.] 


Over twenty years ago, and shortly after reading Planck’s 
1881 Memoir “ Die Theorie des Sattigungsgesetzes”” in 
vol. xiii. of Wiedemann's Annalen, I calculated in the follow- 
ing manner the values for different temperatures of the latent 
heat of vaporization and of the saturation specific heats 
on the assumption of van der Waals’ equation, as also the 
values of other magnitudes. I did not publish my results 
as the equation does not represent actuality ; but such of 
them as have not since been published by others I desire 
now to record, since they contrast very greatly with the 
results of similar calculations which I have lately made on 
the assumption of Clausius’ characteristic. 

The thermal capacities of a fluid with van der Waals’ 
characteristic 

(p+av-?)(v—b) = Rt 
being defined by 
dH = &dt 4- ld» = Kat + Ldp, 


their values are 


Re R 


T aes NEM vb ç 
|». 1—2a(v—b)?/Rév® 


where & is in the general case a function of t. 
Their further calculation is simplified by using the charac- 
teristic in its ‘reduced’ form 


(ar + 3v-?)(3v—1) = 8r, 


in which the units employed are the critical values P, V, T 
of the pressure, volume, and temperature respectively, in 
terms of which we have 


a=3PV?, b=1V, R=8PV/3T; 


* Read January 21, 1910. 
VOL. XXII. N 
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and if,to simplify our calculations, we introduce * a new 


variable u defined by 
p= +,/{(38v—1)?—47¥*}, 


which will be real in all the cases we need consider, and for 
shortness of expression put 


A = 3v—], B = 34(3v—1—p), C--1(3v—1l-cp), 
H — 3(9v—1 +p), D=}3(38v4+1-p), E=}(3v4+1+4yp), 

F—1ü0-3-4, G = 48—-3»+p), 
we have 


T = BO, T = ADE/8v, 
I/P = DE/?, (K—&)/R = DE/FG, L/V= —ADE/3FG. 


To determine the variations of the thermal capacities we 
may plot their values for given values of 7 against the values 
of v or v. We easily see that the lr, La, Lv curves may 
present singularities while the ly curves do not; that the 
value of K —h, which is positive except when v lies between 
l+ł4p and 1— iy, i. e. except when v lies between the largest 
pair of the roots of the equation 4r»? = (3v —1)? which are 
all real when r« 1, is always a maximum when v=1 what- 
ever the value of 7, the maximum value for r being Rr/(r— 1) 
and the corresponding reduced pressure being 4r—3; that 
K—& has also a minimum value R when v— 4, this being 
also its value for any value of 7 when v=o. 

If the isopiestic for m cuts the isothermal for r in three 
points and v, v”, v' denote the corresponding volumes in 
ascending order of magnitude, then, if y is defined as above 
strictly with reference to v, 


v" = v/C, v' = v/B, 


and the heat-capacities corresponding to v', expressed in 
terms of v, are given by 


l/P = ABD/?, — (K'—&)/R = AD/4G, 
L'/V = — ADE/34BG. 


* This variable was also employed by Ritter, Wien. Sitz.- Ber. J uly 
902. 
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Case of Saturation. 


Now, if m is the saturation-pressure at 7, we have also the 
relation 
3(a +3/vv) (v —v) = 8r log { (3v — 1)/(3v—1)], 
so that, in the case of saturation, y and yw are connected by 
the relation 
log (E/AB) = 3GH/ADE, 
which may be looked upon as the equation of the liquid side 
of the connode or boundary curve. 

[ The equation of the vapour side of the connode is of the 
same form but with the sign of ø changed ; for we similarly 
obtain 
lo 3»' -1—p4 _ v (3—-3v —W)(9v 1-47) 

8 (3v —1)(8/ —1-c-u) (3v —1)(3v +1 +3 4+1—p!) 


if w= + of {(8r—1)?—4rv*}.]. 


From the above equation we may determine the value of v 
for any value o£ 4, or vice versd, and then at once obtain the 
corresponding values of the saturation pressure, temperature, 
and vapour volume r, T, V, as well as of v”, so that we can 
easily plot the curves connecting these magnitudes with p, 
or indeed with v or T, &c. 

We easily find that 420 for both y-3 and v=1 and that 
it has a maximum value :3065658, to which correspond 
y='5430962, v= 3°365713, w= "4713545, 7 —:8371466. 

We further find, by somewhat laborious work, for the case 
of saturation 


l dv P 
a = BFH/A», dy = —EF/LAB, 


d 
2 = DEF/8v'; 
and consequently 


dr dy "T 
q, "8BH/ADE,  j-—-8V/4ABD. 


The saturation specific heats 


s = K + Ldp/dt, | s — K' + L'dp/dt, 
N 2 
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are thus given hy 
(s —&)/R = (DE—BH)/FG = 3v/F 
(k—s’)/R = (H—AD)/uG = 9v/p, 


whence also 


($—35/R = 3vG/uF. 
Furthermore, the latent heat of vaporization X is given by 
A/PV = (y —v)r dm [dr = GH/v ; 
the work of vaporization w by 
[P V = m (vy —») = CG[v? ; 
and the real latent heat A! by 
A/|[PV = MPV —m(y —v) = 3Gjv. 


We may hence tabulate the values (p. 179) of, and plot 
curves for, all the above magnitudes with either v, v, or T for 
abscisse (Pl. IV.), and we at once see that : 

(i.) $—R is always positive, increasing from R to » as T 
increases from 0 to 1 : 

(ii.) $'—hk is always negative and has a maximum value 
—4°95824R when p = 288953, to which correspond 
y ='477565, y = 6:64469, m ='238098, 7 —:724335 ; it is 
—o when 7 is either 0 or 1: 

(ili.) inversion in the sign of s’ (which is negative for the 
highest and lowest temperatures) will therefore take place if 
&/R>4°95824, or, on the assumption that &/R=N +4 for an 
N-atomic gas, if N 24:45824, so that inversion will occur if 
the gas has at least five atoms in its molecule: 

In van der Waals’ lately published Lehrbuch der Thermo- 
dynamik, edited by Kohnstamm, it is found by an approxi- 
mate calculation that for 8’ to be positive x = 1+R/& must 
be less than 19/17, which is equivalent to &/R>8°5. Dalton 
(Phil. Mag. April 1907, p. 537) has given the condition 
«<1:202 by an interpolation method, and the foregoing 
calculation gives «<5°95824/4°95824 = 1:20168. 

(iv.) $—s’ is always positive and bas a minimum value 
1:00789 R when p =°262535, which corresponds tov= "445963, 
y =11°8364, 7 —:127530, r= "642488 ; 
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l: 
1:1053 


Van der Waals’ characteristic 


| 
| (s &)/R. (&—g’)/R. |8—8')/R. 


oo 
22:1053 
15°6744 
13°9181 


z(v'—»). 


A'[PV. 
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(v.) the work of vaporization has a maximum value 
147215 PV z:55206 RT when 427281990 (as also found 
by Ritter), to which correspond v 2167237, v’=7°80538, 
ar =°200617, 7—:700110 ; it is 0 when 7 is either 0 or 1: 

(vi.) the greatest value of both X and A’ is 9 PV = 27 RT/8, 
this occurring for p=0, v=}, r=0, r=0, and both decrease 
continuously to the value 0 at the critical point. 

Inversion of the sign of s' occurs where $'—0, that is, 
where 3v/u=&/R, and we can easily see, as was pointed out 
by Raveau* and earlier by Duhem, that this is at the points 
where the entropy along the vapour side of the connode has 
critical values. 

On the assumption that k/R=N +$ we may therefore 
determine the temperatures of inversion for different values 
of N either graphically (i.) from the diagram of the values 
of (k—s')/R in terms of r or (ii.) from the diagram giving 
the values of v», 7, T in terms of p, by finding the inter- 
sections of the lines 3v/u=N +4 with the vp-curve, or thus 
by calculation. 

If we put n = 3(N —4)/(N + 3), the desired points on the 
connode correspond to 4-(3—7)v and are therefore given 
b 

lo (6—n)v+1 3v(3—nv)1(12— n)» —1) 
°8 (3v—1) (nv—1) ~ ($y I) (nv D) (6 —n)v +IP’ 


and for these we have 

w= (ny —1)1(6—2)y—1) / 4 

T= (3y — 1) (nv 4-1)1 (6—1)v +1} / 327. 
We also have for these points 


v —2v[(3y —1— p) = 2v[(nv — 1), i. e. v=v | (nV — 2), 
or 


log (3v'—1) (nv'—2) | 3v(nv/—3)((6—5)/ +1} 


(—2)/4-2 ~ (8v'—1)(nr/—1){(3—n)v +2} 
T — (n/—2){(3—n)v'+1}/r’3 
T= (3y/ —1)(n/ — 1) (8 2) +2} /8y'3, 


* Journ, de Phys. 1892, p. 461. 
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We thus get for the points where inversion of $' occurs 


21036: "0000315 | 24849 


N. »'. x. T. v'. T. r. 
5 29855 | 52627 | 85816 23706| -05875 | 56175 
6 2.1289 | 69946 | 91068 77-769 | -01533 | -45950 
7 18064 | -78806 | -94319 | 21200 | 00495 | 39785 
8 163 840 958 643-88 | 00172 | 35353 
9 152 873 -967 || 13628 |-000693 | 31918 
10 145 899 974 | 3389-4 |-000229 | -29136 
1 1:40 918 979 84301 | 0000848 | 96818 


12 1:34 '933 ‘983 


I have lately been interested to examine by this method 
the values of the heat-capacities, &c. of a saturated fluid 
in the neighbourhood of the critical point. For though 
v. d. Waals’ equation is not a correct representation of the 
behaviour of gases, yet it represents so near an approxima- 
tion that its indications are of value. 

If we put z =1—yv, then in the neighbourhood of the 
critical point u and x are very small so that we may expand 
the terms in the equation of the connode in ascending powers 
of u and x; we then obtain 


4—3r +p 3(1— x) (3824+ p)(8—9£ + y) 


V rn ee Ne e 
bE(3—3:(3—3a—2) O- 3e)(4—3e—p)G—Se+ p) 
=— i (Ba + p)?4 e— pt) (17.2? — 17 cp — 242) -- 1(8142 — 312" — Tap? p") 
T E (8374*— 887231, — 215. 9! — T9.ru? — 61^) + ...$ 
whence 
2 ,,16,,229, 
cept eet ope tigt t 
or 
pee, a - i ; 


1, 9 , 129 , 5967 ,.- 
1*7 20" T 200" 40007 T 
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If now we put -? =1—r7, we get 
26 227 , 13544 , 
dx ge s TN 
18, 147, 34 7992 ,— 
5 d "25^ 815^ "" 


2 
y/—1-42z4- T 214 Le 7992 z +... 


y= 1—2z4+ 


25 875 

T-1-— iz SL. 
(s-&)R- 5:71 1- 5; m Pr zo) 
(&— Ra c a seg Sty Dis. .) 


A/PV — 16:(1— 25:4 — 


T(v =y) = 441—252 Euh 


Thus in the neighbourhood of the critical point we may 

write zr —4Tr—3 or, with greater accuracy, 

T —1—:8(6r—1)(1— 7), 
and also A/RT—64/(1— T) or, with very great accuracy, 
A/RTz:12(27 + 237) / (1— 7); further, the work of vapor- 
ization is one-quarter of the latent heat. 

We likewise see that the mean of the saturation-densities 
near the critical point is *1(11— v) if -04(1— v)? is negligible, 
so that within this limit only the law of the straight diameter 
is exact with v. d. Waals’ characteristic. 


Saturation with Clausius’ characteristic. 
With Clausius’ characteristic 
Rt c 
P= ya (vt By 
the critical state is given by V=3a +28, P?=cR/216%, 
T?=8c/27yR, where y=Æ=aæa+; and if we write 
y — (v4- 8)/ (V +8), the reduced characteristic becomes 
T 3 


— 


a4 aye 
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In the case o£ saturation we obtain from Planck's memoir 
(loc. cit.) 


yv=}(r+l—rcosd), v'=s(r+1+rcos¢) 


_ 3 /9(r t 1)i r sin $ 
T= (9 sin? +2r+1) — 


B 6,78 (r? sin? $ —1) 
7 (rt Lyr sin! 6 + 27 + 1)rsin $ 


Ar — Srsinióc4ril 
RT ^ (x +1)rsin ¢ tang’ 
where pill. C09 pct? p X 
— log cot 1$ — cos ' 
our previous mode of calculation then gives for the saturation 
specific heats 


$—k nd h—s' 2(r)sin? $--2r-- 1) 
R R ^'^ singe — 
(rsin? $ — 1)? —3 (r +1) + (27?sin* $ — 1)r cos p 
X" (üsn$—l)rr2—r5sn$)-—32(r1l) ^" 


and the work of vaporization w is 4}RTrr cos $. 

Calculation for different values of $ gives the following 
table (p. 184), whence it appears that 

(i. $—k is always positive, is infinite for r=0 and r=1, 
and has a minimum value 15:333 R for 7—:83235: 
. (ii.) s' — & is always negative, is —o for r=0 and r=1, 
and has a maximum value — 11:355 R for r=°80579: 

(iii.) $— s' is always positive, is oo for r=0 and r=1, and 
has a minimum value 26:741 R for 7—:81962: 

(iv.) the latent heat X increases continuously from 0 to 
oo a8 T falls from 1 to 0: 

(v.) the work of vaporization has a maximum value 
68567 RT when 7—:76610, being 0 for r=0 and r=1. 

With this characteristic too inversion may occur in the 
sign of $', but now when «< 1:088 or, on the former assump- 
tion that k/R=N +4 for an N-atomic gas, only if the gas 
has at least eleven atoms in its molecule. 
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-The contrast between these conditions and the corresponding 
ones for v. d. Waals’ characteristic, especially in regard 
to s-k and X, is very marked and is very clearly shown 
by the curves that have been plotted. This contrast subsists 
further in the neighbourhood of the critical point; for, if 
as before we write 2 = 1—r, we find m=1—7z?, A/RT 
= (21/./2)z=14°849z, ($—k)/R—1:35=7°425/z= (k—3’)/R 
+ 1:35, and the work of vaporization is one-seventh of the 
latent heat. 


In this paper the Author has shown that by use of a special variable 
exact expressions may be found with van der Waals’ characteristic 
for the specific heats g,' of saturated liquid and vapour and for all 
other magnitudes connected with the state of saturation; and it is 
deduced that, if & denotes the isometric specific heat, which is con- 
stant or a function of the temperature only, (i) s—& is always positive, 
increasing from R to œ as the reduced temperature r rises from 0 to 1; 
(ii) &—s’ is always positive, having a minimum value 4-96 R when 
r='72 and being œ when r is either 0 or 1; (iii) inversion in the sign 
of $' can thus occur when &/R 2 4:06 or 

x = 14R/&< 1.202, 
so that, on the assumption that 
&/R=N+ 


for an N-atomic gas, inversion can occur only if the gas has at least fire 
atoms in its molecule ; (iv) the latent heat of vaporization increases con- 
tinuously from 0 to its largest value (27;8)RT as v falls from 1 to 0, T 
being the absolute critical temperature: (v) the work of vaporization 
has a maximum value :55 RT when r— 70. 

Clausius' characteristic similarly treated gives widely different 
results: (i) while $— E is always positive, it is oo when r is either 0 
or 1, having a minimum value 15:3 R for r—:83; (ii) &—5s' is always 
positive, is oo when r is either O or 1 and has a minimum value 11:36 R 
for r—:81; (iii) inversion in the sign of $' can thus only occur if 


&/R>11:36 or «<1-081, 


or, on the above assumption, if there are at least eleven atoms in tho 
molecule ; (iv) the latent heat of vaporization increases continuously 
from 0 to œ as r falls from 1 to 0; (v) the work of vaporization has a 
maximum value ‘69 RT when rz 77. 

The contrast between these results is especially marked for s — & and 
the latent heat; it subsists further in the neighbourhood of the critical 
point where dz/dr is 4 (v. d. W.) and 7 (Cl.), A/RT y (1— 7) is 6 (v. d. W.) 
and 148 (Cl), (st (1— 7)/R is 1:5 (v. d. W.) and 7:4 (CL). 
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DISCUSSION, 


Prof. C. H. LEES expressed his interest in the paper and remarked on 
the utility of the introduction of the new variable u. He asked if a 
simple relation could be given between saturation-pressure aud tempe- 
rature in terms of this variable. The very different results the Author 
had obtained from van der Waals' and from Clausius' equations might 
suggest a crucial experiment which would decide in favour of one of 
them. 

The Avruor, in reply to Prof. Lees, said he had not been able by 
means of his special variable to express in simple terms the relation 
between saturated pressure and absolute temperature. 


XIV. The Polarization of Dielectrics in a Steady Field of 
Force. By W.M. TgonNTON, D.Sc., D.Eng., Professor of 
Electrical Engineering in Armstrong College, Newcastle- 
on- Tyne *. 
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1. INTRODUCTION. 
TuE slow polarization of a dielectric ellipsoid suspended 
in a steady field of force can be followed by observing from 
time to time the period of small swings about the line of 
the field T. In a perfect insulator the polarization reaches 
its full value in a much shorter time than the period of such 
a moving system, and a single observation of the latter would 
suffice to determine the dielectric constant of the ellipsoid. 


In all solid dielectrics there is, however, slow electrical 
movement under the influence of the field within the ellipsoid 
and a consequent accumulation of charge at each end. The 
restoring couple, and therefore the apparent dielectric con- 
stant, increase until the limit to molecular polarization is 
reached. 


* Read January 21, 1910. 
t Roy. Soc. Proc. A. vol. Ixxxii. p. 422 et seq. 
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The advantage of the method is that the “conduction” 
current is confined to the separation of charge within the 
solid symmetrically about the central section. | 

An account is given below of observations made upon the 
behaviour of various solid dielectrics, in which the total 
polarization is expressed in terms of the apparent dielectric 
constant. From these observations the resistivity of insulators 
has been found in a new way. 

A difference of one part in a thousand in the dielectric 
constant can be readily measured by the suspended ellipsoid 
method. On account of this sensitiveness three stages in 
the polarization were found to be present in all the homo- 
geneous substances examined. First a sudden very rapid 
yield, then a slow change at a uniform rate, and finally 
an approach to saturation. The first suggests a normal 
slackness of charge in the dielectric molecule, the second 
is probably a continuation of the polarization by the influence 
of adjacent molecular charges, & slow linear change of the 
nature of a simple strain. In the third stage the rate of 
displacement ceases to be uniform, and the polarization 
reaches a maximum which is shown in the paper to be 
independent of the intensity of the polarizing field within 
the specimen. 

According to this **three stage” theory, the quantity 
passing in the instantaneous charge or discharge of a con- 
denser with a solid dielectric, involving as it does the first 
stage only, should be proportional to the voltage; the total 
residual charge corresponding to the later stages, the ap- 
parent dielectric constant of which is independent of voltage, 
should also be proportional to the voltage, as shown by Hop- 
kinson* to be the case. Dielectric hysteresis loss should 
decrease with rise of frequency, on account of the smaller 
range possible in the second stage, which agrees with the 
experimental results of Threlfall f. 

It was found further that there was no permanent residual 
electrification in the dielectrics examined, showing that the 


* Roy. Soc. Phil. Trans. vol. clxvii. part ii. pp. 599-626 (1877). 
t R. Threlfall, “On the Conversion of Electric Energy in Dielectrics,” 
part iii. Physical Review, vol. v. p. 65. 
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polarization, however long continued and slow in action, was 
quasi-elastic in type. 

When testing electric cables the charging current is some- 
times measured after one minute’s electrification. With the 
usual insulators this is only iu part a true conduction current, 
the rest being the second stage of polarization. What the 
latter would be in any condenser can be calculated from the 
curves of rate of change of apparent dielectric constant given 
later, and in this way the true conductivity found. 


2. EXPERIMENTS ON QUARTZ. 


The first systematic examination of the influence of time 
of charge upon the values obtained for dielectric con- 
stanis was made by Boltzmann*, and by Romich and 
Nowakt under his direction. They obtained for quartz, for 
example, a value greater than 1000 in steady fields. All 
subsequent observers recognizing these results have specified 
the duration of charge. The effect was dealt with by 
J. Hopkinsonf in an important series of papers, and the 
recent work of Beaulard$ upon the dielectric constant of 
water at high frequencies is a good illustration of it. With 
the exception of Romich and Nowak's experiments, observa- 
tions of the influence of steady fields have been mostly made 
on the charge and discharge currents of condensers, and in 
their interpretation the relative importance of polarization 
and conduction must be separated. By a conduction current 
is meant one produced by the passage of free electrons or 
ions, and this takes place much more freely when the 
dielectric is in direct contact with the terminal plates between 
which the pressure is maintained. A very complete resumé of 
work on dielectrics up to 1904 is given by LL. Greetz in Band 
iv. of Winkelmann’s Handbuch der Physik. A paper by 
Von Schweidler, in Annalen der Physik ||, deals with more 
recent work and gives a full bibliography 4. 

* Wien. Ber. lxvi., Ixvii. (1872-3). t Wien. Ber. \xx. (1874). 

1 Original Papers, vol. ii. nos. 18, 19, 27. 

$ Science Abstracts, 1905 to 1908. 

l| Ann. der Phys. xxiv. p. 711 (1907). 


«| See also H. A. Wilson, Roy. Soc. Proc. A. lxxxi. p. 409, “On Electro- 
static Induction through Solid Insulators." 
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In the present experiments the first substance examined 
was quartz cut parallel to the optic axis and formed into an 
ellipsoid 2 cm. long and ‘2 cm. diameter. It was very care- 
fully cleaned, dried, and saspended by a quartz fibre about 
"001 cm. diameter and 20 cm. long between flat brass plates 
6 cm. apart, contained in a vessel dried under vacuum and 
by phosphoric anhydride for several weeks. Theleak between 
the plates would therefore be exceedingly small, and with a 
potential-difference of 480 volts between the plates the ob- 
served periods were the same in dry air and in vacuo. In 
order to obtain more than two figure accuracy by this method 
itis necessary to take the mean of at least five observations of 
the period. In the first few minutes this was as a rule changing 
quickly, and it was only in the later stages of the polarization 
that several readings could be taken. 

Particulars of the form and dimensions of the specimens 
used in this paper are given in that dealing with alternating 
fields*, 

The free period of the quartz ellipsoid was 63:3 seconds. 
The following table gives the observed periods in fields of 
various strength for the first 20 minutes of polarization. 


TABLE I. 
F is the intensity of the external polarizing field in Electrostatic Units. 


| 


| 


F. 10 i 15 s. | ao s.|1m.|Zm.;8m.!4m. j| 5m.| 6m. | 7m.; 8m. | TM 15 i 20 m. 
O87 | ... | 515| 46:5 427 | 400, 380 36:6 |35:5 | 34:5] 34-0 | 33-6 | 38-0 |31:8 | 31:3 
"116 | ... | 400, 365/327 | 300| 28-7 | 28:0 |272 | 266,260 | 25°6 |252 194-0 | 236 
079 |... | 350| 300/245 | 215| 205/200 | 19°5 | 190,187 | 18-6 |181 jo. 16:0 
"284 |320| ... | 215|180 | 160| 150/142 |135 " 130 |125 11°77 | 10:5 | 102 
404 |211| .. |150|130| 116| 107 105 | 97| 92| 90| 87| 82| 75! 72 
$906 | 151| .. | 130/113 | 100| 90| 85| 80| 75 


| 
721 70) 67 A 60 
"47 5116; ... |100| 875) 73| 65, 575| 535 so 4°75) 473, 435, 405, 40 


S TANE NC 


* Roy. Soc. Proc. loc. ctf. 
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The time at the head of each column is that at which the 
observation was made; the figures in the column are the 
measured period in seconds. Afier each set of readings 
the ellipsoid was allowed to stand about twelve hours to 
depolarize. On reversing the polarity of the plates after 
about one minute's electrification the ellipsoid turned through 
180 degrees and followed any subsequent reversal. In five 
minutes the quartz was sufficiently electrified to pick up 
pieces of tissue-paper one millimetre square. 

Later observations showed that 20 minutes was not long 
enough to establish full polarization. The ellipsoid was 
therefore resuspended, having now a free period of 34:73 
seconds. After 120 hours in a field of 0:137 electrostatic 
unit the period was 17 seconds; after 24 hours longer 
in a field increased to :266 unit, 9:72 seconds. 

Values of the dielectric constant calculated from the 
restoring couple on an ellipsoid making small swings in an 
alternating field of force are in close agreement with the 
best previous determinations. The assumption made in cal- 
culating the couple is that the polarization is taken up 
instantaneously in any position, and the agreement shows 
this to be justified. When, however, the field is unidirec- 
tional the components of polarization are not the same along 
and at right angles to the axis of the ellipsoid, It will be 
shown subsequently that several days are, in general, required 
to reach a steady state when the ellipsoid is allowed to stand 
in line with the field. There is in this position no transverse 
polarization, but if the ellipsoid is then given small swings 
there will be one which alternates with the motion and may 
thus be considered to be proportional to the constant obtained 
in alternating fields. 

The ellipsoid behaves in fact as if it were in effect crystal- 
line, and the restoring couple at unit angular displacement is 

NN. NEP. PN 3 
(pty - Ta VER 2... (1) 
Where x; is the longitudinal and «, the transverse suscep- 
tibility, N and L the longitudinal and transverse reaction 
coefficients, V the volume of the ellipsoid, and F the intensity 
of the external field. 
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This couple is equal to 47°I(n?—n,?), where I is the 
moment of inertia of the suspended system; n, ng the 
frequency of swing with and without the field. 

Hence 

Ki Ko zee $3 5 
(a -ipg Vi =A (n!—n$). . (2) 
Writing 
Ae? (n?— ne) Ko 


VE tiun ^ 


we have 


x, —a/(1—Na), 
and the dielectrie constant 


l4 (4m— N)a 
mero c 


For a quartz ellipsoid cut parallel to the optic aris 
L=6:133, N 2:3013, V —-0534 c. c., 12:02912, K,= 4°60. 

From the later set of observations given above n?=°0106 
in a field :266, n,2—:00083. Thus F?/ (à—n,2)2 7:25 aud 
a — 3:069, giving finally K=508. (Quartz |l). " 

In the weaker field, F=-137, F?/(n?—n,?) 27:16, giving 
K — 610. 

An ellipsoid of quartz cut perpendicular to the axis had 
Lz6:125, N 2:313, V 2:056, I2:0307, K,—4:548. 

Its free period was 33 seconds. After exposure to a field 
0:26 for 48 hours the period was 19:3 seconds ; after 41 
hours lor ger in a field 0:132, 26°75 seconds. 

From these we have the steady values 


F?/ ($—2,) —38:5, F —0-26, 
” = 36°4, F=0-132. 


0776705, and K —11:66. (Quartz |). 

Thus both in alternating and direct fields quartz || has the 
larger values, but whereas in the former the ratio of the 
dielectric constants is 1:012, in the latter it is about 45. 

For the purpose of section 6 infra, it is necessary to 
know not only the final values but the rate of growth of the 
polarization. The following observations show the exceed- 
ingly slow rate of polarization of quartz | compared with 
quartz ||. 

VOL. XXII. o 
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The intensity of the field in all the cases given in the 
paper not otherwise stated was about ‘265 electrostatic unit. 


Quartz |. K~ —4548. Free period T, 211-82 s. 


Time ............ 15 s. 35 s. 50 s. 10 m. | 120m. 48 h. 
Period ............ 112 11:05 11:63 11:0 10:57 —* 
| qum 4°73 52 569 1:55 10:92 11:66 


Quartz |. K~= 460. T,2633 s. 


Time ...... | 1 m. 2 4 6 10 15m. | 120h. 
Period ...... 17:2 158 | 146 132 12:0 11-4 —* 


| e 20 27:3 | 39 53 78 110 610 
* On another suspension, 


From the readings of Table I., we have now for the latter 
ellipsoid after 20 minutes' electrification. 


E escis 087 116 129 "28-4 "404 | ‘506 G47 


F2/(n?—n,.2)| 88 88 88 | 820 | 88 | 93 | 892 
l 


The mean of F?/(n? — n?) is 8°81, and since the derived value 
of K depends upon this we have the remarkable fact that the 
polarization approaches the same value irrespective of the 
intensity of the polarizing field. This suggests that the slow 
polarization is a consequence of internal molecular attractions 
started by the initial polarization and maintained to a limit 
by the continuance of the field, but not in any way pro- 
portional to it. This is considered further in section 7. 

Fused quartz has been largely employed in the construction 
of electroscopes for use in measurements of radioactivity. 
It is conceivable, though not highly probable, that some of 
the earlier observed feeble radioactive effects may have been 
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in some measure due to the slow absorption of charge by the 
quartz support, for the rate of charge or discharge of such 
an instrument must be influenced by the polarization of the 
support. 


3. EXPERIMENTS ON F'Lint Grass. 


Similar measurements to those on quartz were made with 
flint glass specimens. 

Cylinder of density 4°6.—F ree period 23:8 seconds. After 
9 days in F —:132, period 19:5s. ; after 48 hours longer in 
F =:272, period 13°8. From these F?/(n?—n,?) —21:86 and 
20°25 respectively, giving K=580. 

Ellipsoid of density 4:1.—Free period 41:5 seconds. After 
48 hours in F —:132, period 23°75 ; after 48 hours longer in 
F 2 :272, period 12:5. Here F?/(n?—n,?) 214:1in the lower 
field, 12:4 in the higher. The corresponding mean value of 
K is 520. On a fresh suspension the following rate of 
polarization was observed. 


K~= 8°52. 
| Time ...... 30 s. 2:9 m. 4:5 m. 6-5 m. 19 h. 
| QUIE 21:9 94 410 50 200 


Ellipsoid of density 3°3.—Free period 14:9 seconds. After 
22 hours in F 2:271, period 12:33 ; after 48 hours longer in 
F =-136, period 13:9. For the former F?/(n?’—n,?) 2 26:85, 
and the latter 2772.: 


K-2698 
| Time | ...... Im 15 m. Lh | 2h | 4h 10 hb. 29 h, 
| assa: 7:0 81 10:5 | 12:4 | 16 20:6 22-6 


On reversing the field the ellipsoid did not reverse. The 
rate of fall of K under a reversing field and the early part 


of its rise after passing through zero are given below. 
o 2 
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Field reversed. 


Time ...... 12 m. 902m. | 230m. | 5h. | 7 h. 9 h. 11 h. 


p TE eee: | oen commer | a ee | Ee | ee | et e 


| t -65 | —40 0 16 | 37 48 56 


This shows the forced depolarization of a dielectric by a 
method distinct from discharge through a galvanometer. 
These rates of change are drawn in fig. 1. Their chief 


Scale for cuvve A 


é 
Hours exposure b field 
A. fvom start, B from reversal of futt. 


interest lies in the fact that whether the polarization is in- 
creasing from zero or being reversed, the rate of change is 
for a long time the same. It is also noticeable that the time 
occupied in the linear polarization is nearly the same in both 
cases. The value of K before the field was reversed was 25, 
of which 9 was the sudden rise at the start. At reversal 
there was a rapid change equal to twice that from zero, 2. e, 
of 18, leaving a polarization of K 27 in a direction opposite 
to that of the field. It will be seen that Curve D starts froin 
a value — 7. 

The ellipsoid was then exposed to the field for three weeks 
and acquired a value of K —6075. 

The following numbers give the free depolarization from 
this high value. The periods from which K was calculated 
were taken by applying a weak field and measuring the 
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period after it had been on for a minute in each case, after 
which it was cut off. There is no doubt a sudden rise of 
polarization at the moment of applying the field, but since 
the conditions are the same in each case the figures give an 
approximation to the rate of relaxation. 


Free depolarization of Flint Glass, A 3:2. 


Time ...... 10m. | Lh. 2 h. 3h. 4h. | 5h. | 195h. 
| E 6075 | 426 79:7 280 | 1273 9:0 817 


4. EQUALITY oF FINAL VALUES. 


Before proceeding to examine whether these high con- 
stants are true polarization as distinct from the movement of 
free charge, four typical substances were examined for 
equality of K in different fields, the periods being taken to 
be steady when they did not change by a measurable amount 
in twelve hours. Since the derived value of K is propor- 
tional to F?/(n* —n,3) equality in observed values of the latter 
is also true for the dielectric constants. 

Paraffin Wax Ellipsoid.—F ree period 46:5 seconds. After 
7 days in F=-259, period 13°63 ; after 48 hours more in a 
field 132, 24:0 seconds. From these F2/(n?—n,2) =13°65 and 
13:69 respectively, giving equality of K. 

Sulphur Cylinder.—Free period 23:1. After 16 hours in 
F —:131, period 19:7 ; after 24 hours longer in F —:259, 10°38 
seconds.  F?/(n?— n,?) — 24:62 and 25:0 respectively. 

Gutta Percha Cylinder.—Freo period 49:6 seconds. After 
66 hours in a field :26, period 9°01 ; after 30 hours longer 
in F=-132, 16:7 seconds. F?/(n?—n,?) = 5°66 and 5:50. 

Ebonite Cylinder.—Free period 86:2 seconds, After 48 
hours in F=-26, period 12°64; after 48 hours longer in 
F=:13, 24:0 seconds. F?/(n?—n,*)=11-1and 10:85. 

Thus for different substances and over a wide range of 
values the effective polarization of an insulated rod approaches 
the same final value whatever the intensity of the field 
may be. 
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5. RATE OF POLARIZATION. 


In the foregoing observations of the rate of change of K in 
steady fields there appear then to be three stages, a sudden 
yield, followed by a change at a uniform rate for intervals of 
time differing in the various substances from a few minutes 
to several hours, and later an approach to saturation. 

In order to see how these, especially the second, hold over 
a wider range of substances the following measurements 
were made. The details of the observations and their 
reduction, which are lengthy, are not given. In every case 
the specimen was dried for several days, in some cases weeks, 
over phosphoric anhydride and /n vacuo, until the period tested 
in an alternating field of force had become steady. 


Fused Quartz, K—23:78.. 


Time Saceseseesxe l m. 4 m. 7m, 16 m. 30 m. | 120 m. 


QE: 68 | 83 | 97 | 126 | 147 | 147 


Time ...... "f m. ] m. | 2 m. b m. 10 m. 


Sulphur, K— — 1:03. 


Time | '2 m. 


2m. |6m.|10m./|50m.| 25h.| 19h. | 27h. 


] m. 


Ks 44 E | 459 199 | 543 | 1067 | 208 | 101 | 141 


India Rubber, K 23:08. 


Time ..........». | l m. 9 m. 45m.| I25m.| 32m. 60 m. 


— | 50 | 578 | TCG | 118 | 186 | 245 | 


—— MM Á————M M o — À a —HÓ M Qi a —") 
——— 
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Ebonite, K~=2°79. 


| Time ...... 1 m. 2 m. 4 m. 7 m. 


| 73 7:86 819 847 8:9 


Amber, K~=2°8. 


Time ...........- lm. 2 m. 3 in. 5 m. 11 m. 15 m. 


| C————— 80 13:1 19:1 32 04:2 61 


] m. 2 m. 3 m. 6 m. 10 m. 


Time ......esss.. | *D 1n. 


It will be noticed that gutta-percha, upon which so much 
depends in the working of submarine cables, has the highest 
values of all the substances examined. It is at least possible 
that some of the difficulties of cable working arise from this 
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cause. If by mixing a suitable insulator of lower dielectric 
constant with it, or by some system of grading, retaining at 
the same time the impermeability to water, the effective 
constant could be reduced, the rate of signalling might be 
accelerated. 

Curves of the above rates of change are drawn in fig. 2 


Fig. 2.—Rate of Polarization of Dielectrics in Steady Fields. 
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for the first ten minutes of electrification, and it will be seen 
that the features of a rapid rise at the start and a straight 
line change following it are present in all but sealing-wax, 
a mechanical mixture. "The linear change in most cases lasts 
for several hours. In the case of fused quartz the polariza- 
tion is steady in half an hour, and no increase was observed 
after several days in the field. This rapid polarization is 
possibly the reason for its use as an insulator in electroscopes. 

The initial rush is in almost every case over within a minute. 
This may explain why observations of cable resistance are taken 
after this interval. 


Digitized by Google 
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6. MEASUREMENT OF SPECIFIC RESISTANCE. 


The fact that the rate of change of the effective dielectric 
constant is uniform for some time after the field is applied, 
provides a method of measuring the specific resistance of a 
dielectric during polarization as distinct from that using the 
“ time of relaxation.” — 

Whatever the nature of the electrical movement during 
the polarization of an insulated ellipsoid may be it is in effect 
a current, the density of which is the rate of change of 
the total polarization in unit volume. The field within the 
ellipsoid is given by F,— F/(1--«N), where «z(K—1)/47. 
The polarization is then KF,, and writing the apparent specific 
resistance p, we lave 
EEEE 
p 
The resistance measured in this way differs, though not to a 
marked extent, from that found by the passage of a steady 
current through the dielectric. 

It may be said that in view of the facts of slow polarization 
the measurement of the current after one minute's electrifica- 
{ion is meaningless as an indication of the resistance of the 
insulation. A large part of the current is polarization change. 
The leakage method of measuring the resistance of insulators 
is also complicated by this slow depolarization of the dielec- 


tric and greatly influenced by the time of charge. 
We have from the above 


pu Qu 5-1 
^ -e( RN 2... (H 


from which p may be found at any stage of the polarization *. 
Since the measurements are in electrostatic units, p is also, 
and in electromagnetic measure is 


=v?{4ar+(K—1)N }/dK/dt.10° ohms per em. cube, . (5) 


where v is the ratio of the electromagnetic to the electrostatic 
unit of charge. 


( 
PAUSE 


* The statement of this section has been modified at the suggestion of 
Dr. T. H. Havelock, to whom the author is indebted for helpful criticism 
throughout the work. 
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The following table gives values of the specific resistance 
found in this way from the observed rates of change of fig. 2. 
The indiarubber and gutta-percha were not specially pre- 
pared for cable work. 

The ratio of Curie’s values for quartz L and l| is 240; 
those now obtained give 130. It is interesting to note that 
the velocity of light in quartz is greatest when the wave- 
front and current are in the direction of least electrical con- 
ductivity. In accordance with previous observations the 
lighter flint-glass has the higher resistivity. Paraffin-wax 
was the most perfect insulator examined. 


TABLE II. 


Specific Resistance of Dielectrics at 17? C. 


Substance. dK/dt. EN per Temp. 
cm. cub. 
Paraffin-Wax  ...... :00026 | 4'9 x10'° 24 x10. Ayrton and Perry. 46 
Quads E sena 0064 | 20 x10 |-91x10 Curie, 
Flint-Glass A 3:3...| :00131 | 99 x10? 
Sulphur ..........---- 00168 | 82 x10 e. 10x10 Threlfall. 
Resi NR 00197 | 70 x10" 
Fused Quartz ...... 00805 | 16 x10^ 13:8x10" Exner, 
Indiarubber ......... 0089 | 15 x10 |15x10 Electrician. 
Ebonite ............... 0316 | 4:5 x10" 2:8x 165 Ayrton and Perry. 46 
Canada Balsam...... 059 2:8 x10! 
Flint-Glaes A 4'1 ...| 077 | 25 x10" 
Amber ...ccccsceseee- 097 | 1:55x10" 
Quartz |] «ee 407 | L153x10^ |38x10'* Curie. 
Gutta-percha ssis 35 | 621x10? |45x10'* Lat. Clark. 


2:5x 10^ F. Jenkin. 


It follows from equation (5) that when the period has 
reached a steady state the apparent resistance of the dielectric 
is infinite. This does not mean that no current could pass 
through it if it were in contact with the poles but that the 
polarization has reached its limit. 

Although the dielectric constant increases at a uniform 


æ 
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rate the apparent resistance increases also, as cilculated 
below, from the curves of fig. 2. This indicates that, as one 
would expect, the mutual attraction of charges on adjacent 
molecules increases in intensity as they approach, so that 
though the resistance to movement increases, the rate, on tho 
whole, is maintained uniform. 


Change of Apparent Resistivity with Time. 
Light Flint-Glass, A 3:3. 


Time ..] lm. |15 ME lh. | 2h. | 4h. | 10h. | 15 h. 22 b. 
SERENE ERASE E, TUN TER E pe 
P us ‘987 | 156| 20 | 27 | 265 | 1028] 404 ! 1515 
x 10! | x10°° | x10? 
Sulphur. 
Time ...| 2m. | 2m. 6m. |10m.|20m.|25 h.' 19h. | 97h. 
ARN 816 |-818 | 83 | 84 |106 | 1:39 | 303 | 3:54 
x10'° x10'° 
Indiarubber. 
Time : ‘5 m. | l m. 2 m. | 45m. | 12:5 m.| 32m. 60 m. 
peo 057 | 084 | 1400 | 3130 | 29 | 72 | 1-66 
16 
| x10 x10 


Fused Quartz. 


15 m. 20 m. 25 m. 


Time .... 5m. ] m. | b m. 


Piss ‘071 112 | 179 '24 39 115 ` 
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7. NATURE OF CURRENT DURING SLOW POLARIZATION. 


The electrical movement within the substance during slow 
polarization may be a translation of free electrons, as in 
metallic conduction, a transfer of charge, as in electrolysis, 
or a separation of the internal charges of the molecule, so 
that its electrical moment increases. 

In order to determine which of these occurs in the present 
case, a flint-glass ellipsoid was suspended in a glass cell 
(fig. 3), the upper part having pole plates, so that a field 


Fig. 3.—Testing Cell for exposure to Radium. 
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could be maintained there, and the lower being filled with 
disulphide of carbon. Outside the cell a massive iron cylinder 
was placed, having a small central hole pointing towards the 
line of suspension. The ellipsoid was exposed to the field for 
several days, and its steady period noted. It was then 
lowered into the liquid and exposed to the radiation from a 
strong tube of radium bromide placed in the end of the iron 
cylinder. After five minutes’ exposure the ellipsoid was 
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raised, allowed to stand in the field for the same time that it 
had been removed from it, and its period then found to be 
unchanged. The liquid was used to shield the specimen 
from any ions which might possibly gather on it from the 
poles, and to prevent any change in the gradient between 
the poles by the diffusion of ions from the line of the radium 
discharge. 

If the charge on the ellipsoid had been in any sense free, 
whether residing on the surface or inside, it would have been 
rapidly removed and the period lengthened by exposure to 
the radium. The experiment was repeated with the con- 
ditions varied in several ways with always the same result. 

It would appear from this that the electrical movement in 
a dielectric when isolated in the field is entirely confined to 
the molecule, and is therefore neither metallic nor electrolytic 
in type, but is the continued displacement of the atomic 
charges to a greater degree of separation than has been 
hitherto recognized. 

It may be remarked here that the high values of the 
dielectric constants obtained in the paper are confirmed by 
measurements on electric cables. Ashton * found that an 
ozokeritized rubber cable charged at 206°5 volts for 7200 
seconds, absorbed 13:8x10-* coulomb. From the given 
dimensions the dielectric constant corresponding to this is 
13:1. In this case also the slow polarization was elastic in 
type, as shown by the fact that the quantity discharged on 
short circuit was just twice that absorbed at constant 
potential. 

It was early suggested by Mossotti that the behaviour of a 
dielectric can be explained on the assumption that it is made 
up of isolated conducting spheres. On any of the present 
electronic theories of matter the separation of charge under 
the influence of the field gives an arrangement similar to 
this. 

It is now suggested that the first stage of polarization pro- 
duces such a charged system, but that it differs from a system 
of conductors in that the charges undergo further separation 


* A. W. Ashton, Phil. Mag. no. 52, 1901, p. 501, “On the Resistance 
of Dielectrica." 
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automatically by reason of the attraction and quasi-elastic 
approach of opposite charges on adjacent molecules, The 
limit of the first stage of rapid polarization is that of the 
re-arrangement of atomic charge within the molecule, that 
of later stages the establishment of electrical strain throughout 
the mass under new conditions of internal stress set up by the 
first polarization. 

The range of the dielectric constant in the first stage may 
be taken as the intercept on the vertical axis in fig. 2. 
Writing this Ko, it is of interest to compare it with the 
values found for the same substances in alternating fields®, 
as in Table III. The influence of frequency may from this 
be anticipated. For those substances in which the ratio is 
nearly unity it will be at low frequencies small, but for 
the first few in the list a greater change may be expected 
between zero and 80 alternations a second than from 80 to 
the frequency of light. 


TABLE III. 


Ratio of the Initial Values of Diclectric Constants in 
Steady Fields to those in Alternating Fields. 


| Kav | Ko K/K so 
Quartz [|]... eem 46 13 28 
Flint-Glass A 4:1 .................. 85 25 2-9 
ATTI NETTE LT 3:00 70 2:3 
Canada Balsam — .................. 2°72 19°5 69 
Paraffin-Wax  ........ eese 2-221 5-6 c.21 
Gutta-percha — .......... eee 4:43 TO 1:53 
Sulpliu siqscctsesesonsetenvieeetee: 4:03 4:38 1:07 
Indiarubber ................... 2:08 3-4 c.11 
EbDOUILG aoi ipte erui dereos 279 4:2 1:5 
QUAE CL deseen Res 4354 4:55 1:0 
Flint Glass A 33 ... .............. 6:98 70 10 
Ane ace decosecacciedaasaedee’ a, 28 2:8 1:0 


| Sealing-Wax ......... eene | 4:56 c.46 10 
{ l : 


* Vide Roy. Soc. Proc. A. vol. Ixxxii. p. 422 et seq. 
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ABSTRACT. 


The paper contains an account of experiments on the polarization of 
dielectric ellipsoids and cvlinders suspended in a steady electric field. 
From measurements of the field-intensity, the dimensions of the 
ellipsoids, and the frequency of torsional swings with and without the 
field, the dielectric constant can be found from time to time. The method 
is essentially the same as that using alternating fields described in Roy. 
Soc. Proc. vol. 82, p. 422. In the present case the longitudinal com- 
ponent of polarization reached a higher value than previously recorded, 
This was found to be independent of the intensity of the field inside 
the ellipsoid and to be quasi-elastic in type. The substances examined 
were quartz, fused and crystalline, flint-glass, amber, sulphur, ebonite, 
rubber, gutta-percha, paraftin-wax, resin, and sealing-wax. From the 
rate of increase of the dielectric constant the specific resistance of these 
was found by considering the change of polarization to be equivalent 
to a current. The rate of depolarization when the field was reversed 
was found to be the same as that of polarization and to bo uniform for, 
in most cases, several hours. It is suggested that the cause of this 
and for the independence of the field-intensity is to be looked for in 
the continued separation of molecular charge by the attraction of the 
opposite charges on adjacent molecules induced by the application of 
the field. From a comparison of the results of the paper and those in 
alternating fields, the variation of the dielectric constants with frequency 
can be anticipated. 

Discvssrox. 


Mr. Jacos said that some of the Author's curves (fig. 1) showedthat 
he was dealing with dielectric hysteresis. The results for gutta-percha 
given in the paper could not be applied in telephonic work becavse of 
the high frequencies employed in the latter case. He pointed out that 
the field strengths used in the paper were much smaller than those 
occurring in actual work on cables. 

Mr. RayNER doubted whether the method described was accurate to 
one part in a thousand as stated by the Author. The distance between ` 
the electrodes was so large compared with their size, that there would 
be difficulty in determining accurately the strength of the field at the 
centre. The difficulties in connexion with the determination of the 
change of period, especially when it was large, would also be great. He 
drew attention to the necessity of having the surfaces of the insulators 
perfectly clean and dry. 

Prof. C. H. Lers asked if the variation in the period at the start 
could be ascribed to the motion of the ions in the vessel onto the 
dielectric. 

Mr. G. L. ADDENBROOKE asked what steps had been taken with 
regard to the purity of the materials employed. He asked also what 
was the shortest time in which it was possible to get nn observation. 
It would be interesting to know if the Author had investigated the 
effecta described at different temperatures. 
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Dr. RussELL stated that he was deeply indebted to Prof. Thornton 
for his most interesting and instructive paper. The methods of measuring 
the dielectric coefficient and the insulativity of dielectrics were both 
novel and valuable. He had a difficulty, however, in understanding why 
the apparent value of the dielectric coefficient, when the insulating 
substance was left in an electric field for a long time, did not become 
infinite. At firat sight the experimental results seemed to indicate that 
it was possible to have a potential diference between points in a 
dielectric and yet no current. He found it easier to believe that when 
the steady state was reached there was u minute current flowing across 
the electrified air to the insulating substance. It was also possible to 
explain the results by supposing that there was a certain distribution of 
electric charge inside the dielectric. ‘The subject was one of great 
practical and theoretical importance, and so he hoped that the Author 
would continue bis researches and clear up the remaining difficulties. 

Mr. A. CAMPBELL said that the results, which in themselves were 
highly interesting, were not directly applicable to telephone cables, since 
the frequency used with these was of the order of 1000 — persec. In 
connexion with the large polarization shown by gutta-percha, he gave an 
example of a coil of gutta-percha covered wire which gave an apparent 
insulation resistance of 200,000 megohms with direct current and 
1 minute's electrification, but only a fraction of a megohm when tested 
at 1000 ~ per second. 

Prof, THORNTON, in reply, said that the very rapid rise of the polariza- 
tion at the start made it difficult to measure there. The movement of 
the ellipsoids would have to be recorded photographically. With regard 
to the accuracy of the method, it was only at low values that it was 
sensitive. It was found that with electrodes 15 cm. square and 6 cm. 
apart the field at the centre was uniform. The swings had an average 
amplitude of 3 degrees. The influence of moisture or surface impurity 
was recognized at an early stage. The specimens were carefully wiped 
before suspension, and dried in a warm room in vacuo over phosphorus 
pentoxide for days or weeks before the field was applied. With regard 
to the influence of ions, it was found that exposing the specimen to 
radium greatly reduced its apparent polarization. This effect was a 
double one: the gradient was lowered at the centre of the field and the 
ions collected around the ends of the ellipsoid, masking the effective 
charges there. The polarization recorded in the paper always increased, 
though in the later stage the rate of falling from the linear increase 
might be in part due to ions. The purity of the quartz and glass 
specimens was guaranteed by Messrs. Hilger who made them ; the 
paraffin was also pure, the rest were carefully selected. 

It is suggested in the paper that the limit to the polarization is that 
of the separation of charge in the molecule. If the Jarization came 
from & source external to the ellipsoid it always should increase to 
infinity, and have the same values for different epecimens, such for 
example as quartz cut parallel and perpendicular ty the optic axis, for 
which in fact it is widely different. . 
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XV. On the Use of Mutual Inductometers. 
By ALBERT CAMPBELL, B. A.* 


(From the National Physical Laboratory.) 


§ 1. Introductory. 

§ 2. Moditied Mutual Inductance Bridge. 
§ 3. Measurement of Effective Inductance. 
§ 4. Null Method in Iron Testing. 

§ 5. Tests of Current Transformers. 


$1. Introductory. 


IN a former paper f. I have described arrangements, which 
we may call mutual inductance bridges, by which self 
inductances, even of very small amount, can be directly 
measured $. I wish here to discuss further these and other 
methods in which use is made of variable mutual inductances 
or, to give them the more convenient name, mutual inducto- 
meters. 


$2. Modified Mutual Inductance Bridge. 


In the equal arm bridge already discussed there is con- 
siderable loss of sensitivity resulting from the insertion of an 
auxiliary balancing self inductance in one of the arms. By 
a modification of the arrangement of the bridge, however, 
the use of the auxiliary coil is rendered unnecessary and the 
whole apparatus becomes simpler and more efficient. Let us 
first consider the more general case shown in fig. 1, where 
the ratio arms are not equal. 

Let N be the self inductance of the coil to be measured, 
r a constant inductance rheostat, Lı L, self inductances, 
while the current i acts inductively on both sides of the bridge 
as shown, the mutual inductances being M and m. The 
coils Lı Ly may be the upper and lower fixed coils in the 


* Read January 21, 1910. 

t Phil. Mag. Jan. 1908, p. 155. |l 

f I would mention here that many years ago Dr. Oliver Heaviside 
investigated & very general case of inductance bridges (Phil. Mag. p. 173, 
vol. xxiii. 1887). Most of the possible combinations are included in his erc. 
paper. p UM t 
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inductometer which I have before described (loc. ctt.), the 
inducing coils carrying the current i. Thus L, and L; will 
usually have mutual inductance (call it y) between themselves. 


Fig. 1. 


Let f, and i, be the instantaneous values of the currents (of 
sine wave form) in the arms L, and L, respectively, the 
resistances of these arms being P and Q. Let a—-«e4 —1, 
where « — 27n, n being the frequency, and let R/S =ø. 
Then, when there is no current through the galvanometer, 
we have 
Ri,=Si, or gi, =2q 
and (P+ L,«)t, + Mai + yat; 
=(Q+ Lia + Na) — mai + yai. 
Since i=} +í, we have 
Pi, + Lat, + Ma(t, + 13) +29 
= Qis + Lat; -+ Naig—ma(ty + is) + yat. 
Separating the real and imaginary parts, we obtain 
P=0Q 
and o(L,+N)—L,=(m+ M)(o+1)—v(o—1). . (1) 


The most useful case of this is when the ratio arms are 
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equal, i. e. c —1, and then these equations reduce to 


Pe x ee 4 eas x ox 43) 
and L—L4N-22(m4M). . . . . (3) 


The best arrangement is to make L,—L, permanently in 
the inductometer, and then the unknown inductance is given 
directly by 

Nz2(m*M) . ..... (4) 


When L,and L, are the upper and lower fixed coils in the 
inductometer, the rcading of the instrument is m 4- M and thus 
N =2 x Reading, and thus is read directly. The sensitivity 
of the bridge is here much greater than when Lẹ consists of 
a separate balancing coil. 


$3. Measurement of Effective Resistance, 


If an alternating current at n ~ per second having an 
effective value I in flowing through a circuit wastes energy 
in it at the rate of R’ I? watts (including losses due to eddy 
currents, magnetic and dielectric hysteresis, &c.), then R' is 
called the Effective Resistance of the circuit (for frequency n). 
In general it increases with the frequency, and when tele- 
phonic frequencies (500 to 2000 — per sec.) are reached, it 
may often become very much larger than the ohmic resistance. 
As its value governs the loss of energy, it is of the utmost 
importance in telephone work to be able to measure it with 
accuracy. In former papers already cited I have shown how 
it can be directly measured by a mutual inductance bridge 
simultaneously with the effective self inductance of the 
cireuit, When the bridge has equal ratio arms which can 
be interchanged to ensure that they are identical, the method 
is free from serious error ; but if unequal ratio arms have to 
be employed, large errors may arise from the very small but 
unavoidable self inductances of these arms. The importance 
of this in the simple self-inductance bridge was pointed out 
lately by Giebe *, and upon his mathematieal result he based 
his ingenious method of measuring very small inductances. 


* Ann. der Physik, p. 941 (24), 1907. 
P 2 
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I have applied similar treatment to the somewhat more 
complicated case of the mutual inductance bridge as 
follows. 

In fig. 2 let the resistances of the four arms be P, Q, R, 
and S, and their self inductances L, N, l, and X respectively. 


Fig. 2. 


Let M be the mutual inductance as shown. By procedare 
similar to that in §2 it is easy to show that 


PS —QR=e"7[(L—M)A—-(N+M)I]. . (5) 
and SL—RN=(8+R)M—PvA+Q! . . . . (6) 


Several cases are important. 


Case (1). When M=0 we have 
PS-QR-ze*(LX—-N2). .. .. (D 


‘and SL-RN=QI-Pa.. . . . . . (8) 
These are Giebe's equations for the ordinary self-inductance 
bridge. 
Case (2). If R=8, 
then (P—Q)R-o'[(L— M)X —(N 4- M)!] 
and (L-N -2M)R2 QI —PX. 
If also X zx, 
then (P—Q)R=o7/(L—- N—2M) 


and (Q—P)l=R(L—N—2M). 
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Hence either R? = —o?/?, which is impossible, 
or FPSO <2 mw ao = & (3) 
and L—N=2M.. . . . . . . (10) 


Thus we see that in an equal arm bridge the simplest con- 
ditions are got by making sure that the ratio arms have equal 
self inductances. They can be adjusted by interchanging 
them and altering until the interchange does not alter the 
balance of the bridge. 

Case (3). If Rand S are unequal, let R/S=o as before. 
The arrangement is best used as follows. 

Let Q be an auxiliary balancing coil, set to give a balance 
in the bridge initially when M=0 and P—P,. 

Thus we have for the preliminary conditions 

PBQS—QRZe*(LA—NI)). . . . . (11) 
and SL-RNZQI-PQ.. .. .. . (12) 

Now let a coil to be tested, having resistance T and self 
inductance X, be introduced into the arm P, and let the 
balance be restored by reducing P, to P, and by setting M. 

Then we have 


(P, + T)S—QR=o'[(L+ X —M)X — (N 4- M)I] 
and  S(L-c-X)—RNz(S--R)M —(P, 4- T)A QI. 
Subtracting from these (11) and (12) respectively, 
(P, — P, 4 T)S zo? [(X — M) — MI] 
=o? [XAMA +D] 
and SX-(S-rR)M-—(P,—P,-- T)4. 

In the most useful practical case l and X are small com- 
pared with X and M, so we may take as a first approximation 
SX = (8+R)M 

or X-—(lto)M. . ... . (13) 


Hence 
P,—P)o+T= oe [cA—1] M/S | 
or TzP,—-P,cte(cA-UDM/S. . (14) 
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and a closer approximation then is 
X-M[lto—o"(ocX—DX/S] . . . (15) 


Thus the unknown T and X are obtained from the change 
mide in P, the reading of M, and the corrections due to X 
and l It will be found that the correction is usually almost 
negligible in the expression for the inductance X. On the 
contrary, for the effective resistance T the correction may 
become very important, since w? is large even for moderate 
frequencies. For example, let R=99, S821, P,—DP,— 20, 
M=1 millihenry, 1210 microhenries, X—1 micrvhenry, and 
n —1000 ~ per sec., giving w?==40 x 10$. 

. Then we have 


T = P,— P+ 3:6 = 23 6 ohms, 
while X=100M -36x 10-9 
—0:1—3:6 x 1078 henry. 


Thus the small inductances / and X affect the measurement 
of tle effective resistance T by as much as 15 per cent., while 
the self inductance X is only affected by 3:6 parts in 100,000. 

This example shows how much more difficult it usually is 
to measure eflective resistance than self inductance. The 
difficulty is got over, however, if we can make RA=S/ 
(i e. eX), for then the terms involving l and X disappear 
and we have 


X-ü4e)M..... . (16) 
and T zP,—P,. EO we uw ow. 0€ 4 (17) 


To ensure that RA — SI, or in other words that the pro- 
portional arms have self inductances in the ratio of their 
resistances, is not a very easy matter. The following is the 
best method that I have tried. A coil (A) is constructed of 
highly stranded wire to give moderately high self inductance 
(say 01 henry) with as high effective insulation resistance 
as possible*. Its distributed capacity k, which should be as 
small as possible, may be measured by connecting it through 
a thermoammeter to a small variable condenser and adjusting 


* See ‘ Electrician, Dec. 10, 1909, 
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the latter to give resonance with an alternating current of 
known frequency (2000 to 10,000 ~ per sec.) in a loosely 
coupled neighbouring coil. If K be the reading of the variable 
condenser in mfds., and L the inductance in henries of the 
coil (A), then n/(K+4)L=159°3, and so k can be found. 
It is well known that the effective resistance T' and induc- 
tance X' are given by Dolezalek's formulas, 


X'—2Xü-42eLE). . . . . (18) 
and T —Tü-c-eLEb, . .. .. (19) 


where X and T are the values if & were absent (in this case 
the values for very low frequency). 

The coil (A) is then tested in the bridge, and if the values 
obtained for X’ and T" are not those given by equations (18) 
and (19), a small amount of inductance is added to R or S 
until X’ and T' are read correctly. When this adjustment 
has been made once for all, it will be found that any other 
effective resistance will be measured correctly. 

It may be mentioned that a well proportioned 0:1 henry 
coil of 7-strand wire, each strand being of 0'2 mm. diameter 
and separately insulated, should show practically no variation 
in effective inductance and resistance due to skin effect at 
1000 ~ per sec.*; its distributed capacity should be less than 
0:0001 mfd. If a coil when tested at various frequencies. 
shows percentage variations in its effective resistance which 
are double those in its inductance, then these variations can 
be accounted for by distributed capacity; but if the variation 
of the effective resistance is at a greater relative rate, then 
we must look for additional causes such as leakage or skin 
effect (or errors in the bridge). 

When the self inductances of the inductometer coils are 
high, their distributed capacities may cause errors at the 
higher frequencies. The effects of the capacities of the coils 
L, and L, (fig. 1) are got rid of by the method of preliminary 
balancing ; unfortunately this does not eliminate the effect 
of the capacity k of the external inducing coil. If its 
resistance and self inductance are p ana « respectively, then 


* See M. Wien, Ann. der Physik, p. 1 (6), 1904, and Dolezalek, 4. c. 
p. 1142 (12) 1903, 
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for an equal arm bridge, instead of equations (2) and (4) 
we have 

Q-—P--2o'fpM—e?*kM? . . . . (20) 

and N=2M(1 +w ke), ...... (21) 


where k is in farads. 

The error in Q due to the second term in (20) is usually 
the most serious. Both errors can be approximately elimin- 
ated by connecting a small capacity of suitable amount across 
the points c, d (fig. 1). 


§ 4. Null Method in Iron Testing. 


The use of a mutual inductometer affords a null method 
for the magnetic testing of iron ; this is analogous to the 
self inductance method which Max Wien investigated very 
thoroughly some years ago *, and there are cases in which it 
may prove of distinct value. The connexions are shown in 


fig. 3. 


O 
00999 


An iron ring is wound with superimposed primary and 
secondary coils of turns N, and N; respectively, m being the 
mutual inductance between them. These coils are connected, 


* Ann. der Physik, p. 859 (66), 1898, 


^ 


- 
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as shown, through the coils of a mutual inductometer D toa 
source of alternating current and a vibration galvanometer 
(or tuned telephone), a sliding contact E allowing a part Q 
to be selected from a resistance connected with the junction 
of the coils of D. The galvanometer circuit is best made 
highly inductive by a coil J. Let the hysteresis * and eddy 
current loss in the ring be represented by a tertiary closed 
winding, evenly distributed, of resistance R and self induc- 
tance L, having mutual inductances F and G to the primary 
and secondary coils respectively. If N,/N,=6, then G=DF. 
Let ĉi, 44, t be the instantaneous values of the currents in the 
primary, secondary, and tertiary coils respectively, I,, Iz 
and I, being their effective values. Also let the current i, 
be of sine wave form, which may be attained by electrical 
tuning or otherwise, the period of the galvanometer being 
also tuned to that of 4. The galvanometer deflexion can 
now be reduced to zero by adjusting D and E to values M 
and Q respectively. 
Then we have 
(R+ La)t = Fai, 


I, (R? + L?w*) = F?o?Ij*. e oe œ (22) 


and therefore 


Also 
(m = M)ai, = Qi — Gais, 
IA FGo? ly 
=—Qit R+ Le’ 
zx —Qi + FGo? Ri, Z FG Lo?ai, 
+ Uie? 7 dU Lie 
Hence T RM FGLo* 
gun R? + Lio? 
and FGRo? F*Rw* . RI}? 


Q= R?+ Lie? (Url) Ug 
Therefore the total iron loss RI,? 
zQIb5-—QI?.NN, . . .. . (23) 
Also m—M- —QL/R. 2 « 5. (24) 


* If this be not considered rigorous enough for the hysteresis loss, the 
part relating to it can be proved by another method. 
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I have assumed that the conditions are not sensibly 
affected by the small harmonic currents of higher frequency 
which pass through the galvanometer without any consider- 
able effect on its deflexion. The object of the inductance 
coil J is to check these, and this could be done even 
more effectively by adding also a condenser of suitable 
capacity. 

Since the magnetizing current t, is of sine wave form, the 
flux density @ and the total flux ® will in general not be 
sinoidal. It is usually necessary to reduce the results of 
iron tests to a standard value of max with induced secondary 
voltage of sine wave form. When this is required the mar 
and the form factor of the secondary voltage are observed 
simultaneously with the above measurement of power. This 
is done in the usual way by the help of a synchronous com- 
mutator *. By making tests at two different frequencies the 
hysteresis and eddy current losses may be separated. 

It should be noticed that the work done in the iron by 
the current i is got by integrating id; if i, has no 
harmonics, the harmonics in .Z disappear in the integration. 
I have tried the method with a ring of stampings from 
ordinary transformer sheet, and obtained a result in very 
fair agreement with the ordinary wattmeter method; but 
further experiments are desirable. I have found the method 
convenient for testing small samples of iron for telephonic 
work where the tests have to be made for very low values of 
KH (say about 0:01), and in such cases the method is so 
sensitive that it is easy to test very small rings weighing 
only a gram or two. When the eddy currents are very 
small, equation (24) becomes m=M ; and since 


m —4r x 10-*N,N;us, (cireumf. of ring), 


where s— section of ring, we can at once find the permea- 
bility ø for various values of Ij (and hence of 27). In such 
cases I have found the values obtained at moderate fre- 
quencies in agreement with the results of ballistic tests. 


When the eddy currents are large enough to affect the 


* See Lloyd, ‘ Bulletin Bureau of Standards, p. 467, vol. iv. 1908 
also the Author, Proc. Inst. El. Engs. p. 503, vol. xliii. 1008. 


—* — ae 
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phase of db, but do not alter its magnitude appreciably, as 
Mr. T. L. Eckersley has pointed out to me, we can still find p; 
in the galvanometer circuit in fig. 3 the vectors QI,, e MI, 
and wN,® form a right-angled triangle (P being the effective 
value), and hence 


wo Nb? = (QM). . 0... (25) 


Thus we can find and y for any value of I, by observing 
Q, M, and the frequency. 


$ 9. Tests of Current Transformers. 


In current transformers used with ammeters, wattmeters, 
&c., it is necessary to be able to test accurately the ratio 
of current transformation (I,/I,) and the angle of lag ($) 
between the secondary and the reversed primary current. 
The above method may be used for this as shown in fig. 4, 
where the transformer has any desired load; but part of the 
load is the known resistance 8. By consi doin the galvano- 
meter circuit, when a balance is obtained, the prae oMI,, 
QI,, and SI, form a right-angled triangle, and hence 


tn $e and I,/Ij—S'/(Q'-PM?e?).. . . (26) 


2,42 
When ¢ is small, this so E "a ) 


or Læg- j tan? 4) 


- 1-5) 


Usually $ is so small that we may take 
L/T; = S/Q. ° . ° >o œ . e (27) 


With regard to the actual working of tae method, the 
inductometer should be a low-reading one whose primary 
coils can carry the large primary current. The resistance 
Q may be a standard low resistance shunted by a slide wire 
along which the slider runs. Tests by this method on a 
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commercial transformer gave results in practical agreement 
with those obtained by Mr. C. C. Paterson by a wattmeter 
method, the source of current being a sine-wave alternator. 
This agreement is interesting as showing that the harmonics 


Fig. 4, 


in the secondary current (which are not taken account of by 
the vibration galvanometer) have very slight effect on the 
results. The method should only be used where the primary 
current can be made approximately sinoidal. 


In conclusion, I would express my best thanks to 
Dr. Glazebrcok for his kind interest in the work, and to 
Mr. T. L. Eckersley for valued and suggestive criticism. 


ABSTRACT. 


In the use of mutual inductometers (or variable inductances) already 
described by the Author, the use of a balancing coil in one arm of the 
bridge causes considerable loss of sensitivity. With an equal-arm 
bridge this difficulty 1s overcome by putting the two halves of the 
secondary circuit in adjacent arms of the bridge. The auxiliary 
balancing coil is thus dispensed with and the usual formula is still 
applicable. 

The Author next discusses the measurement of effective resistance, 
which is in general much more troublesome than that of self-inductance. 
As the effective resistance determines the total power spent by a given 
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alternating current in a conductor, it is a most important quantity 
in telephonic and other high-frequency work. When it is measured 
by an ordinary self-iuductance bridge, Giebe has shown that large 
errors may be introduced by the small residual inductances of the ratio 
arms. The Author works out the analogous formulas for mutual in- 
ductance bridges, which indicate that the inductances of tlie ratio arms 
must be accurately proportional to their resistances, if errors are to be 
avoided. 

He next describes & null method in iron testing analogous to Max 
Wien's self-inductance method. The ring to be tested is wound with 
primary and secondary coils. The magnetizing current I, is passed 
through the primary coil, the primary circuit of a mutual inductometer, 
and a slide-wire resistance. The detecting instrument, a vibration 
galvanometer or a tuned telephone, is put across a circuit consisting of 
the secondaries of the ring and the inductometer in opposition and a 
part Q of the slide-wire resistance. By adjusting Q and the reading M 
of the inductometer a balance is obtained, in which case the power lost 
in the ring (due to hysteresis and eddy currents) is equal to QI,? x Nj/N,, 
where N, and N, are the numbers of turns in the windings of the ring. 
In certain cases the permeability can also be directly found. The 
method is immediately applicable to the testing of current transformers. 
If the instrument usually in the secondary circuit of the transformer be 
replaced by a suitable low resistance S, then when a balance is obtained 


tanó—2s2M/Q and I,/1,=S/Q, 


where œ ia the angle of lag between the primary and the reversed 
secondary current, and » is the frequency. The primary current. should 
have a sine wave form. The method gives directly the two quantities 
wanted in practice, but, owing to considerations of wave form, the 
resulta must be interpreted with caution. 


Discussion. 


Mr. C. C. PATERSON congratulated the Author upon his null method 
of iron testing and pointed out some of its advantages. 

Mr. W. DuUDDELL remarked with regard to the self-inductance of tho 
ratio arms that the time constants of the two should be the same, and 
suggested the use of woven resistances. 

Mr. CAMPBELL, in reply to Mr. Duddell, stated that when the ratio 
arms of the bridge could be of high resistance the employment of woven 
resistances could ensure that their time constants were equal. The main 
difficulty, however, arose with ratio arms of relatively low resistance 
(e.g. 10: 1000 ohms) ; for such values woven resistances did not appear 


quite applicable. 
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XVI. Electrical Recording Thermometers for Clinical Work. 
By H. L. CALLENDAR, M.A., LL.D., F.R.S., Professor of 


Physics at the Imperial College of Science and Technology, 
S. W.* 


IN Memortam Dr. A. GAMGEE, F.R.S., obit Man. 29, 1909. 


1. Tue scientific interest and importance of a method of 
continuously recording the temperature of the body, whether . 
in health or disease, is now being generally recognized, and 
I have been persuaded that my esperiments in the con- 
struction and testing of suitable apparatus for the purpose 
may be of some value at the present juncture, although I 
have no results of physiological importance to produce. 

My attention was first directed to the subject by Professor 
J. G. Adami, F.R.S., of McGill College, Montreal, at whose 
suggestion I constructed some electrical resistance thermo- 
meters specially adapted for recording the temperature of 
different parts of the suface of the body. Unfortunately I 
had to leave Montreal early in 1898, before the apparatus 
had taken its final shape, and the results obtained at that 
time, consisting merely of experimental records of my own 
normal temperature, did not seem to be of sufficient interest 
to merit publication. I did not return to the subject until 
November 1908, when I undertook to make some thermometers 
for Dr. A. Gamgee, F.R.S., and to collaborate with him in 
evolving a praetical method suitable for general use in clinical 
work. His paper, then recently published, “ On Methods 
for the Continuous (Photographic) and Quasi- Continuous 
Registration of the Diurnal Curve of the Temperature of the 
Animal Body” f, dealt exclusively with thermoelectric 
methods of temperature measurement: but he had become 
convinced that the thermoelectric method was unsuitable for 
general use, on account of the delicacy of the apparatus, and 
the necessity for employing an elaborate thermostat. The 
Copper-Constantan thermocouples which he employed gave 
an E.M.F. of 40 microvolts per 1° C., which was ample for 
delicate photographic mothods of registration, but insufficient 

* Presidential Address, February 11, 1910. 
t Phil. Trans, Roy. Soc. B. vol. 200, p. 210 (1908). 
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for the more robust type of instrument required for general 
use with ink records. A more serious difficulty in practice 
was the necessity of keeping one of the junctions of the 
couple at a constant temperature in the neighbourhood of 
37° C. for long periods. In the application of the resistance 
method no thermostat was required, and it was easy to 
obtain a tenfold larger deflexion with the same galvanometer. 

The objections that have commonly been urged against 
electrical resistance thermometers for this kind of work are 
(1) that resistance thermometers are more difficult to con- 
struct and to insulate satisfactorily than thermocouples, and 
(2) that their indications are liable to be disturbed by the 
heating effect of the current employed. These objections 
undoubtedly exist, and have frequently proved fatal to the 
employment of resistance thermometers: but they have 
arisen chiefly from faulty application or construction, and 
not from defects inherent in the method. Objection (1) is 
readily surmounted by proper methods of construction, and 
objection (2) by a proper consideration of the conditions of 
sensitiveness. 


Conditions of Sensitiveness. 


2. The conditions of sensitiveness in measuring a resistance 
by the Wheatstone bridge method have been discussed by 
Maxwell (f Electricity and Magnetism,’ vol. i. p. 437) and 
Heaviside (Phil. Mag. Feb. 1873), whose results have 
generally been quoted and applied to the problem under 
consideration. They start with tho assumption that the 
battery power available is limited by the internal resistance 
of the cells, and give rules for obtaining the maximum 
current through the galvanometer with this implied limit- 
ation. The limitation of battery power was no doubt an 
important consideration in many kinds of telegraph testing 
thirty years ago, but it is rarely applicable in modern 
laboratory practice, and never .in dealing with electrical 
resistance thermometers. In the majority of resistance mea- 
surements, and more particularly in electrical thermometry, 
the limiting condition is imposed by the heating effect of the 
current on the resistancs to be measured, and the resistances, 
etc., should be chosen and arranged to give the greatest 
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sensitiveness for a given limiting value of the current through 
the resistance to be measured. The resistance of the battery 
circuit is quite immaterial provided that the battery can be 
arranged to give the required limiting current. The problem 
has been discussed from this point of view by Guye (Arch. 
Sci. Phys. Nat. Geneva, 1892), and by Schuster (Phil. Mag. 
xxxix. p. 175,1893), and in several of my own papers, but it 
will facilitate discussion to reproduce here the investigation 
itself in a simplified form. 

Let the annexed diagram, fig. 1, represent the arrangement 
of resistances in a Wheatstone bridge, in which C is the 


Fig. 1. 


Diagram of Wheatstune Bridge. 


current through the resistance to be measured R, and c is 
the current through the galvanometer of resistance G, when 
the bridge is not balanced. The resistance in series with R 
is aI’ traversed by a current C +c; the resistance in parallel 
with R on the same side of the galvanometer circuit is mR’ 
traversed by a current C'+c. The resistance in the opposite 
arm of the bridge to R is nmlt’, traversed by a current C’. 
The currents are assumed to flow in the directions indicated 
by the arrows, and it is evident that they satisfy the condition 
of continuity. The numbers n and m, representing the ratios 
of the arms of the bridge, may have any positive values. The 
bridge is balanced when R— HR, in which case c=0, and 
C’=C/m. 


Since the difference of potential between the ends of the 
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galvanometer circuit is Ge, we have by Ohm's law, 
RC —mR'(C' c) Ge nmR'C' —AR'(C 4 c). 
Eliminating C’, we obtain for the ratio c/C, 
c/Cz (R—R^2/(GCl-c n)fnt+(L+m)R’). . . (1) 


It is obvious that this ratio, which may be regarded as a 
measure of the seusitiveness of the arrangement, is quite 
independent of the resistance or E.M.F. in the battery circuit. 
It is also at once evident that, for a given defect of balance 
as measured by R—R’, the value of the ratio c/C will be a 
maximum when n is as large as possible, and m as small as 
possible, the limiting value of the ratio ¢/U in this case being, 
when 

n-o,and m=0, c/(C2 (V —R))/(G - R^). 

This point has been emphasized by both Guye and Schuster, 
and comes out clearly in Heaviside's investigation. 

The advantage which can be gained by making a large 
and m small is not very great, because when n2 1, 

c/Cz (R— R^/2(G +R”), 
or ihe sensitiveness is still half as great as in the limiting 
case. 

For practical purposes it is more important to observe that 
if n is small or m large, the sensitiveness may be indefinitely 
reduced. This arrangement should always be avoided if 
possible, as shown by the following example. 


Maxwells Rule. 


3. Maxwell has given a rule which is very often quoted 
and applied (‘Electricity and Magnetism,’ vol. i. section 
348). “Of the two resistances, that of the battery and that 
of the galvanometer, connect the greater resistance so as 
to join the two greatest to the two least of the four other 
resistances." 

This rule is seldom applicable to accurate resistance 
measurements, and when applied in platinum thermometry 
has often led to disastrous results. A simple numerical 
example will make this clearer. 

Suppose that it is required to measure the resistance of a 

VOL. XXII. Q 
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platinum thermometer, R=10 ohms, with a post-office box 
having ratio arms 10 and 1000 ohms. Suppose that the 
galvanometer has a resistance G=10 ohms, and that the 
battery is a 2 volt cell of negligible resistance. According 
to Maxwell’s rule we should connect the galvanometer so as 
to join the two resistances of 1000 ohms to the two resistances 
of 10 ohms, in which case we should have n=1, and m=100 
in fig. 1. Suppose that the balance is slightly disturbed by 
a change dR=R—R’. Substituting in equation (1) we 
obtain : 
Jase (A), Maxwell’s Rule, 
n=1, m=100, c/C=dR/1030, C=0:1 amp. 

If, however, we interchange the connexions of the battery 
and galvanometer, which is simply equivalent to inter- 
changing the values of n and m in the equation, we obtain 
for the Anti-Max well arrangement: 

Case (B), Anti-Max well, 
n=100, m=1, c/CzdR/30, C=:002 amp. 

The actual value of the current through the galvanometer 
in case (A) is greater than in case (B) in the proportion of 
3 to 2. Maxwell’s rule is so far justified. But the current 
through the resistance to be measured is 50 times greater in 
(A) than in (B), and the heating effect of the current is 
2500 times greater. With an ordinary platinum thermo- 
meter arrangement (A) might give an elevation of tem- 
perature of about 5° C., which would be fatal for any purpose 
of measurement. Whereas arrangement (B), with nearly 
the same sensitiveness, would give an elevation of ‘002° C. 
only, which is sufficiently small for the most accurate work. 

The essential point is to observe that the ratio c/C of the 
galvanometer current to that through the thermometer, 
which is the true measure of sensitiveness in this case, is 
34 times greater in (B) than in (A). (B) is therefore by 
far the better arrangement in the case where the heating 
effect of the current on the resistance to be measured is the 
primary consideration. | 

The rule to replace Maxwell's in tbis case, if there is any 
choice as to the arrangement of the battery and galvanometer 
connexions, is: “Connect the battery so as to make the 
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resistance in series with the thermometer greater than the 
resistance in parallel." This will make n greater than m in 
fig. 1, and it is evident that the ratio c/C will be diminished 
or the sensitiveness reduced, if n and m are interchanged. 

In the practical use of platinum thermometers, we have 
the further restriction that n must be equal to unity, because 
it is necessary to compensate the changes of resistance of 
the leads by the equal changes of resistance of a pair of 
compensating leads on the opposite side of the galvanometer 
contact on the bridge-wire. The loss of sensitiveness, as 
compared with the case of n very large, does not amount to 
more than 20 or 30 per cent., and is of no consequence as 
compared with the trouble and uncertainty involved in 
measuring the resistance of the leads separately at each 
observation. Moreover, if n is made large, the heating effect 
of the current C on the resistance nR’ may become serious. 
As a matter of fact this is a common and very insidious 
source of error in the use of a P.O. box with n=100, 
especially if the coils are of german silver or platinoid. 
With maganin resistances the effect is much less marke. 

It is still possible to gain some advantage in point of 
sensitiveness by making m smaller than unity, provided that 
it is not made so small that the heating effect of the current 
C/m on the resistance mR’ becomes appreciable. For the 
most accurate work I have generally employed thermometers 
having a resistance about 25°6 ohms at 0° C., with a funda- 
mental interval of 10 ohms, and have made the ratio coils 
about 64 ohms, giving m=1/4 *, which gives an advantage 


* The reason for choosing this particular value of m in the case of 
the compensated box with platinum-silver and platinum coils, which 
was exhibited at the Royal Society in May, 1893, and fully described 
later (Phil. Trans. R. S. A., vol. 199, p. 92), was that the change of 
resistance of the platinum-silver coils due to the heating effect of the 
current might be of the same order of magnitude as that of the platinum 
coils, and might take effect at the same rate. The thermal capacities 
and radiating surfaces of the coils being nearly equal, but the temper- 
ature coefficient of the platinum-silver nearly 16 times less than that of 
the platinum, the platinum-silver coils would carry about 4 times as 
great a current as the platinum for the same change of resistance. This 
was found to give a fairly safe limit for the value of m, but the effect 
was 30 small as to be of little importance. . 

Q2 


226 PROF. H. L. CALLENDAR ON ELECTRICAL 


of aboul 20 per cent. in point of sensitiveness as compared 
with n:=1. A more important consideration in this case is 
that the same box can be used with thermometers of lower 
resistance, e. g. 152 2:56 ohms, F. I. —1 ohm, without serious 
loss of sensitiveness. 


Resistance of Galvanometer, 


4. It is generally possible to vary the resistance of a 
galvanometer through a wide range, by altering the con- 
nexions of the coils or by substituting one coil for another, 
without altering the mass of the coils. In this case the 
sensitiveness will vary approximately as the square root of 
the resistance G. We see from equation (1) that the de- 


flexion of the galvanometer, which is proportional to ¢/G, 
will be a maximum when 


—n(l-4 m)N/(1- n). 

This result agrees with that given by Maxwell, and shows 
that in the majority of cases which occur in practice, G 
should be of the same order of magnitude as R, being 
restricted to the limits 2R and R/2, if n is never less than 1, 


or m greater than 1. If we are restricted, as in platinum 
thermometry, to the case n— 1, we should take 
G= (1+ m)R'/2. 

The best resistance for the galvanometer is restricted to the 
same limits, 2R and R/2, provided that m does not exceed 3. 

For example, in the case of the box already quoted, with 
ratio coils 6'4 ohms, when used with a thermometer Ry=25°6 
ohms, the best resistance for the galvanometer was 16 ohms. 
When the same box was used with a thermometer ten times 
smaller, Ro —2:56 ohms, the best resistance for the galyano- 
meter would be 4:5 ohms. This could be secured approxi- 
mately by putting the two coils of the 16 ohm galvanometer 
in parallel, but the advantage gained thereby would be only 
10 per cent. If, on the other hand, the ratio coils had been 
made equal to 25:6 ohms each, according to the rule given 
by Maxwell and generally followed, there would have been 
a loss of sensitiveness of 20 per cent. with the 25:6 ohm 
thermometers, and 50 per cent. with the 2:56 ohm thermo- 
meters, which could not so well be neglected. 
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Resistance of the Thermometer. 


5. For a platinum thermometer of resistance R, at 0° C., 
the change of resistance per 1° C. is approximately ‘O04 Ro, 
which must be substituted in equation (1) for the value of 
dR or R—R’, in order to find the deflexion of the galvano- 
meter per degree change of temperature. Making this 
substitution, and remembering that n=1, we find that, when 
the resistance of the thermometer is changed, the deflexion 
per degree, which is proportional to c/G, varies as 
RCV G/ (2G + (14- m) R). 

The rise of temperature produced in the thermometer by 
the measuring current C is directly proportional to C^R, and 
inversely proportional to the rate of dissipation of heat per 
degree rise of temperature of the thermometer above its 
surroundings. The rate of dissipation of heat depends on 
the form and surface of the thermometer, and on the con- 
ditions of exposure. For similar thermometers of different 
resistances, but of the same size, under similar conditions of 
exposure, we must have C?R the same in order to secure the 
same degree of accuracy as limited by the heating effect of 
the current. The permissible current C will therefore vary 
inversely as the square root of tho resistance of the thermo- 
meter. Making this substitution, we have 


cV/G varies as / GR/(2G 4- (14- m)R). 


We see from this result that, if it is possible to choose the 
best resistance for the galvanometer, namely (1-4 m)R/2, 
and if m is the same for all, the sensitiveness and accuracy 
of the thermometer, so far as the heating effect of the 
current is concerned, will be independent of its resistance. 
In accurate laboratory work, where a delicate galvanometer 
is available, the heating effect of the current is so small as 
to be relatively unimportant, and the resistance of the 
thermometer is chosen chiefly with a view to minimise errors 
due to defects of insulation or imperfect contacts, or small 
differences in the resistance of the thermometer and com- 
pensator leads. On the other hand, for practical applications, 
or for ink recording, it is necessary to employ a fairly robust 
and portable galvanometer of the suspended or pivotted coil 
type ; the current employed must be considerably increased 
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if a large scale record is required, and it may be importan 
to choose the resistance of the thermometer to suit the 
galvanometer or vice versa, in order to minimise the heating 
effect of the current. 

The symmetry of the above expression in respect of G 
and R shows that the condition governing the choice of the 
resistance of the thermometer, if the galvanometer is given 
and m is constant, is the same as that already given for the 
galvanometer in terms of R, namely, 


R=2G/(1+m). 


If, however, the value of mR=S is constant, being fixed 
by the resistance of the ratio coils, each equal to S, of the 
bridge employed, the maximum sensitiveness is obtained 
when 

R=2G+S. 

The latter condition gives the limit beyond which no ad- 
vantage can be gained by increasing R and diminishing m, 
even if the heating effect of the current on S can be entirely 
neglected. If the heating effect of the current in the 
thermometer is kept constant, as already assumed, the 
heating effect in S increases in proportion to R/S. On the 
same assumption the total current to be supplied by the 
battery (which is a consideration in records of long duration) 
is a minimum when R$, but is only increased in the ratio 
5/4 when R=4S. The maximum sensitiveness is obtained 
when S=0 and R=2G, but the sensitiveness will be reduced 
hy little more than 10 per cent. if we make S=G/2, keeping 
-R=2G. It would be reduced a further 20 per cent. if we 
made R=G=S, according to Maxwell’s investigation *. 

In employing the deflexion method described below, the 
advantage of making R larger and S smaller than G is 
really greater than would appear at first sight, because, is 
the sensitiveness is reduced 20 per cent. for the same heating 
effect of the current, it means in practice that the current 
must be increased 20 per cent. to give the required deflexion, 
or that the heating effect of the current must be increased 

* Maxwell, ‘Electricity and Magnetism,’ vol. i. $349. This is the 


right arrangement if all the four arms of the bridge are similar, and 
equally affected by the current. 
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more than 40 per cent. The most important error to avoid 
is to make R small compared with G or S. The sensitive- 
ness may in this way be very greatly reduced, and the heating 
effect of the current increased five or ten times. Thus, a 
pyrometer of low resistance designed for work at high 
temperatures (where the resistance is high and an open scale 
is not required) would not be a suitable instrument to 
employ for recording small variations of temperature on an 
open scale at low temperatures, unless G and S were made 
inconveniently small, and the pyrometer itself specially wound 
with extra thick wire to give a large cooling surface. 


Construction of Thermometers. 

6. The construction of the thermometers depends on the 
situation in which they are to be used. I have made three 
principal types:—(1) For insertion in the mouth; (2) for 
the rectum ; (3) for the surface of the skin or for the axilla 
(armpit). 

(1) The mouth is not a suitable position for records of 
long duration, but it is of interest to be able to insert an 
electrical thermometer in this way in order to investigate 
the conditions of lag, which cannot be observed so accurately 
with a mercury clinical thermometer. It is most essential 
that the thermometer should be of small thermal capacity, 
in order to minimise the effect of inserting a cold thermo- 
meter, since the tissues of the body are not very good con- 
ductors of heat. In any case, if the mouth has not been 
kept shut for some time previous to the insertion of the 
thermometer, there will be a large apparent lag due to the 
recovery of temperature of the mouth itself. A so-called 
half-minute clinical thermometer may take upwards of five 
minutes to get within a half a degree of the true temperature 
under these conditions. I have tested several recording 
thermometers from this point of view, and the results are of 
some interest. 

Flat Glass Bulb Thermometer.—The ordinary type of 
platinum thermometer has the wire wound on a mica cross 
with compensated leads insulated by mica disks. Thermo- 
meter and leads are slipped into a containing tube about 
10 mm. diam., which is removable, and can easily be replaced 
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if damaged or broken, and which permits withdrawal of the 
thermometer for adjustment or repair, if required. This 
type is most convenient and suitable for ordinary laboratory 
work with sensitive galvanometers ; but is insufficiently 
sensitive for insertion in the mouth. Moreover, since the 
wire is surrounded by air, the heating effect of the current 
may be excessive when such a thermometer is used with 
recording instruments on an open scale, especially if its 
resistance 1s low. 

A great improvement on this type, in point of quickness 
of action and diminution of the heating effect of the current, 
is readily effected by winding the wire on a flat plate of mica 
in place of a cross, and melting the lower part of the con- 
taining tube (which is preterally of lead glass) down on to 
the wire so as to form a flat bulb, as illustrated in fig. 2 
If the glass is thin, the sensitiveness may be increased 


Fig. 2 
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Flat Glass Dulb Thermometer. 


nearly five times, as compared with a thermometer of the 
ordinary type, and the heating effect of the current reduced 
in nearly tlie same proportion. When inserted in a water- 
bath at 37° C. this thermometer takes less than a minute in 
arriving within a hundredth of a degree of the final tem- 
perature ; but when inserted cold in the mouth, it may take 
4 or 5 minutes to get within a tenth of a degree, because 
ihe tissues of the mouth take time to recover from the 
cooling effect of inserting the thermometer, as further 
illustrated below. Where quickness of action is an essential 
condition, as in some kinds of calorimetric work, the flat- 
bulb thermometer is a great improvement on the ordinary 
type with a round tube, but it shares with the mercury 
thermometer the disadvantage that, if broken or UC it 
cannot easily be repaired. e 
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It is essential that thermometers of this type should be 
provided with compensated leads, otherwise there will be a 
variable immersion error, and an apparent lag due to slow 
conduction of heat along the leads. It is also most important 
for accurate work to avoid screw terminals in the head of 
the thermometer, and to provide each instrument with 
flexible leads two or three metres long, permanently soldered 
to the thermometer and compensator leads, and securely 
attached to the head of the thermometer, as indicated in fig. 2. 

Hereus Quartz-Glass Thermometer.—The smallest size of 
quartz-glass resistance thermometer constructed by Hersous 
after the experiments of Dr. Haagn has a bulb 25 mm. long 
and 3 mm. in diameter, and is therefore very similar in 
dimensions to an ordinary clinical thermometer. The bulb 
contains a coil of fine platinum wire wound on a rod of 
quartz-glass, and protected by a very thin tube of quartz- 
glass fused over it. The bulb is fused on to a larger quartz 
tube, containing the two leading wires, which are of gold. 
The resistance of tho coil is 25 ohms nearly at 0° C., but, as 
there are no compensating leads, the resistance cannot be 
measured very accurately. This type of thermometer is very 
suitable for insertion in the mouth, but is unsuitable for 
records of long duration owing to its shape and the risk of 
breakage. It does not appear to be quite so sensitive as a 
mercury thermometer of similar dimensions, partly owing to 
the low conductivity of the central rod of quartz-glass, and 
partly to the fact that the leadsare not compensated. When 
inserted in a water-bath at 37° C. this thermometer starts 
very quickly to rise, but takes about a minute in arriving 
within a tenth of a degree C. of its final reading, and 
continues to change appreciably for three minutes, possibly 
owing to slow conduction along the leads, one of which 
passes through the centre of the coil. When placed under 
the tongue, after keeping the mouth closed for ten minutes 
previously, it arrives within a degree of the final temperature 
in one minute, but takes seven or eight minutes to get within 
a tenth of a degree. A typical record obtained with this 
thermometer is given in fig. 3. 

Flat Platinum Tube Thermometer.—This is a type of 
thermometer which I specially designed for calorimetric 
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work, where quickness of action and small mass are im- 
portant. It is similar to the flat glass bulb thermometer, 
except that the containing tube is of platinum about 0:05 mm. 
thick, which permits the thermal capacity of the bulb to be 
greatly reduced. The coil is wound on a flat plate of very 
thin mica, and insulated from the flattened platinum tube by 
thin strips of mica on either side. The lag of this thermo- 
meter when placed in a water-bath at 37° C. was so much 
less than that of the galvanometer that it could not be 
recorded satisfactorily. Owing to its size and shape, it was 
not very suitable for insertion in the mouth, as it could not 
be placed in the usual position under the tongue. When 
placed along the side of the mouth (after closure for ten 
minutes) between the tongue and the teeth, it arrived within 
0?-3 of the final temperature in less than a minute, but 
continued to rise appreciably for nearly ten minutes, 
apparently indicating that the mouth had not been kept 
closed long enough beforehand to reach a practically steady 
temperature. 

A comparison of the records of the platinum tube thermo- 
meter (Pt) and the Herzus quartz tube thermometer (He) 
when placed in the mouth under similar conditions is showr 
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Comparison of Quartz and Platinum Tube Thermometers in Mouth 
after closure for 10 minutes. 
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in fig. 3, which illustrates the importance of extreme quick- 
ness and small thermal capacity in such tests. 

It might appear at first sight as though the slow and long 
continued rise indicated by both thermometers in different 
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degrees, were due to the heating effect of the measuring 
current, which might easily produce a result of this nature 
if the current were excessive or the mass considerable. But 
the current employed in taking these records scarcely 
exceeded one hundredth of an ampere in the case of either 
thermometer, and the heating effect of the current was 
measured in both cases and found to be very small. With 
the Heræus thermometer, when placed in a water-bath and 
traversed by ihe same current, the rise of temperature due 
to the passage of the current was found to be only 0°085 C. 
and to reach a steady value in about two minutes. When 
enclosed in its metal protecting tube, so that the bulb of the 
thermometer itself was surrounded by air instead of being in 
direct contact with the water, the heating effect of the 
current was increased to 0°°31 C., and became steady in less 
than three minutes. The comparatively high value of the 
heating effect of the current with this thermometer is 
evidently due to its small size and surface. When placed in 
the mouth the heating effect of the current could not be 
determined accurately, as the temperature was not perfectly 
steady, but it was probably less than a tenth of a degree, 
and therefore insufficient to account for the observed lag. 
With the flat platinum tube thermometer, owing to its much 
larger surface, the heating effect of the current was far too 
small to be appreciable on the scale of the records. 

That the apparent lag of the thermometer is really due to 
the slowness of recovery of the temperature of the mouth 
itself after being cooled in any manner, is further shown by 
the following records taken with the platinum tube thermo- 
meter under different conditions. The first curve, marked 
(1) in fig. 4 was taken at the conclusion of an ordinary 
conversation, without any precautions as to keeping the 
mouth closed or refraining from speaking, until the thermo- 
meter had been inserted. The thermometer did not reach 
32? C. for more than a minute, and was still nearly 1? C. 
below the normal temperature after a lapse of seven minutes. 
Curve No. (2) represents the record obtained after keeping 
the mouth closed for three minutes previous to the insertion 
of the thermometer. Curve No. (3), which is practically a 
reproduction of the record already given in fig. 3, represents 
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the result of keeping the mouth closed for ten minutes 
previously. There is a further improvement with this 
thermometer after closure for fifteen minutes, but unless the 
mass of the thermometer is very small, or the thermometer 
itself is previously warmed, little advantage is gained by 
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Platinum Tube Thermometer Records in Mouth after different 
periods of closure. 


keeping the mouth closed more than ten minutes, because 
in any case the mouth takes some time to recover from the 
cooling effect of inserting the thermometer. In all the 
records given in figs. 3 and 4, the thermometer was inserted 
cold, being taken direct from a water-bath at 15° C. The 
difference between the records in fig. 4 is due almost entirely 
to an actual difference in the temperature of the mouth at 
starting. The difference between the quartz and platinum 
tube thermometers in fig. 3 is due chiefly to the greater 
cooling effect of the quartz tube, owing to its greater mass 
in proportion to its surface. 
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(2) For records of long duration, the best results are 
undoubtedly to be obtained by insertion in the rectum. The 
thermometer bulb should be of small dimensions and the 
leading wires should be enclosed ina flexible but inextensible 
tube of small diameter, such that it can be attached to the 
bulb in a perfectly secure and water-tight manner. Such a 
thermometer may be made in a variety of ways. The 
following is a description of a method of construction which 
I have found very satisfactory. The fine wire forming the 
balb is wound on a thin celluloid tube 5 mm. in diameter, 
and is protected by another thin celluloid tube which closely 
fits the first. One end of the protecting tube is closed by a 
small celluloid stopper, the other is cemented with celluloid 
cement to the cut end of a Porges catheter 5 mm. in external 
diameter, and 32 cm. long, through which the flexible 
thermometer and compensator leads are passed. This type 
of catheter has a smooth surface, and is very flexible, but 
practically inextensible, thus protecting the leading wires 
and joints from possib'e strain. It also makes a very good 
joint with the celluloid tube protecting the bulb. I bave 
tried rubber tubes and metal bulbs, but these appear to be in 
every respect less suitable. A rubber stopper fixed on the 
catheter at a distance of 3 to 5 cm. from the near end of 
the bulb, is a convenient method of limiting the depth of 
insertion. The thermometer is smeared with vaseline before 
insertion. This prevents irritation, and does not appear to 
have any injurious effect on the celluloid or catheter. 

The curves shown in figs. 5 and 6 are typical records taken 
with this thermometer on consecutive nights under similar 
conditions. In the first case there was an unusually rapid 
rise in the external atmospheric temperature during the 
night which occasioned some feeling of discomfort. In the 
second case there was a sharp frost, and the patient awoke 
feeling appreciably chilled. From a comparison of similar 
records it would appear that the normal temperature of the 
body may be influenced to some extent, as one would 
naturally expect, by the external conditions prevailing at 
the time. There is often a fall of nearly half a degree C. 
during the night corresponding more or less with the diurnal 
change of atmospheric temperature. 
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The changes here observed cannot have been due, as might 
appear at first sight, to the effect of change of temperature 
on the resistance coils of the box or measuring apparatus, 
because increase of resistance of the balancing coils in the 


Rectal Thermometer on Thread Recorder. 


Fig. 6. 


Rectal Thermometer on Thread Recorder. 


bridge would act in the opposite direction, producing an 
apparent fall of the thermometer. Moreover, the balancing 
coil in this particular thermometer was made of fine man- 
ganin wire having a resistance equal to that of the thermo- 
meter coil at 37° C., and was placed inside the celluloid tube 
on which the thermometer coil itself was wound, so that any 
changes in its resistance were due to change of temperature 
of the thermometer, and were allowed for when the thermo- 
meter was calibrated. This construction was adopted in 
order to avoid the necessity of applying any correction for 
change of temperature of the resistance box ; but it is open 
to the objection that it makes the thermometer rather less 
sensitive, and doubles the heating effect of the current. The 
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sensitiveness of the celluloid rectal thermometer, though only 
about half as great as that of the Herzeus thermometer, was 
ample for records of long duration. The heating effect of 
the current was only a tenth of a degree, and did not intro- 
duce any appreciable error, sinc» it remained practically 
constant, and was allowed for in the calibration, in which 
the same current was employed. 

A more important source of systematic error would lie in 
variation of E.M F. of the battery during a long continued 
run. But unless the storage cells employed were nearly run 
down, this would not be likely to amount to more than 
1 per cent. of the galvanometer deflexion, or two or three 
hundredths of a degree, since the galvanometer deflexion 
corresponds only to the small difference from the balance 
point which is in the neighbourhood of 37°C. The zero of 
the galvanometer and the deflexion per degree would of 
course be tested, and, if necessary, adjusted daily. 

(3) Surface or Axillary Type.—A tube form of thermo- 
meter is not very suitable for this purpose, since the contact 
between the thermometer and the skin is necessarily imper- 
fect. It is desirable to give the thermometer as large a 
surface as possible, in order to diminish the heating effect 
of the current, and at the same time to make the bulb flexible 
and thin, so as to conform approximately to the contour of 
the surface to which it is applied. The first thermoineter 
of this type which I constructed for Prof. Adami of Montreal 
in 1897, was made by sticking a thin bolometer grid of 
platinum foil on to a thin sheet of celluloid photographic 
film. This satisfied the required conditions very perfectly, 
but the bolometer grid was excessively fragile (unless its 
resistance were made unduly low), and was also difficult to 
attach securely to the leading wires. The substitution of 
fine wire for the foil greatly facilitated the construction and 
adjustment, and was found to make little, if any, difference 
to the sensitiveness. In any case it is most important that 
the thermometer should be fairly robust, as it has to undergo 
somewhat rough usage. In my experience nothing answers 
so well as celluloid film for the insulating material. The 
wire may be protected by cementing over it a thin film of 
celluloid ; but a better plan ia to insert the thermometer in 
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a thin flat celluloid sheath, as illustrated in fig. 7, which can 
be changed at any time if it becomes soiled. The flexible 
leads are flattened and insulated between celluloid films at 
the end where they join the thermometer coil. In applying 
the thermometer to the surface of the body, a truss, similar 
to that employed by Dr. Gamgee (loc. cit.) for thermo- 
couples, may be used ; but, in my experience, a simpler and 
more generally applicable method is to back the thermometer 
with a pad of cotton-wool to secure good contact, and to 
keep it in place by means of an elastic band to which the 
thermometer and leads are pinned or sewn. When the 
thermometer is placed in the left axilla, which is generally 


Fig. 7. 


Zu RIETI | Fij il ji W 


= = | | | ni 


je 4 aoia 


SS 


Axilla or Surface Thermometer (Celluloid). 


the most convenient location, the elastic band should pass 
under the left arm, and over the right shoulder near the 
neck, 

A surface thermometer of this type is extremely sensitive, 
and shows no appreciable lag when placed in a water-bath. 
But when placed in the axilla, or elsewhere on the surface 
of the skin, it may take fifteen minutes or more to reach a 
steady temperature. The reason of this is partly that the skin 
is slightly chilled by exposure during the insertion of the 
thermometer, and partly that the application of the thermo- 
meter with its wool pad tends to raise the temperature of 
the skin locally by preventing evaporation. The temperature 
of the skin under normal conditions with free evaporation 
is generally lower than that of the body. If the patient is 
already in bed and well covered up, the initial lag may be 
greatly reduced, but is in any case of little or no consequence 
for records of long duration. 
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A thermometer of this type should not be heated to 100° C. 
or directly exposed to water at temperatures as high as 50° C., 
because this procedure is liabie to buckle the film. If the 
temperature coefficient of the wire is known, it can be cali- 
brated with sutficient accuracy by a single observation in a 
water-bath at the ordinary room temperature with a reliahle 
mercury thermometer. If it is to be tested in a water-bath 
at 40? or 50? C., it should be protected by a thin copper 
sheath. I have generally employed thermometers adjusted 


Fig. 9. 
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Axillary Thermometer B, with elastic band. 


to a fundamental interval of 10 ohms, giving a change of 
one-tenth of an ohm per 1°C. Each thermometer is provided 
with a balancing coil, the resistance of which is adjusted to 
be equal to that of the thermometer at or near 37? C. 
The chief difficulty in obtaining reliable records of the 
VOL. XXII. R 
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body temperature by means of a thermometer inserted in 
the axilla, is that the indications are liable to be disturbed 
by movements of the patient, more particularly by putting 
the left arm out of bed, or by raising the bed-clothes and 
admitting cold air in turning over from one side to the other. 
These effects are illustrated by the records shown in figs. 8 
and 9, which were taken with different thermometers in the 
axilla on consecutive nights. The curve is often very smooth 
during sleep, but becomes irregular owing to greater rest- 
lessness on awaking. These accidental excursions seldom 
exceed a few tenths of a degree, unless the patient gets out 
of bed, and are chiefly due, in all probability, to slight dis- 
placements permitting intrusion of air betwen the thermo- 
meter and the skin. In the record shown in fig. 10 a very 


Fig. 10. 
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Axillary Thermometer C, fastened in place with adhesive wax. 


smooth curve was obtained by sticking the thermometer to 
the skin with adhesive wax. Unfortunately this record was 
of shorter duration, only six hours, and, as the patient did 
not get to bed until 2.30 a.m., it is possible that excessive 
fatigue may have induced unusual soundness of sleep. 


Recording Instruments. 


7. Two principal types of recording instruments are avail- 
able, corresponding respectively to the Deflexion Method, 
and the Balance Method of measuring variations of electrical 
resistance. In the deflexion method, the greater part of the 
resistance to be measured 1s balanced on a Wheatstone bridge 
by a balancing coil, and the small variations are observed by 
the deflexion of the galvanometer. In the balance method, 
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the galvanometer contact is moved along a bridge-wire 
until balance is obtained. This method is not so quick for 
small variations, but is generally most suitable for work 
with resistance thermometers, and has the advantage that 
the scale is uniform and independent of the E.M.F. of the 
battery. In clinical thermometry, the range of temperature 
to be covered is so small that the deflexion method is 
generally applicable and the scale practically uniform. The 
scale is readily adjusted to read in degrees of temperature 
by means of a suitable rheostat in the battery circuit. If 
storage cells of sufficient capacity are employed there is 
little risk of error from variation of the E.M.F. of the battery. 
Thus, for clinical thermometry, there is little to choose 
between the balance and deflexion methods, if the instru- 
ments employed in either case are equally sensitive. In the 
installation of underground thermometers, buried at various 
depths in the soil at McGill College in 1894, the deflexion 
method was employed, as being the quickest, for the daily 
readings of each thermometer ; but the balance method was 
adopted, as being the most accurate, for taking continuous 
records of the diurnal variations when occasion required. 
In order to obtain a strictly continuous record by the de- 
flexion method it is necessary to employ photography, but 
a practically continuous record may be obtained, as in the 
Thread Recorder made by the Instrument Co., Cambridge, 
by depressing the pointer attached to the galvanometer coil 
so as to mark its position on the record sheet by means of 
an inked thread at regular intervals of a minute, the index 
being free for the greater part of the time. For records of 
Jong duration the separate dots coalesce into a continuous 
curve if the variations are not too rapid. 


Adjustment and Use of the Thread Recorder. 


8. The standard type of Thread Recorder is a fairly robust 
instrument, having a resistance of about 10-12 ohms, and a 
scale of 80 mm. to one millivolt. With a Copper-Constantan 
thermocouple, this instrument gives a scale of about 3 mm. 
to 1° C., which is rather too small for clinical records. With 
a resistance thermometer, it is easy to get a scale of 50 mm. 

R 2 
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to 1°C. if desired, but a scale of 10 to 20 mm. is usually 
sufficient. 

In using the thread recorder with a resistance thermo- 
meter, some form of platinum thermometer bridge with a 
slide-wire is required, and a rheostat or resistance box capable 
of fine adjustment between 30 and 50 ohms. This rheostat 
is connected in series with a 2 volt storage cell to the battery 
terminals (marked B on the bridge), and serves to adjust the 
scale of the record. The thread recorder is connected to 
the terminals marked G on the bridge, one of which is con- 
nected between the equal ratio coils of 10 ohms each, and 
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the other to the sliding contact on the bridge-wire, as shown 
on the diagram, fig. 11. 

The two thermometer leads are not connected to the 
terminals marked P on the bridge (which is the usual 
arrangement when the balance method is used), but to the 
terminals marked C, C, (for compensator) so as to be in 
series with the adjustable plug resistances denoted by R in 
the annexed diagram of connexions. The compensator leads 
are connected in series with the Balancing Coil, denoted by S 
in the diagram, to the terminals marked P, P,. With this 
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arrangemont the resistance S+C is nearly constant, so that 
if the galvanometer deflexion is adjusted to be correct when 
the thermometer is at 0? C. or 20? C., or any convenient 
temperature, the scale will be very nearly correct when the 
thermometer is at any other temperature, the plugs R being 
suitably adjusted. 

As an example of the adjustment of the galvanometer 
scale, we will suppose that the thread recorder is properly 
set up and levelled, and the zero adjusted to the right hand 
side of the scale, which reads from right to left. The standard 
type of record sheet is divided into 25 scale-divisions, with 
a heavy line at each fifth division. With this sheet it is 
most convenient to adjust the scale to read 5 divisions to 
I? C., giving a range of 5? C. on the record sheet. Suppose 
that the thermometer has a resistance of 26 ohms at 0? C., 
and is adjusted to have a fundamental interval of exactly 
10 ohms, giving a change of 0-1 ohm per 1°C. Suppose 
that the balancing resistance S is 30 ohms and is adjusted 
to be equal to the thermometer at 40? C. Ten centimetres 
of the bridge-wire, or ten units of the plug resistances R, 
will correspond to a tenth of an ohm, or 1? C., on the 
thermometer. 

To adjust the galvanometer scale, the thermometer may be 
placed in a vessel of water at the temperature of the room, 
and the bridge balanced. If the temperature is 15? C. 
(which is 25? C. below 40? C.) it will be necessary to unplug 
250 units (equivalent to 25°) in the box at R to balance S, 
when the sliding contact is atzero in the centre of the brilge- 
wire. If balance were obtained with 230 units in R, and 
the sliding contact at 7:3 cm. to the right of zero, it would 
mean that the temperature of the water was 40—23 +:73 
=17°73C. In any case, to obtain a fine adjustment for the 
balance, the sliding contact must be shifted till the galvano- 
meter shows no deflexion, and then clamped in position. 
The galvanometer being thus balanced ata steady tempe- 
rature, increase the resistance unplugged in R by 50 units 
(0:5 ohm), corresponding to a rise of temperature of 5°C. 
on the thermometer. If the adjustment of the rheostat is 
correct the galvanoineter should defiect 5° to the left, i. e. to 
the extreme left of the record sheet. If the galvanometer 


244 PROF. H. L. CALLENDAR ON ELECTRICAL 


deflects to the right the connexions of its terminals must be 
reversed. If the deflexion is less than 5°, the resistance of 
the sliding rheostat must be reduced, and vice versa, until 
the desired deflexion is obtained. The adjustment will then 
be correct for any temperature within the range of the 
instrument up to 40°C. To get a range on the record shect 
from 35° to 40° C., for records of normal body temperature, 
it would then be necessary to unplug 50 units in R and to 
set the bridge-wire contact at zero, so that the zero of the 
galvanometer scale may correspond to 35° C. Similarly for 
a range from 40° to 45°C., the resistance unplugged in R 
should be zero. Temperatures above 45° could be measured 
by increasing the balancing resistance S, but it is not 
advisable to go above 45? C. with celluloid thermometers. 

The accuracy of adjustment of the thermometer and its 
balancing coil S can be tested at any time by immersing the 
thermometer either in melting ice, or in water at the room 
temperature if a reliable mercury thermometer is available. 
If, for instance, the galvanometer reads zero when the ther- 
mometer is in water at 17?*67 C. with 230 units unplugged, 
and the contact at 73 mm. (reading 17°73 C.), the thermo- 
meter reads 6 mm. or :06? C. too high at this temperature, 
and the error may be corrected by setting the bridge-wire 
contact 6 mm. to the right of zero for the record, instead of 
at zero, Several different thermometers may be used with 
the same balancing coil, provided that allowance is made in 
this way for the small differences between them. 


T: esting for Defects. 

9. To test the thermometer and compensator leads for 
defective insulation disconnect one of the thermometer leads, 
say Cs, from the battery, and the opposite compensator lead, 
say P,, from the bridge-wire (or vice versa, C, from the 
bridge-wire and P; from the battery). If, now, the galva- 
nometer circuit is made, there should be no deflexion if the 
insulation is perfect, since the bridge-wire and galvanometer 
contact are effectively isolated from the rest of the circuit, 
unless there is defective insulation between the thermometer 
and compensator. Before disconnecting the wires for this 
test the galyanometer circuit should be broken, otherwise the 
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instrument will be violently agitated, and its zero may be 
affected. 

To measure the heating effect of the working current on 
the thermometer, place the thermometer in water at a steady 
temperature, bulance the bridge as already explained, and 
adjust the galvanometer scale if this has not been done. 
With the galvanometer balanced at zero, and the current 
adjusted to its proper value, change the battery from one 
storage cell to two cells of the same E.M.F. Since the 
resistance of a storage cell is negligible compared with the 
other resistances in the circuit, this change will have the 
effect of doubling the current through the thermometer. 
The rise of temperature of the thermometer due to the 
passage of the current will be quadrupled, since it varies as 
the square of the current. The change of resistance of the 
thermometer due to changing from one cell to two, will be 
three times the change of resistance due to the heating effect 
of the current with one cell. The deflexion of the galvano- 
meter for a given change of resistance will also be doubled, 
since the current is doubled. The deflexion of the galvano- 
meter produced by changing from one cell to two will 
therefore be six times the heating effect with one cell 
measured in degrees of temperature. Hence observe the 
galvanometer deflexion in degrees of temperature and divide 
by six to find the heating effect for the normal current with 
one cell. If the heating effect so deduced does not exceed 
a tenth of a degree, it will not introduce any appreciable 
error, since it remains practically constant, so long as the 
scale adjustment is the same. With a given thermometer 
and galvanometer the heating effect varies as the square of 
the number of scale divisions per degree. Thus if the 
heating effect were found to be a tenth of a degree with the 
galvanometer adjusted for a scale of 2 cm. to 1? C., it would 
be four tenths if the scale were increased to 4 cm. per 
degree, and the zero would be raised three tenths. 


Culibration of the Scale of the Galvanometer. 


The angular deflexion of the galvanometer for one milli- 
volt is rather large, and the scale may not be accurately one 
of equal parts. This should be tested for accurate work. 
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With the aid of the bridge it is easy to make the test, either 
by placing the thermometer in water at a steady temperature, 
or by substituting a fixed resistance, equal to the balancing 
coil, in place of the thermometer. Balance the galvanometer 
at zero by adjusting the bridve-wire contact. Adjust the 
scale to the required value. Unplug successively resistances 
in R corresponding to 1, 2, 3, 4, 5°, and observe the galvano- 
meter reading for each on the record sheet. Repeat in 
descending order to test the galvanometer for change of zero 
due to imperfect elasticity of the suspension. The errors 
should not as a rule be appreciable on the scale of the record 
unless there is something wrong with the levelling or sus- 
pension. It is of course extremely important that the 
galvanometer coil should be perfectly free in all positions of 
the boom, and it must be remembered that a variation of 
level inay cause a variation of scale, as well as of zero. 


Balance Method with Slide-wire Recorder. 


10. This is the type of recorder generally employed with 
resistance thermometers, especially where a large range of 
temperature is to be covered. It is equally applicable for 
clinical work, or for small ranges of temperature, provided 
that a suitable thermometer is employed, and that the current 
is properly adjusted to avoid excessive heating of the thermo- 
meter. It gives a strictly continuous ink record, with a pen 
attached to the sliding contact on the bridge-wire, which is 
automatically maintained at the balance point by means of 
a pair of motor clocks actuated by the deflexion of the 
galvanometer. The galvanometer coil carries a light arm 
terminating in a contact fork consisting of two short platinum 
wires close together. A wheel with a platinum edge rotates 
between these two wires, one or other of which makes 
contact with the wheel (according to the direction of de- 
flexion of the galvanometer), and completes a relay circuit 
actuating one or other of the motor clocks. This form of 
relay is incredibly delicate, and has since been adapted 
by Brown for the purpose of submarine telegraphy. The 
contacts keep themselves clean automatically, and never 
require adjustment. Since the deflexion of the galvano- 
meter is limited to a fraction of a millimetre, there is no 
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chance of accidental disturbance of the zero by excessive 
deflexion. 

The scale of the instrument is independent of the E.M.F. 
of the battery, being determined by the resistance of the 
bridge-wire in relation to that of the thermometer. The 
bridge-wires are usually made with a scale of 2:0, 1:0, or 
0:5 ohm to a length of 20 cm., which is the length of the 
record sheet. With a thermometer having a zero resistance 
of 26 ohms, and a fundamental interval of 10 ohms, these 
bridge-wires give ranges of 20° C., 10? C., and 5° C., respec- 
tively on the record sheet, or scales of 1, 2, and 4 cm. to 
1°C. With thermometers of smaller resistances the scales 
are proportionately smaller and the ranges larger. For 
clinical work the most convenient range is from 35° to 45° C., 
with a scale of 2 cm. to 1? C. This is obtained with a 26 ohm 
thermometer and a 1 ohm bridge-wire. 

" A recorder of this type is more expensive than the thread 
recorder, but is complete in itself, with the exception of the 
battery, and does not require either an auxiliary resistance 
box, or a rheostat for adjusting the scale. It is a great 
advantage in practice that the scale never requires adjust- 
ment, but is always correct to about 1 in 1000, provided 
that the bridze-wire is correct and uniform. It is easy to 
change froin one scale to another when required by changing 
the bridge-wire, which gives a range of 1 to 4, or by changing 
the thermometer, which gives a range of 1 to 20, from a 
fundamental interval of 10 ohms to a fundamental interval 
of 0:5 ohm. 

For ordinary work thermometers are generally provided 
with an “ice-bobbin ” or balancing coil, equal in resistance 
to the thermometer at 0? C. The ice-bobbin for each thermo- 
meter is connected to its appropriate terminals when the 
thermometer to which it belongs is in use. JE the thermo- 
meter is required to cover an extensive range of temperature, 
a series of auxiliary resistances, generally ranging from 0 to 
20 ohms is provided, which enables the range to be extended 
to 20 times the range of the 1 ohm bridge-wire. With a 
26 ohm thermometer the range thus obtained would be 
200? C., or 2000? C. with a 2°6 ohm pyrometer. For clinical 
work these auxiliary resistances may be dispensed with if 
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the balancing resistance is adjusted to 30 ohms to balance 
the thermometer at 40? C., and the zero fixed at the centie 
of the bridze-wire so as to give a range of from 35° to 
45? C., with a 1 ohm bridge-wire. 

Some observers have experienced trouble with this type 
of recorder owing to the heating effect of the measuring 
current. Such troubles have arisen chiefly from the employ- 
ment of unsuitable thermometers with excessive currents. 
With a 26 ohm thermometer the instrument can be adjusted 
to work perfectly on a scale of 4 em. to 1? C. with a current 
of one hundredth of an ampere through the thermometer. 
The record can be read easily to less than a hundredth of a 
degree, or lin 30,000 ; and the heating effect of the current, 
with a celluloid thermometer of the surface type above 
described, is only two or three thousandths of a degree, or 
practically inappreciable on the most open scale of the record. 


Testing and. Adjustment of Slide-wire Recorder. 


11. The most important points to test in a slide-wire re- 
corder are the adjustment of the zero of the galvanometer, 
and the zero of the slide-wire. When the galvanometer 
coil is free and the instrument levelled, the two prongs of 
the contact fork should be just clear of the contact wheel on 
either side. If there is any torsion in the suspension, one 
of the prongs will bear against the wheel, and the pen will 
travel continuously in one direction when the circuit of the 
relay magnets is made, the galvanometer circuit being open. 

The torsion head should be adjusted until the pen does not 
travel either way under these conditions. This is a very 
delicate test. If there is much torsion in the suspension, the 
apparent zero on the slide-wire will vary to some extent 
with the resistance in circuit when the galvanometer circuit 
is closed. ‘This adjustment is made before the instrument 
is sent out, but it is desirable to test it occasionally, especially 
if the suspension has been strained or damaged, or if a new 
suspension is fitted. 

To adjust the zero of the slide-wire, short circuit the 
pyrometer and compensator terminals, PP and CC, with 
short equal pieces of copper. wire. When the battery is 
switched on the pen will quickly come to rest at the zero. 
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If the position is not quite correct in reference to the record 
sheet, the slide-wire may be shifted in the direction of its 
length through a distance equal to the observed deviation. 
For many purposes it is most convenient to have the zero 
in the centre of the slide-wire. The wire can then be 
changed, if desired, for another of different resistance and 
scale, without altering the zero. If it is desired to have the 
zero at one end of the scale, it is necessary to provide a small 
auxiliary slide for correcting the adjustment when the slide- 
wire is changed. The freedom of the galvanometer sus- 
pension from torsion may conveniently be tested at the same 
time as the zero of the slide-wire, by doubling the resistance 
in the battery circuit, so as to halve the current through 
the slide-wire. If this does not produce any appreciable 
shift of zero, the suspension must be very nearly free from 
torsion. It is important that the external resistance added 
should be only in the bridge circuit, and not in that of the 
relay magnets, which will not work satisfactorily if the P.D. 
on the relay circuit is much reduced. This mistake has 
often been made in using this type of recorder. 


Slide-wire Records. 


12. It is possible to obtain records on a more open scale 
with the slide-wire recorder than with the thread recorder, 
owing to the greater width of the record sheet, which is 20 cm. 
for the slide-wire recorder, as compared with 8 cm. for the 


Axillary Thermometer D, on Slide-wire Recorder, 4 cm./deg. 


thread recorder. The latter is limited by the range of the 
galvanometer boom, which cannot be indefinitely elongated 
without making the deflexion too sluggish. The record 
reproduced in fig. 12 was taken with an axillary thermo- 
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meter differing in a few details of construction only from 
those employed for records 8and 9. The scale of the original 
record was 4 cm. per 1°C., which is 2:5 times the scalo 
adopted with the thread recorder. The scale has been 
reduced to one third, to facilitate reproduction and com- 
parison. It will be observed that the record shows the same 
characteristic dip, culminating between 4 and 5 A.M, as 
records 8 and 9. When first observed, it seemed as though 
this dip o£ temperature might be due to some instrumental 
error, but it has been observed on several occasions with 


Fig. 13. 


Axillary Thermometer D, on Slide-wire Recorder, 2 cm./deg. 


this particular patient, with different thermometers and 
different recording instruments. The dip is not always 
present. The record reproduced in fig. 13, which shows an 
extremely steady temperature, was taken on the same patient, 
with the same recorder and thermometer, but on a scale of 
2 cm. per 1°C., similarly reduced in reproduction. The 


10 12 Lam. ^ 6 g 
Rectal on Thread Recorder (simultaneous with record 13), 


current employed in both cases was the same as with the 
thread recorder for records 8 and 9, and the thermometer 
was attached in precisely the same way. The only effect of 
reducing the scale with the slide-wire recorder would be to 
make the instrument proportionately quicker in responding, 
which cannot accouut for the greater smoothness of the 
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record. A record taken simultaneously on the same patient 
with the rectal thermometer and thread recorder, is repro- 
duced in fig. 14. The variations shown are very slight, and 
the differences between the two thermometers are such as 
would be likely to exist in different parts of the body. 

The records above given are sufficient to show, if proof 
were needed, that accurate clinical records of temperature 
on a fairly open scale under practical conditions may readily 
be obtained by the aid of electrical resistance thermometers, 
with either of the recording instruments above described. 
The recording instruments are standard types, which have 
been thoroughly tested by the experience of a great variety 
of users for many years, and are not likely to give trouble. 


ABSTRACT. 


The PresipENT dealt with the application of resistance thermometers 
to the recording of clinical temperatures. Records of clinical tempe- 
ratures have been obtained by Dr. Gamgee using a thermocouple in 
conjunction with sensitive recording instruments. The objections to 
thermocouples are twofold. In the first place, the E.M.F.’s developed 
are so small that the recording instruments must be very sensitive and 
therefore unsuitable for ordinary use. In the second place, serious difti- 
culties arise with regard to the thermostat which is necessary to maintain 
one of the junctions of the thermocouple at a constant temperature, 
The chief difficulty in connexion with the use of resistance thermometers 
for this kind of work lies in the heating effect of the current. In 
order to explain how this difficulty is overcome Prof. Callendar gave 
& short account of the conditions upon which the sensitiveness of a 
Wheatstone's bridge depends. He pointed out that in platinum thermo- 
metry, in order to obtain accurate compensation fur the resistance of 
the leads, it is necessary that the ratio arms of the bridge should be 
equal, and he showed that this condition reduced the senaitiveness, 
which could be obtained by suitably varying the resistances by about 
30 per cent. In joining up a bridge in work with resistance thermo- 
meters, Maxwell's rule for the positions of the battery and galvanometer 
which give maximum sensitiveness is seldom applicable. While Max- 
well's arrangement actually gives the greatest sensitiveness, the heating 
effect of the current is so much greater that the trouble arising from 
this cause more than counterbalances the increased sensitiveness. The 
problem to be solved in designing a suitable thermometer for clinical work 
is, with a given galvanometer and resistance-box, to find the resistance 
of the thermometer which will give the most accurate resulta for a given 
heating effect of the current. This is given by the equation Rz 2G +8, 
where G is the resistance of the galvanometer and 5 that of one of the 
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ratio arms. In the apparatus used at the meeting G=S=10 ohms 
giving R=30 ohms, a resistance for the thermometer which gives the 
convenient scale of O'l ohm increase per degree Centigrade. It is im- 
portant in the construction of a thermometer for clinical work to secure 
quickness of action and to reduce the heating effect of the current. An 
ordinary tube-form of thermometer is good for laboratory work with 
sensitive galvanometers, hut it is unsuitable for use with recorders. An 
ordinary form of thermometer takes about 1j minutes to reach a steady 
temperature when taken from water at the temperature of the room and 
placed in water at 0° C., whereas a thermometer suitably designed will 
take up a steady temperature in about ten seconds. The pattern of the 
thermometer must also be suited to the purpose for which it is intended. 
Three types were shown, designed for mouth, rectal, and surface work. 
Experiments were performed proving that these thermometers fulfilled 
the necessary conditions, The recording instruments for use with these 
thermometers were briefly described. Prof. Callendar then showed con- 
tinuous records obtained from a patient with a normal temperature. The 
temperature is generally very steady if the thermometer does not shift 
or the patient get wholly or partly out of bed. The effects of external 
changes of temperature were also shown, and simultaneous records taken 
on different parts of the body illustrated the fact that the temperature 
does not vary in the same way at all places. On the medical side there 
is a vast field for research which may eventually result in important 
additions to knowledge. 


XVII. T elephone Circuits. 
By Professor Joun PERRY, F.R.S.* 


AnzouT a year ago Mr. Sidney Brown told me that he 
wished to place contrivances at equal distances in tele- 
graphic or telephonic circuits and that it was necessary to 
make calculations, beforehand, because in a telephone line, 
say, of three hundred miles or more with similar contrivances 
inserted every one or two miles, it was practically impossible 
to proceed by any kind of experimental adjustment. He 
spoke of various kinds of contrivance involving combinations 
of condensers and inductance coils and transformers and even 
rotary motors and generators; some in series with the line 
and others as shunts to earth. 

Exact investigation of what occurs in telephonic and 
telegraphic signalling in generalis quite impossible. Trans- 


* Read February 25, 1910. 
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mitting and receiving instruments are various in their 
complexity ; signals give rise to all sorts of functions of time 
and space ; cables are not uniform in character, and when 
they are loaded with inductances, capacities, &., the ex- 
pressions employed in exact mathematical analysis are too 
complex for even the greatest mathematicians to deal with. 

Ordinary people like myself ought to keep on the lower 
levels and not talk about * waves" in such problems. The 
fundamental equation for v or c in an ordinary cable is 
exactly the same as that for the conduction of heat through 
a solid bounded by parallel plane faces ; in the heat problem 
nobody dreams of talking about waves. It is easy to convert 
the differential equations into wave equations, and in the 
hands of exceptionally clever men the physical ideas involved 
become important. Even when Mr. Brown's problem is 
taken up in a mere mathematical way it is troublesome, and 
I can offer no exact solutions. I have, however, found a 
simple method of making the kind of calculation required, 
correct enough for all practical purposes and the method 
can be applied by non-mathematical persons. I mean that 
the necessary calculations may be made by any person who 
understands formule sufficiently well to be able to apply 
arithmetic to them. The idea came to me at St. Louis when 
I was listening to a paper by Prof. Kennelly, but I then had 
no interest in pursuing the subject. Prof. Kennelly has pub- 
lished many illustrations of the great value of the use of cosh 
and sinh functions; he gets no more credit now than 
Columtus did after he showed how to make the egg stand 
upright. 

Let me say that much of the arithmetic consists in con- 
verting such an expression as «+i, where i means y —1, 
to the shape r (cos Ó +isin 0), which is conveniently written 
r(0). I need hardly say that if this is raised to the nth 
power the result is 7"(n0) where n may be negative or 
fractional. Also when 7(0) operates upon such a function 
of the time as asin qt it converts it into arsin(qt+6). 
Cosh r(0) and sinhr(@) will be found tabulated (for 0— 45?) 
by Prof. Kennelly. Unfortunately for our purposes we use 
only small values of r for which Prof. Kennelly's tables 
have only a few entries. But calculation is easy enough. 
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Write r(@) in the shape a+ 8i. Then 

cosh r(8) = cosh a . cos 8 +i sinh a. sing 
and 

sinh r(0) = sinh «æ . cos B +i cosh a. sin 8, 


so that the calculation is easy for any values of «æ and £. 

I will first make a few statements, the foundation of my 
reasoning. 

l. It is well known that any looped line or cable con- 
taining a receiving instrument. at the end of the loop has its 
equivalent in a cable whose far end goes to earth through 
the receiving instrument, the outer coating of the cable 
being everywhere to earth or of zero potential. The mathe- 
matical proof of this is very easy and I shall not give it, 
although I do not know that it has been published. 

2. In all difficult problems cables are so long that for all 
practical purposes we may suppose them to be infinitely long. 
Thus it is well known to practical people that when lines of 
30, 40, &c. miles of the same cable are experimented upon, 
the rate of diminution of current per mile is the same except 
for regions near the ends, and these end effects are much the 
same for all lengths of line except in short lines. | 

3. In any long uniform cable at equidistant points A, B, C, 
&c., when a simple periodic current is flowing, its value at 
these points being Ca, Cg, Co, &c., the ratio of C4 to Cg is 
the same as that of Cg to Co, &c. This is true except near 
the ends. 

4. In a long cable with perfectly similar contrivances, 
A,A5, B,B, C,C, &o., at equidistant places A, B, C, &c. ; 
when a simple periodic current is flowing, its value at corre- 
sponding points being A,, Ag; Bi, Bs, ; Ci, Cy, &o., the ratio 
of A, to B, is the same as that of B, to Cı, &c., and these 
are also the same as the ratio of A, to B,, B, to Cy, &c. 
We may say the same about the voltages at corresponding 
points. It is seen that I assume an Infinite line, but even in 
the case of an infinite line my assumption is that there is 
some diminution in the amplitude of the current from A, 
to B,. If the circuit behaved like a mere Ohmic resistance 
. the current would be the same everywhere but the voltage 
would not. 

5. Neither telephone nor telegraph signalling can be 
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studied correctly through the behaviour of periodic currents, 
but it has been found in practice that in telephony, if we 
assume that all currents are periodic functions of the timo, 
the frequencies being not much less than 600 nor much 
greater than 1000 per second, the most important being 800, 
good transmission of such currents is found to mean good 
transmission of speech. 

6. It is quite a usual thing to find that experimenters are 
using transmitting and receiving devices which are not tle 
best for a particular cable. Fora receiving instrument, for 
example, there is a best resistance and inductance (or com- 
bination of inductance, capacity, back E.M.F., &c.). In 
every case yet studied by me (but I can imagine others) the 
most suitable receiver causes the current and voltage near 
that end of the line to be different from what they would be 
if the line were infinitely long. Thus, for example, with 
simply periodic currents in the standard cable it will be 
found that at any place far from the ends, voltage divided 
by current is of the form r(— 45°) or a—ai. If the telephone 
or other receiving instrument has a resistance R and an 
inductance L each of which is proportional to the square of 
the number of turns of wire upon it, and if the effect on the 
instrument (such as the deflexion of a coil, &c.) is propor- 
tional to the current turns received, this effect is à maximum 
if R=a@ and if L=a/q, where q is 2z times the frequency. 
It is easy to show that if we wished the receiving instrument 
to produce the same effect as an infinite prolongation of thie 
cable, it ought to have a resistance R and a negative induct- 
ance L= —«/4, which is a capacity l/aq. It is then not 
merely when unsuitable instruments are used, but also when 
the most suitable instruments are used that we have end 
effects. 

7. A line with equidistant similar contrivances when they 
are not too far apart may be replaced (mathematically) by a 
line whose properties (as to resistance, inductance, capacity, 
leakance, &c.) are continuous, for many purposes of 
calculation. 

The simplest case of uniform distribution of properties in 
an infinite line was studied in my paper read before the 
Physical Society in 1893. Let v and c be the voltage and 
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current at any place whose distance from the sending end 
is z; let wysingt be the voltage when x is 0. If r,l s, 
and k are the resistance, inductance, leakance, and capacity 
per unit length, we have 

v= resin (gt-gr), . . . . (1) 
whero 


kar ge gl e 
/ af Sta T)(+ ga +(e gk (2) 
is the value of A if the minus sign be taken and the value 


of g if the plus sign be taken. The following formula for 
the current c is useful— 


-àr gi ~19 EL 
em a/ athe ve~ sin (gt—ge+ tan "pT fan 2} (3) 


I showed in tables how good signalling was affected by 
changes in the values of the constants and specially by 
alterations in l and s. There was nothing very new in my 
paper, but it enabled the non-mathematical man to under- 
stand some of the discoveries of Mr. Heaviside. At that 
time I saw no easy way of calculating how the introduction 
of detached equidistant contrivances caused discrepance 
from the idea of continuously distributed properties. 

In much that follows, lg will be so large compared with r 
that, taking s=0, we have 


k oe 
TV g=qNkl. 


If s is small but not negligible, g is as before, but 


= i(r4 PAi 


As for other uniform distribution of properties, it is only 
necessary here to speak of those which may immediately be 
put in the above shape. For example, besides having merely 
rand lin series in the line, we may have something of the 
nature (mathematically) of kı farads per mile, so that instead 
of r+lgi we have 


r4 lqic ES Or "*a(I- 7). 
1 1 
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This isas if we had merety the resistance 7 and an inductance 
3 | 
kig?” 


Again, instead of the leakance s which is the reciprocal 
of a resistance R, let us have also something of the nature of 
an inductance L, say, and assume R to be small relatively 
to Lg. Then instead of s we have 


De OLA 
R+Lgi ` Le~ Lg 


Thus the common expression s+ kqi becomes 


R i 1 
Li + ZU = Lat) 


For preliminary calculations it is generally sufficiently 
correct to assume R/L?g? to be zero. 
We may now consider that the telephone line has, per mile, 


=l 


. e 1 
a resistance 7, an inductance l= l— jg? leakance s=0, 


and a capacity k'= Ine It will be found desirable in 


almost all cases to have l’ so large that we may take 


r nu eeN 
v da and g=q wk. 


Assuming these conditions to exist we have, very nearly, 


c -A/ : vye ir VE sin (gt — qe / KL). 
For a line of, say, L miles in length the amplitude of the 


arriving current is a maximum if p —irL. In fact the 


arriving current is the sending current divided by e. It will 
be found that in practice we never have so small a value of À 
as this gives, and we generally try to make h as small as 
possible. 

We can approximate to the above conditions by inserting 
contrivances at equal distances in the line. I will take a 
few examples. I prefer just now to consider a cable in which 
I have recently taken an interest; r-18 ohms per mile, 


82 
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k=:055 x 10-° farad per mile, s=0, 1=0. I take q to be 
5000 (that is, a frequency of 800). 


1. This cable with no contrivances, 
h = g =WVkqr/2 =:04975. 


So that if x is 1 mile, e-*™ = 0:9513. That is, there is an 
attenuation of 5 per cent per mile. 

2. Let l'=l/=0. That is, there is neither inductance nor 
capacity inserted in the line. Now let there be an inductance 
leak to earth which causes k’ to be 0°01375 x 10-6. Then 


h = q = s k'gr/2 = 024875, 
so that e~*= :97513, or there is an attenuation of 2°55 per 


cent. per mile. The approximation to this is by an induct- 
ance to earth of L henries per mile, where 


055 x 1075— Ll = °01375 x 10-5, 
q 

or L='972 henry. When I use an inductance to earth I 
generally prefer to put it in series with a condenser. Thus, 
instead of an inductance of 0:972 henry, I would use an 
inductance of 1:012 henries in series with a condenser of 
1 microfarad. This enables the line to be tested more 
easily. 

Instead of an inductance leak of 0:972 henry per mile 
we may insert 0:972/m henry every m miles. As m gets 
greater the discrepance from the continuous conditions gets 
greater. The problem to be solved, later, is in all cases, to 
find the discrepance for a particular value of m and what 
therefore is the most convenient distance by which con- 
trivances ought to be separated. 

3. Suppose l= —:09112 and K= —':0125 x 10-6. These 
values will cause c to be a maximum if the distance is 
300 miles. It will be found that they mean, a capacity of 
0:439 x 1079 farad per mile in series with the line and an 
inductance leak of 0:5925 henry per mile. Here 92 016715 
and À-iA'/l/— 0:00333. This means an attenuation of 
0:333 per cent. per mile when g is 5000. 

Now when q is taken as 3000 or 4000 the attenuation is 
0:64 or 0:53 per cent. per mile. | 
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The approximation to these conditions is (a) a contrivance 
every m miles consisting of a capacity of 0:439/m microfarad 
in series with the line and an inductance leak of 0:5925/m 
henry; or (b) a contrivance every m miles consisting of 
a capacity of 0:439/m microfarad in series with the line 
between two inductauce leaks each of 1:185/m henries ; or 
(c) a contrivance every m miles consisting of two condensers 
in series, each of the capacity 0:878/m microfarad, the 
point of junction being put to earth by an inductance of 
0:5925/m henry. It will be found that as m is smaller and 
smaller the line with detached contrivances approximates 
more and more to the line with continuous properties. 


Detached Contrivances. 

Suppose we have contrivances at the equidistant places 
A, B, &c., m miles apart. There is a contrivance whose 
terminals are A and Ag, another whose terminals are B and 
B,, &c. Between A, and B we have the standard cable. 
Let the currents in the line at A, Ao, and B be c, ĉo, and C. 
Let the voltages at these points be v, ty, and V. Let 
V/C=v/c=p. Knowing the nature of the contrivance we 
can calculate vg and cy from v and c. It is also known that 


r+ lyi 


V = vo cosh mn cy sinh mn, 


" n 
C = œ cosh mn + E vo sinh mn, 
where n= V (r+lgi)(s+ kyi). 
Putting V/C or p equal to v/e, we have a quadratic to 
caleulate p and therefore V and C. 
I am in the habit of writing c=1, meaning c = sin qt, and 
then v=p. Whatever the contrivance may be, 
Yapan 
Cc P a4 bp" 
where a, 8, a and b are given in value; they are usually 
complex unreal quantities. Solving for p and finding C we 
have two answers, C, and Cz say. In general C,C,— 1, 
and if 4(a +£) be called P, 
C=P+7P?=1. 
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Now P is very easily evaluated, and therefore C. 

Example :—(1) If our contrivance is a resistance r, in 
series with the line co=c=1, vtr; p. Thusif 7, is an 
Ohmic resistance R in series with a capacity K and an 
inductance {a 

rı = R+Lqi + i 

This 1sa very simple case, the simplest form of which is that 
of Mr. Pupin, a mere inductance coil in the line. The trouble 
in such a case is that the whole telephonic current passes 
through the coil and there is considerable Ohmic loss of energy. 
It is to be remembered that the value of R to be taken in any 
such case may be many times the ordinary resistance, because 
c?R is taken to be the total loss of power, and this is due to 
hysteresis, eddy-currents, &c., as well as mere Ohmic loss. 

(2) Again taking a case already mentioned; the con- 
trivance consists of two cqual resistances 7, in series with 
the line and a resistance leak to earth 7; from the point of 
junction of the other two. 

It is easy to show that 


cQ l- : To 
and 
2 j 
and it follows that 


P= (1 4 2) cosh mn 4- (5; t zi) + 5. 3; sinh mn. 
It may be well to work out one example. In the above- 
mentioned cable r=18, k=0:055 x 10-6, s=0, l=0 ; take 
q = 5000, 
n 


n = v rkgi = 01036 (45°), = = 003909 (45°), 
-= 255°8 (—459). 


Let us place contrivances at m= 4'263 miles apart. I choose 
this distance because mn=0°3 (45°), and this happens to be 
given in Prof. Kennelly's table, which tells me that 


cosh mn = 1:0007 (22.35), sinh mn = 0:29994 (459. 517). 
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To imitate the continuous case given above we need an 
inductance leak of 0:5925 henry per mile or Lz::59252-4:263 
every 4:263 miles. Hence 

Tz = Lqi = 694:7 t. 
; ; 0:878 a6 
*, is a condenser of capacity K = 1:963 10-9, so that as 
rı = Q6» r,=—971:13%. Inserting these values in the 


above formula, I find 
P = —0°05384—°068078 i 


and 
C = 1:057 (183°. 54) or 0:946 (—183?. 54’). 


That is, there is an attenuation or increase of 5:5 per cent. 
in 4:263 miles or 1:33 per cent. per mile. Observe how 
different this is from the effect of the continuous distribution. 

As another case, a most important one, consider the 
standard subterranean cable r= 88, k=:05x 10-6, s=0, 
120. 

I. Without contrivances h=g=4/rkg/2. If q= 5000 
(a frequency of 800), h=°1049=g. There is an attenuation 
of 11 ver cent, per mile. It is to be observed that notes of 
frequencies 1:2 are attenuated in the proportion 1: y2. 
This is probably good, because it is known that the graver 
notes of speech need to be of greater intensity for distinct 
hearing. But the changes in phase are also as 1:42, 
whereas for good hearing they ought to be as 4/2 : 1. 

Using this cable with no contrivances it is found in practice 
that there is good telephonic speech to a distance of 40 miles. 
When g=5000 a current 1 is reduced to 0:015 or jl, of 
itself in 40 miles. If 9426000 (a frequency of 960) a 
current of 1 is reduced to 0°01 with a lag of 263°; whereas 
if g=4000 (a frequency of 610) a current 1 is reduced only 
to 0:0238, but it has a lag of 215°. In fact the two lags in 
actual time are as 22 to 29. If, then, we find such attenua- 
tions and lags in any case we may infer that good telephone 
speaking is possible. 

II. I will first give examples of a tuned circuit, that is, very 
perfect transmission of one musical note of frequency 800. 
Keeping to the contrivance which has two condensers in 
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series, each of capacity K in the line and an inductance leak 
of L henries to earth from the point between the condensers, 
it is easy to write out the general expression for P in terms 
0: m and r, and r; (at all events when ma 1s small), and it may 
b» studied. Now for any particular m find the values of 
rı and rz which will cause P to be nearly 1 (0?) and there- 
fore C to be nearly 1 (0°). I have already explained that 
we have no right with the above formule to get a really 
constant current like this, but we have a right to approach it 
very nearly. 

If m=1 mile, then K2:5917 microfarad and L=*8324 
henry. If m = 2°755 miles, K = 2273 microfarad and 
L=:3692 henry. Even when m is as much as 5:51 miles, 
a very considerable distance for such a cable, I find that I 
can use values of K and L which cause the attenuation to be 
comparatively small. 

We see that by means of contrivances placed at con- 
siderable distances apart we can tune a long circuit so that 
it will transmit & current of one frequency, just as if the 
line were a mere Ohmic resistance. 

I do not know whether practical men see great value in 
having this power. It may be important to inventors. It 
is well, however, to say that when we have such a line, unless 
the contrivances are rather close together, the circuit is 
really a tuned one, tuned to a particular frequency and not 
good for the transmission of other frequencies. 

III. Isolated contrivances. When m is so great that 
cosh mn and sinh mn are practically equal, calculations are 
particularly easy. Thus, taking the case in which q= 5000, 
r—88, k='05 x 10-6. 

We have 


v 


-=P= V rikqi = 593 (— 45°) = 419:3 (1—1) 

= a— ai = a—Py, say. 
(1) I£ in the middle of a very long line we merely insert an 
a 


inductance leak to earth of L henry; L=- =8=-11725 


gives the best effect. This multiplies the received current 
by 1:414 and causes a lead of 45°. 
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(2) An inductance of L=*11725 henry in series with the 
line and a leak to earth which is a condenser of capacity 
1—,4*farads (in the present case 0°532 microfarad) ; this 
causes the current to be multiplied by 1:414 and to get a 
lead of 225°. 

(3) An inductance of 0°11725 henry in series with the 
‘line and no leak to earth. This multiplies the received 
current by 1:414 and it creates a lag of 45°. 

IV. Returning to the contrivance consisting of two equal 
condensers in series with the line and an inductance to earth 
from the point between the condensers. For good telephonic 
speech it is evident that the inductance ought to be small, 
otherwise there is too much dependence on frequency ; there 
is some tuning. 

We want //l’ to be small and nearly constant and k'l’ to 
be small also. We cannot effect both these objects, but we 
can obtain fairly good speaking by compromise. Thus, let 


= —'05 x 10-8 and /'z —:128, so that K = E microfarad 


and L=0'4 henry. Thus if m is 1 mile, v, = —320 i and 
vr,— 2000 t1. I find that 


if — 42-5000, C=0-9704 (24°. 3), 
if — 44000, C = 0:9647 (35°). 


That is, with a frequency 800 there is an attenuation of 
8 per cent. and a lag of 24? per mile, whereas with a fre- 
quency of 640 there is an attenuation of 3i per cent. per 
mile and a lag of 35°. We get practically the same results 
by the continuous formule. 

Practical men will now see their way to easy calculation 
of the effect of placing any kind of contrivance in a circuit, 
and I need not give any more examples. It is to be remem- 
bered that condensers suitable for telephonic purposes are 
very cheap, a few shillings per microfarad, whereas induct- 
ances are expensive. Also, it has to be remembered that 
when the whole telephonic current passes through an induction 
coil, its resistance becomes of very serious importance, for 
the cost of coils of similar construction is proportional to the 
3/2 power of L/R if L is the inductance and R the resistance 
of the coil. | 
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With the permission of the Society I here append a table 
of the values of sinh r (45?) and cosh r (45°) to supplement 
that published by Kennelly. His 7 is 0,071, 0:2, &c., and we 
need closer entries for the above kind of calculation. My 
table has been computed by Mr. J. J. Brookes. 


| r, | sinh r (45°). cosh r (45°). 
01 | 7010000 (452-00) 1:00000 (009) 
2 ‘020000 (45°-00) 1:00000 (-U0°) 
03 ‘030000 — (459-00) 100000 (3029) 
04 "040000 (45°-01) 1:00000 (049) 
05 «050000 — (459-02) 100000 (079) 
06 ‘060000  (459:04) 1:00000 (10°) 
07 070000 — (459-05) 1-00000 (149) 
08 -080000  (459:06) 1:00000 (189) 
‘09 ‘090000 (45908) 1:00000 (229) 
10 10000 — (459:09) 1-00001 (29°) 
45 15000 — (459-91) 1:00004 (649) 
20 20000 (45°38) 1-00013 (19-15) 
25 -25000 — (45960) 1:00082 (19-79) 
30 -30001 — (45986) 1:00067 (29:56) 
35 -35003 — (46^17) 1:00125 (39:50) 
40 40005 — (469:53) 10021 (49:58) 
45 45010 — (469-93) 10034  (5*79) 
‘50 ‘50016 — (479:39) 1:0052 — (79:14) 
‘BD ‘55027 — (479-89) 1:0076 — (8963) 
60 60042 — (489-44) 10167 — (109:25) 
65 :65063 — (499:03) 10148 (12901) 
70 ‘70093  (49°-68) 10200 — (139-89) 
75 ‘75131 (50°37) 1:0263 (159-89) 
80 ‘80181 — (519-10) 1:0336 — (18901) 
85 85245 (51°89) 10496 (202-24) 
‘90 90327 (52°72) 1:0533 (220-57) 
‘95 05498 — (539-60) 1:0659 (24° 99) 
1:00 100553 — (54953) 10803  (279:49) 


ABSTRACT. 


The Author pubiished a paper in the Proceedings of the Society in 1893, 
showing how voltage v and current c are attenuated along a telephone or 
submarine telegraph-line, a line with resistance r, capacity k, inductance /, 
and leakance s per unit length; currents are of the form singt. When 
lq/r is considerable the mathematical expressions become simple. lt 
was pointed out that the introduction of / is of great benefit. The 
Author now points out that k may be made negative by the use of 
inductance leaks to earth, and / may be made negative by the use of con- 
densers in series with the line. To introduce / as Mr. Pupin has done by 
inductance coils at equidistant places on the line, or to introduce the 
other properties mentioned by placing other contrivances at equal 
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distances, is a mathematical problem of great complexity. Contrivances 
placed close together have the same effect as the continuous distribution 
of properties, but there is considerable expense; the problem is to find 
how far apart the contrivances may be placed so that the effect produced 
shall still be beneficial. Mr. Pupin has given a rule for the spacing of 
his coils, but practical men dispute its accuracy ; nobody has given a rule 
for other contrivances; the object of the Author is to give an easy method 
of calculation which is practically correct and which can be used when 
the contrivance is any network or other combination of resistances, 
inductances, and capacities—some being leaks to earth—and it may 
include transformers, motors, and generators. 

Suppose there are contrivances at the equidistant places A, D, &c., 
m miles apart in a cable which has the above mentioned properties r, k, 
land s. There is a contrivance whose terminals are A and A,, another 
whose terminals are B and By; between A, and B there is m miles of 
cable. Let the currents in the line at A, A, and B bec, co, and C. Let 
the voltages at these points be v, v,, and V. The assumption on which 
the whole method is based is that V/C = v/c = p. This is practically 
true everywhere in a long line except near the ends. Now whatever be 
the nature of the contrivance we can calculate v, and c, from v and c. 
It is also known that 


rti . 
V = cosh mn + — P4 : c, sinh mn, 


n 
C = e, cosh mn + ——,-. vo sinh mn 
rt ly : 


when n = V (r + lgt)is + kqi). 


Putting V/C or p equal to v/c we have a quadratic to calculate p and 
therefore V and C, and the problem is solved. Taking c = sin gt and 
calling it 1 then v =p. Whatever the contrivance may be we find that 
V — a4 Sp and Č =a + bp, where a, B, a, and b are given in value ; 
they are usually unreal quantities of the form M + Ne where iis “—]. 
Solving for p and finding C we have two answers which are reciprocals 
of one another. If 3(a+8) be called D, and this is very easily 
evaluated, then 


C=P+ yZ]. 


Examples of the use of the method are given, some showing that tho 
detached contrivances produce much the same and othera very different 
effects from what might have been expected from a study of the cable 
with continuous properties. It was shown that a line may have contii- 
vances somewhat far apart which will tune it to a musical note merely, 
so that it acts almost like an ohmic resistance, but which will not transmit 
well the currents of other frequencies, and that for the commercial 
transmission of speech there must be a compromise. The Author 
impressed on the audience the fact that his method of calculation could 
be taught to quite non-mathematical people. 
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DISCUSSION. 


Major O'MxanaA thanked Prof. Perry for his very interesting and useful 
paper, and wished to assure him on behalf of a very large body of 
Telephone Engineers that they much appreciated the assistance which 
he and other mathematicians had rendered by their mathematical state- 
ment ofthe Engineers case. The equations given were of the same 
value to engineers as the compass was to the mariner. The only 
question they were in doubt about was whether all the forces that come 
into play had been equated. They consequently made a preliminary 
investigation of the manner in which the equations had been built up, 
and this convinced them that certainly the most important of the forces 
hud been introduced into the equation. Some of them were responsible 
for the expenditure of large sums of public money, and the fact that they 
had something reliable to guide them in making their recommendations 
had removed a considerable amount of anxiety. Asa matter of fact, at 
the Post Office they had for some time past actually applied the formula, 
and had obtained a considerable amount of success in doing 80, so far as 
the introduction of loading coils was concerned. For instance, a short 
while back the question of a new cable between England and France was 
under consideration. It had been stated in foreign technical journals 
that the formule for “loaded” cables did not apply to the case of 
conductors covered with gutta-percha, owing to the very large electro- 
static capacity introduced and the peculiarities of the insulation. 
Although he (Major O’Meara) had faith in these formule, still he felt 
that a practical experiment would remove all doubt, and in consequence 
he arranged an experiment with some old No. 7 gutta-percha wire, f. e. 
copper wire weighing 40 lbs. per mile covered with 50 lbs. of gutta- 
percha per mile, which had a resistance per loop mile of 44 ohms, and 
an electrostatic capacity wire to wire of 0°13 microfarad per mile. 

The gutta-percha wire was immersed in 8 tank, and experiments were 
conducted on lengths varying from 15 to 105 miles. They did not 
design special coils, but made use of some already in stock. These coils 
had an inductance of 83 millihenries, and a resistance of 19:4 ohms at 
750 p.p.s. Admittedly the coils were not the best for loading this 
particular type of cable. 

Having decided to place these coils at 13 mile intervals, that is, to 
insert 55 m.h. per mile, they calculated the attenuation constant which 
would result. It worked out at 0:0427 per mile, When the coils were 
inserted, and the experiment completed, the observed attenuation 
constant was found to be 0-0419 per mile. From this it was evident 
that the calculated and observed results practically agreed. 

The information thus obtained enabled them to dea] with the question 
of the new submarine telephone cable, &nd they decided that the 
attenuation constant for this cable should be 0:0147 per mile, to be 
obtained by the insertion of coils at one nautical mile apart. The coils 
have a resistance of slightly less than 6 ohms, and possess an inductance 
of 0:100 henry at 750 periods per second. 
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The cable has been manufactured, and tested; the actual observed 
attenuation constant is 0:0140 per mile, so that this again proved the 
value of the formule. 

The new telephone cabla consists of 160 lbs. copper wire, and 300 lbs. 
gutta-percha. It has a conductor resistance per loop mile of 12:5 ohms 
(excluding the coils) and & wire to wire capacity of 0:12 microfarads 
per mile. In an unloaded state, the attenuation constant of this cable 
is 0-045 per mile. 

Major O’Meara mentioned that the question of leakance was certainly 
of very great importance. It was owing to the very large part that 
leakance played that their first experiments were nov successful. In 
America they had commenced to load aerial wires, and so large a part 
does this leakance play that in that country telephone engineers had 
been obliged to abandon the use of glass insulators, and substitute the 
highest grade of porcelain insulators to meet the difficulties which had 
been met with owing to an insufficient allowance for the part this factor 
played. He feared that in no case could leakance be neglected, whether 
aerial or underground conductors were used. 

Mr. A. W. Martin said that most telephone engineers in this country 
and America considered that a circuit should be capable of transmitting 
currents of frequencies varying from 100 to 2000 p.p.s. in order that 
good clear speech might result. For attenuation calculations, some 
take 750, and others 800 p.p.s. a8 a mean value. Where /q and ky are 
great compared with x and s respectively, 


ZHGSVA 


Lr k 
h= D re 
The question is not whether s=0, but whether the ratio of s to k may 


and writing s=0, 


l : ig . 8 
be regarded as zero; since both are small quantities. In practice k 


is found to be far from negligible when inductance is placed in the 
circuit. When inductance L with resistance R is placed in leak, and 
assuming R small relatively to Lg, the impedance takes the place of 
ordinary insulation resistance and is practically equal to Lg. The 
transmission efficiency of the whole circuit for low telephonic frequencies 
would be low, and there would be an appreciable C?R loss in the leak 
coils. When /q is not great compared with r but where the insulation 
resistance is much above a megohm per mile, may be neglected without 
causing calculated and observed results to differ materially. The 
expression then becomes 


VJ Agk( rF gt gl) g (+) or À(-). 
If r be high compared with g no great error is made by writing 
g=h= qr 
but as / in cable loops is never less than 0-001, it cannot be neglected 
except, say, when r exceeds 50 ohms, The ditference between the values 
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of g and À becomes great as r becomes small. A circuit tuned to a 
particular frequency would be useless for telephone working but might 
prove of value telegraphically. The ordinary paper and wax insulated, 
_ thin lead-foil plate condenser offers resistance to the transmission of high 
frequency currents, and the insertion of such condensers in a telephone 
loop would be accompanied by a C?R loss. Experimental results show 
that improvements of 370 per cent. by coil loading (Pupin method) may 
be obtained in telephone loops. The 18 ohm per mile cable mentioned 
in the paper had a measured attenuation constant of 0:045 per mile before 
loa!ing. After the insertion of certain coils at 3:2 mile intervals, each 
coil having an inductance of 0:133 henry and offering an effective re- 
sistance of 5:4 ohms at 750 p.p.s., the observed attenuation constant per 
mile was 0:012, which result is fairly in agreement with the value of 
0:013 obtained by calculation at 750 p.p.s. from 


sl k 
=) (+ A where 4 -— R80. 


When the coils were placed at 2:1 mile intervals, calculation and obser- 
vation gave the attenuation constant as 0:012 per mile. Coils with cores 
of properly chosen magnetic material give a higher inductance for a given 
effective resistance than air-core coils, and are therefore the better type. 
Experience shows that the quality of speech transmitted becomes bad 
when the number of coils per wave-length at 2000 p.p.s. is less than m. 

Measurements taken on various lengths of cable, the copper conductors 
in which were continuously and closely wound over with fine iron wire, 
showed that this “continuous " form of loading produces an improve- 
ment of only GO per cent. upon the untreated condition in cases where 
the copper is of 2 sq. mm. area and upwards. With smaller conductors 
it may possibly reach 100 per cent. 

Mr. B. S. CoHEn said that the impressions obtained after reading this 
paper were that Prof. Perry had assumed that a telephone circuit tuned 
to the average telephonic frequency would asa result of this tuning 
transmit speech-waves more efficiently. He thought, however, that those 
who had studied this subject would agree that this was a misconception. 
Ie (Mr. Cohen) had previously pointed out that an average speech -wave 
consisted of a fundamental varying between 100— and 300~, the highest 
harmonie being about 1500~ and the average ~ of the whole wave 
800— He had also given the Fourier series obtained by analysing a 
number of speech-waves, and this series showed that there are a large 
number of odd and even harmonics of approximately equal importance 
ranging from the 2nd to the 11th harmonic. 

This would in itself explain why it was not onlv useless but absolutely 
harmful to tune to any particular frequency. Turning to the 18 ohm 
cable line referred to by Prof. Perry, he gave some results worked out by 
Mr. G. M. Shepherd. When this cable is in the normal condition the 
attenuation for a wave with a value g (angular Velocity) of 1000 is 2:2 per 
cent., for a value of 5000 it is 3'1 per cent., and for 9000 6'4 per cent. 


———— — — — 
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This covered the whole commercial speech range, so that the variation over 
this range for attenuation is about 300 per cent. Using Prof. Perry's 
formula and taking his contrivances adding :503 henry per mile and a 
capacity of ‘44 mfd. in series, it will be found that the variation of attenu- 
ation between g= 1000 and g= 5000 is 500 percent. That is to say, up to 
the average frequency alone the variation in attenuation is 200 per cent. 
more than over the whole range of speech frequency with the normal cable. 
But going a step further for an angular velocity of 5550, the attenuation 
constant is O and the current at the end of the line using the formula 
given is 0. This means that the inductance and capacity bridge act as 
a shunt of infinitely low resistance. Any further increase in the fre- 
quency results in a negative attenuation, implying that an entire change 
in the nature of the transmission takes place. It would be of much 
interest if Prof, Perry would explain exactly what is the physical inter- 
pretation of this curious effect. Whatever the explanation, however, 
there is little doubt that the effect of this combination of bridges L and 
K would be satisfactory, es far as the commercial transmission is con- 
cerned, in spite of the fact that at 800 — the attenuation is only 38 per 
cent., or an improvemert for that particular frequency alone of about 
15 times over the normal line. Contrasting these results with those 
which wonld be obtained by the application of the ordinary Pupin series 
loading coils of *13 henry each spaced at l-mile intervals in the same 
line, the attenuation at any frequency over the range of telephonic 
speech is 1:1 per cent. : that is to say, the volume improvement is 5, and 
-the line acts as a distortionless one instead of amplifying the natural 
distortion of the unloaded line. Ile mentioned that this was not only a 
calculated result, but one that was amply confirmed by everyday 
practice, and which included the effect of the effective resistance of the 
inductance. Since his paper at the St. Louis Congress Prof. Kennelly 
had written a considerable number of papers on the subject of telephonic 
transmission, and his formule and methods were now adopted by many 
telephone engineers and were rapidly becoming standardized. 

Dr. RusskgLL thanked Professor Perry for his instructive paper. Ile 
much appreciated the methods shown of getting simple approximate 
formule for some very difficult problems. It was interesting to compare 
the Authors solution in the case when the leakance was zero with 
Heaviside's solution for a distortionless circuit. The only difference in 
the formule was that the attenuation was twice as great in the latter 
case. The Physical Society was deeply indebted to Major O'Meara and 
the other speakers for the very interesting data they had given about 
Pupinised telephone-lines, From the theoretical point of view it was 
exceedingly satisfactory to find that the “loading coils ” fulfilled their 
functions so efficiently and that their performance could be predicted so 
accurately. 

Dr. J. A. FLEMING forwarded the following communication :—The 
subject of Prof. Perry’s paper has an interest for me at the present 
moment, as I happen to be giving a course of Post-graduate lectures at 
University College on the propagation of currents in telephone and 
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telegraph cables. The method of representing the quantities concerned 
by complex quantities and their hyperbolic functions is of course very 
familiar to all who have paid any attention to the subject, and this 
method, aided by Mr. Blakesley's Tables of Hyperbolic Functions, enables 
arithmetic calculations to be easily made. Whilst it is quite true that 
the wave-form of the currents transmitted in telephony is very far from 
being simple harmonic, yet experiment shows that when using sine-curve 
currents having a frequency of about 800 or an angular velocity of 5000, 
the results enab!e us to predict the effects with actual speech fairly well. 
The quantity it is important to predetermine is the current at the 
receiving end of & line of known length / and known constants, resist- 
nuce, inductance, and capacity (R, L, C) per mile, when a receiver of 
known impedance z'=R'+jpL’ is placed at the end. 
Ihe important quantities are: the attenuation constant 


az VETT TEM 
— the wave-length 


LU E TOTEM 


and the initial sending end impedance 
x= R+jpL/a + 78. 
If P? (where P=a+ JQ) is called the propagative length, and if 


~! las — 
z'/z = tanh y, 


then it is quite easy to show that the ratio of the curreuts at the 
receiving and sending ends is given by 


I,/I, = cosh y sech(P/ 4- y). 


Also that I, = *coth(Pi+y), 
Ry 


where V, is the sending voltage. These formule are compact and easily 
applied in numerical calculations. 

The problem with which Prof. Perry is dealing is, however, that of 
the loaded cable. He does not make any reference to the important 
paper of G. A. Campbell (see Phil. Mag. March 1903) or to that of 
Hayes (see ‘ Electrician,’ Dec. 16, 1904), in which this problem is dis- 
cussed. Campbell has given the following formula for the average or 
effective propagation constant P’=a'+ 8’ for a line consisting of im- 
pedance coils of impedance z' spaced out at intervals d on a line of 
propagation constant P and line impedance z, :— 


1 
cosh P'd = cosh Pd+ 5— sinh Pa; 
-—0 
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but it is not certain that this formula can be trusted to give the true 
attenuation constant a’ of the loaded line when d is much greater than 
&bout 1/8th of the wave-length on the loaded line, and when it is less 
than A/8 then the attenuation constant can more easily be calculated by 
considering the added inductance and resistance smoothly distributed. 
Professor Perry does not discuss the question of the loss of amplitude 
due to reflexion from the interpolated impedances when these are spaced 
out to large fractions of a wave-length, nor the advantages of tapering off 
the loading at the ends of the loaded cable to reduce the effects of these 
reflexion losses at the ends. As an illustration of the general accuracy 
of the formula for the current ratios I may giye the following figures, 
obtained for me by the kindness of Mr. Gill, Engineer-in-Chief of the 
National Telephone Company, in their Research Laboratory, by measure- 
ments made by Mr. Cohen. A standard line R=88 ohms, C = -054 mfd., 
L=-001 henry, all per loop mile, had a receiving instrument of impedance 
660,68? 54' vector ohms placed at a distance of 15 miles. The ratio of 
the sending to the received current by the above formula was found by 
calculation to be 5:36, and by measurement with Mr. Cohen's barretter to 
be 5:3, thus showing a very good agreement. The frequency in this 
case is 1000 ~. By the use of artificial loaded lines it is easy to show 
experimentally the enormous decrease in attenuation caused by properly 
loading the line. Whilst we owe to Heaviside the first insistance on 
the value of the added. inductance, it is to Pupin we are more par- 
ticularly indebted for proving that when impedance is spaced out at 
distances not greater than about 1/8, we have all the effects of smoothly 
distributed inductance but obtained more easily and with less expense. 
Mr. G. M. SHEPHERD, in a letter to the Secretary, observed that the 
system of introducing inductive leaks referred to in Prof. Perry's paper, 
was presumably identical with what is termed “ Thompson's" Compen- 
sated line. It could be shown that such a line was equivalent (proper 
spacing of loads assumed) to an ideal uniform line whose constants are 


2 (PL,L- R,R) 


L =U da (PLS RG) ' 
R=R 2 (LR — LR,) 


^ cs (Lo? + R2)? 


where L, C, R are the ordinary wire constants, and L,, R, the inductance 
and resistance of the inductive leaks, s being the spacing. It could also 
be shown that the rule governing the spacing was virtually the same as 
that formulated by Pupin for series coils, Looking at the matter from 
this point of view, it is seen that the effect of loading on the Thompson 
system is to reduce line resistance and inductance, or the inverse to the 
Pupinline. The two systems, however, appear to be essentially different, 
in that the Thompson line is really tuned or compensated, while the 
Pupin line is not. Hence the former is more or less subject to frequency, 
but the latter practically independent of it. A few cases worked out 
from the above formula for 18 w, (055 mfd. cable, with a ‘972 henry leak 


VOL. XXII. T 


272 ON TELEPHONE CIRCUITS. 


per mile, and several frequencies not far apart, give the fullowing 
figures :— 


— q. À 
1035 6500 0139 
1115 7000 0284 
1430 9000 "0487 


This shows a wide departure from a distortionless line. Again, intro- 
ducing series capacity brings in a negative inductance which is likewise 
a function of frequency, 80 that a composite contrivance of the type 
indicated by Prof. Perry was likely to be a very fickle aid to telephony, 
a conclusion fully borne out by practical tests. The insertion of series 
inductance originally advocated by Heaviside, and developed by Pupin, 
seemed to be the only natural solution for the telephone problem, and 
recent experience confirmed this view. | 

Prof. Perry communicated the following reply :—“ I am glad to think 
that my paper has led to Major O'Meara's remarks. The results of the 
Post Office experiments have been freely put before us by Mr. Martin; 
they are of enormous value to people like myself who desire to make 
calculations. Such experiments are quite impossible for the ordinary 
student, they cost a great deal of money and the service of many assistanta, 
I am very glad to think that these results will be published in full by the 
Society. I regret that Mr. Cohen did not speak at much greater length, 
for he has for a long time been experimenting on behalf of the National 
Telephone Company and the results of his experiments would be of 
great value to students. 

* I am afraid, however, that my paper has been a little misunderstood 
by these and other critics. They seemed to think that I was advocating 
the use of & contrivance consisting of condensers in the line and an 
inductance leak, whereas I mentioned thia contrivance merely to illustrate 
my paper. What I have endeavoured to do is to show how calculations 
may be made by non-mathematical people to find the effect of using any 
contrivance whatsoever. The above abstract does not, I am sorry to 
81y, indicate my praise of the work done by Prof. Kennelly, who by his 
many papers and his valuable tables of cosh and sinh functions has 
cleared up many difficulties. It is enough here to say that except the 
few liues devoted to Mr. Campbell's paper, the whole of Dr. Fleming's 
communication will be found to have been published by Prof. Kennelly 
many vears ago." 
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XVIII. On the Laws regarding the Direction of Thermo-electric 
Currents enunciated by M. Thomas. By Cuarres H. Less, 
D.Sc., F.R.S., Professor of Physics in the East London 
College, University of London *. 


IN number 8 of the Bulletin de la Classe des Sciences of 
the Académie Royale de Belgique for 1909, M. Bruno- 
Joseph Thomas enunciates the following laws as the result of 
his examination of the direction of the electric current pro- 
duced in more than 100 thermo-couples :— 

* 1. When a difference of temperature is established be- 
tween the two junctions of a thermo-electric couple, the 
current produced flows from the hotter to the colder junction 
through the metal which is electrically the better conductor, 
if the product of the coefficient of electrical conductivity of 
that metal by the coefficient of thermal conductivity of the 
‘other metal exceeds the product of the coefficient of thermal 
conductivity of the first metal by the coefficient of electrical 
conductivity of the second. 

* 2. If the former product is less than the second: the 
current flows from the hotter to the colder junction through 
the metal electrically the worse conductor. 

* 3. If the two products are equal no current is produced.” t 

The author states further that at different temperatures 
* for a given couple the strength of the current produced 
increases with the ratio (“rapport ?) of these two products, 
and other things remaining equal, the strength will be pro- 
portional to that ratio” f. 

M. Thomas supports his theory by 14 pages of tables, 
in which the values of the products for each of the 105 
couples which can be obtained by combining together in pairs 
the 15 metals of Becquerel's thermo-electric series, are com- 
pared. Nota single exception to the theory is found, and at 
first sight it appears as if M. Thomas had succeeded in | 
establishing a most important and hitherto unsuspected law 
of connexion between the thermo-electric properties of a 


* Read February 25, 1910. 
+ Bulletin, Classe des Sciences, Roy. Acad. Belg. 1909, p. 903. 
1 Ibid, p. 925. 
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metal and its conductivity for heat and for electricity. On 
more careful examination, however, it is seen that M. Thomas 
in his tabular proof has based his argument entirely on the 
order of the metals in Becquerel's thermo-electric series, on 
the heat conductivities of 7 of the metals according to 
Berget, of 2 others according to Wiedemann and Franz, and 
on the electrical conductivities of 12 of them according to 
Latimer Clark, and of 1 other according to Becquerel. Of 
the heat conductivities of the 9 metals thus obtained 
M. Thomas states himself that he modifies 4 by amounts 
varying from 2 to 10 per cent. in order to make the values 
of the products fit in with his laws". As he had no values 
for the heat conductivities of the remaining 6 metals, 
nor tor the electrical conductivities of 3 of the metals, he 
states himself that he assumes values for these quantities 
which fit in with his law f. 

It cannot be claimed that such a method of treatment pro- 
vides a firm support for the theory advanced by M. Thomas, 
and it is necessary to examine it more critically in the light of 
the more accurate values of the constants which are available. 

In the first place, it is possible to put the theory into a 
more compact form than that adopted by M. Thomas. 
According to him, if electrical conductivity of the better 
electrical conductor x heat conductivity of the worse electrical 
conductor is greater than electrical conductivity of the worse 
electrical conductor x heat conductivity of better electrical 
conductor the thermo-current flows from hot to cold in the 
better electrical conductor. 

If, on the other hand, electrical conductivity of better 
electrical conductor x heat conductivity of worse electrical 
conductor is less than electrical conductivity of worse elec- 


* With regard to the values for these four metals —copper, gold, iron, 
and lead—-M. Thomas says (p. 904) :—* Si je les acceptais tels qu'ils 
sont, j'aurais nécessairement un petit nombre de couples dont le sens du 
courant ne répondrait pas à mes lois. Je les ai donc modifiés légérement 
ainsi qu'il suit :—” 

+ Of the latter quantities M. Thomas says (p. 906) :—“ Je ne connais 
ni les coefficients de conductibilité électrique, ni les coefficients de con- 
ductibilité calorifique du cobalt, du manganèse et de l'arsenic, . . . . Je 
prendrai donc par hypothése pour coefficients du conductibilité électrique 
du cobalt, du manganése, et de l'arsenic les nombres 1380, 1000, et 200.” 
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trical conductor x heat conductivity of better electrical con- 
ductor the thermo-current flows from bot to cold in the worse 
electrical conductor. 

Dividing the inequalities through by the product of the heat 
conductivities of the two metals, the statements become :— 

If electrical conductivity 

heat conductivity 

> electrical conductivity f lectrical 
7 heat conductivity HESS ae 


of better electrical conductor 


conductor the 


better 
worse 
electrical conductor. That is, the current flows from hot to 
electrical conductivity 
heat conductivity 


thermo-current flows from hot to cold in the 


cold in the conductor for which 
is the greater. 

In the original form the law was tested by a comparison 
of the 210 products of the electrical and heat conductivities 
of pairs of the 15 metals; in its present form it may be 
tested by a comparison of the 15 quotients of the electrical 
by the heat conductivities of the 15 metals. 

It may be noted that the electronic theories of conduction 
of heat and electricity in metals make this quotient the same 
for all metals, and that these theories and that of M. Thomas 
are therefore incompatible. 

In selecting the experimental material with which to test 
M. Thomas's theory it is important to remember that both 
the electrical and the thermal conductivities and the thermo- 
electric properties of metals are influenced by the presence 
of impurities, and that it is advisable to use only results 
obtained with pure materials, If, however, results for abso- 
lutely pure materials are not available, those for approximately 
pure materials may be used, if in the case of any particular 
metal the impurities in the samples used in the different sets 
of observations were the same in amount and in material, or 
better if the whole of the measurements have been made 
on the same material. Fortunately in the present case we 
have the experiments of Jäger and Diessellorst *, who 
determined the quotient of the thermal by the electrical 


* W. Jäger and H. Diesselhorst, W'issenschafU. Abhandl. der Phys.- 
Techn.- Reichsanstalt, iii. p. 270 (1900). 
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conductivity and the thermo-electric power of each of a 
number of rods of very nearly pure metals. Their results 
for the quotients of the two conductivities have been con- 
firmed by more recent observations made by other methods *, 
while their results for the thermo-electrie powers of the 
metals agree with those obtained previously for approximately 
pure metals t. 

They may be used therefore without hesitation as the best 
results available at the present time for the comparison of 
M. Thomas's theory with experiment. 

The following table contains their results at 18? C. for 
each of the metals tested. Where they give more than 
one result that one has been used to which they attach 
most weight. The unit of heat is the watt second; electrical 
conductivity is expressed in reciprocal ohms per centimetre 
cube :— 


Conductivities, Thermo-electric 
powers in micro-volts 
Meal |. | ...—]| _ per degree; 
thermal electrical with respect to 


electrical, thermal. 


——————— Áo —————— ee 


Aluminium ...... :636x1075| 157x109 43-2 —03 
Oopper .........»-. '665 1:50 -03 +32 
GEB E TRR A AN 672 149 —01 +30 
lli p TAE REN TR "686 1:46 0 +29 
NIKOL isnin 699 1:43 --22:3 —19°4 
Cadmium ......... “706 1:42 — 06 +35 
Ee e O E ES “709 1-41 0 +29 
eee “715 1:40 +29 0 
rosas enc Mas eas "735 1:36 +26 +03 
Platinum 1.5... "53 1:33 H61 —32 
Palladium......... "54 1:326 +115 —86 
APO) vinseveutéacvet 833 1:19 —84 +113 
Bismuth ......... ‘964 1:04 +733 — 704 


The numbers in the second and fourth columns are those 
given by Jiiger and Diesselhorst, the third column contains the 
reciprocals of those in the second, the fourth gives the thermo- 
electric powers of the metals with respect to one of the copper 
bars, the fifth has been calculated from the fourth and gives 

* C. H. Lees, Phil. Trans. Roy. Soc. Lond. A. 208, p. 381 (1908). 


t K. Noll, Ann, der Physik, liii. p. 874 (1894) ; -W. H. Steele, Phil. 
Mag. xxxvii. p. 218 (1894). 
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the thermo-electric powers with respect to lead. The signs 
have been reversed to comply with the convention which 
makes the thermo-electric power of a metal positive if the 
current flows from lead to the metal through the hot junction, 
i. e. if the current flows from hot to cold through the metal. 

If the laws stated by M. Thomas are true the numbers in 
the third and fifth columns of the table should increase and 
decrease together. It is seen that as the numbers in the third 
column decrease those in the fifth change irregularly in 
magnitude and are sometimes positive, sometimes negative. 
They afford therefore no confirmation of the laws, but on the 
contrary disprove them. 

The following diagram, in which each metal is represented 


d pul 
ETBA 
H 
Lyi i td: 
y j - : 


ABSCISSAE ; 


QUOTIENTS OF CONDUCTIVITIES. 


ORDINATES: 


THERMO-ELECTRIC POWERS. 


by a point, with abscissa the quotient of the electrical by the 
thermal conductivity and ordinate the thermo-electric power 
of the metal, shows perhaps more clearly than the table the 
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want of agreement of the theory with fact. On the theory 
the current flows from hot to cold in that metal of a pair 
whose abscissa is the greater. According to the observations 
the current flows from hot to cold in that metal of a pair 
whose ordinate is the greater. The two are only in agree- 
ment when the line on the diagram joining the two points 
corresponding to any two metals slopes upward to the right. 
It is obvious that the number of exceptions to this rule, even 
for the metals dealt with, must be almost as large as the 
number of agreements, and that the laws enunciated by 
M. Thomas are not supported by the observed facts. 


XIX. Ona New Method of Determining Thermal Conductivity. 
By H. Repmayne NETTLETON, B.Sc., Assistant Lecturer 
in Physics at Birkbeck College *. 


[Plate V.] 


(1) Introduction. 

(2) Theory. 

(3) Application to Liquids, 

(4) Apparatus. 

(5) Method of Experiment. 

(6) Results, 

(7) Calculation of Thermal Conductivity. 
(8) Conclusion. 


(1) Introduction. 


AN expression for the concentration of a solution in a 
vertical tube along which there is both movement of the 
solution and diffusion of the solute has been obtained by 
Dr. A. Griffiths (Phil. Mag. Nov. 1898), who pointed out to 
the author that a similar expression could be obtained in the 
case of thermal diffusion and suggested the present investi- 
gation, the object of which is :— 

lst. To find the effect of impressed velocity on tempera- 
ture gradient. 

2nd. To test the practicability of using such artificially 


* Read February 25, 1910. 
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produced temperature gradients as a means of determining 
thermal conductivity in absolute measure. 

The author has extended Dr. Griffiths’s results so as to 
take into account radiation, which plays an important part in 
most cases of conduction, and has carried out the researches 
suggested. 

(2) Theory. 

Consider a bar moving longitudinally with a constant 
velocity v as shown and passing through two constant tem- 
perature sources, and let 


K = thermal conductivity, 
s = specific heat, 
p = density, 
A = cross-section, 
I = intrinsic heat in volume vA of the bar at the 
temperature of the enclosure, 
0 = temperature above the enclosure at distance x from 
any plane in space normal to the bar. 


Then the quantity of heat crossing a section SS’ in space 
is due to conductivity ~Ka%, and due to the impressed 
velocity vAps6 +I. 


Applying this to the small prism a b cd in space of width dz 


we have :— 
: dO, 
d 


Heat leaving bc per sec. = -kAT^ T vÀps0, + I. 


Heat entering ad per sec. = —KA—— + vApsO, + I. 


In the steady state the difference will be radiated, and 
since 
0, = a+ dx - 


cz 
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this difference is given by 


But assuming Newton’s Law of Emission and reckoning 
all temperatures from the room taken as zero, we may also 
express the heat radiated by the section abcd by the expres- 
sion Ep08., where p is the. perimeter of the bar and E the 
coefficient of emissivity. — we obtain :— 


d* 


KA — QM = Ep6. 


T 


The general solution of this differential equation is:— 


tpar aft 2838? y 252) 4Ep fe p2s2 past AE p 
zi 2 Ka * KA 4- Be -3s Ket kA 
, 


where À and B are constants of integration. 
Taking now 6,, On, 0; as the temperatures above tha room 


at the positions z — 0; < = gi t= L respectively, we obtain 
I — XR toL © se = 
—p 2k xir 
a m 21K e Ble vi 1) a (1) 
0, —e3* e! *8, 
o2 2 
CU HEN Het eps? EpL 


4K " KA" 


If, however, E is small this redüces to 


-EpL C $ p 
Q,—6o?*»^Q, ^ TP OP. 
377 ZK T 2vpsÀ 
~ EpL —€ did 0. 5. (2) 


and if E could be neglected we should have 


vpsL 
0, = 05 E “2K 


i 9) 


It is hoped that with the aid of high-vacuum jacketed 
vessels equations (2) and (3) will be found useful when 
applied to liquids, but from the present point of view a 
particular case of equation (1) is of more importance. 
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Suppose În = temperature of room = zero. 
Then, whatever be the value of E, we obtain :— 


—0, "^ 
P udin 
or KU uud d dE 
log, a. 


Hence the ratio of the temperatures above and below—at 
equal distances from the point in the bar which is at the 
same temperature as the enclosure—is independent of thie 
value of the emissivity. . 

Equation (4) is used below for calculating the value of the 
thermal conductivity of mercury. 


(3) Application to Liquids. 

There are experimental difficulties, probably not insuper- 
able, in determining the temperature at œ given point fixed 
in space and situate within a moving solid, and it was thought 
advisable to experiment in the first place with a moving 
column of mercury. 

When a column of mercury at a constant temperature 
moves slowly along a tube, the velocity is a maximum at the 
‘centre and a minimum at the circumference, viscosity being 
the main factor in determining the form of the movement. 
When, however, the top of such a column is heated and the 
lower end kept cold, the velocity of the mercury at the 
central part of the tube being greater than near the walls, 
the average temperature of the central parts is less than the 
average temperature of the outside parts, and therefore 
the average density of the central parts is greater than the 
average density of the outside parts. Thus the gravity head 
in the central part is greater than the gravity head else- 
where, and this tends to diminish the differences iu ve'ocity 
at various parts of the cross-section. A mathematical in- 
vestigation leads to differential equations of an exceedingly 
complicated type, but the author is of opinion that, neglecting 
radial conductivity, the isothermal surfaces would be approxi- 
mately horizontal to quite a considerable distance from the 
centre of the tube. : 
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Tt is not unlikely, however, that radial conductivity will 
play an important part, and if the diameter of the tube is 
small in comparison with the length, and if the flow is small, 
the variations in temperature radially will undoubtedly be 
small in comparison with the longitudinal variations. If the 
radial conductivity were infinitely great, or if the diameter 
were exceedingly small, the isothermals would be horizontal 
and the gravity effect alluded to above would vanish and, in 
the opinion of the author, the flow would again approximate 
to the well known parabolic character. 

So long, however, as the isothermals are approximately 
horizontal the nature of the flow does not affect the result:— 


For let vp = the vertical component of the product of the 
velocity and density at a distance r from 


the axis ; 
and let Q = quantity of heat crossing a horizontal plane 
per sec. 
i 5 
Then Q=- KA. +f tpsQ X 2rr.dr+ I. 
0 


But (ros X 2ar.dr = el 2mrxvp.dr 


= sÜ x mass crossing section 
= slx v'p’A [ per sec, 


where v‘p’ may be called the average product of velocity and 
density. This, by the law of fluid continuity, is constant 
longitudinally, so the method will not be affected by varia- 
tions of density in the parts of the liquid at eres tem- 
peratures. We have then :— 


Q= —KAT vp As41 
and hence, just as in section (2), we obtain under conditions 
similar to those holding in equation (4) 


lv'p/sL 
s 4 th, ar eoe (D) 


loge 


the product v’p’ being equal to the mass of liquid outflowing 
per sec. divided by the cross-section of the tube. 
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(4) Apparatus. 

Preliminary experiments showed the importance and the 
difficulty of maintaining the ends of the experimental tube 
at constant temperatures in spite of the inflow of mercury. 

The form eventually adopted consists of two specially cast 
iron reservoirs R, R, (fig. 2) about 40 cms. long and of 5 cms. 


Fig. 2. 


internal diameter, to which by strong rubber tubing bound 
by wire the glass tube T was attached. This latter a little 
less than 3 cms. in diameter and 40 cms. long—its ends 
being bent as shown—had five side limbs through which 
thermometers t;—f,; were inserted and fastened in with 
cement. The thermometers had cylindrical bulbs of small 
radius and were about 6 cms. apart. 

Two limbs L, L; were attached to the iron reservoirs and 
these latter were surrounded with tin-jackets J, Js. Screws 
S, and S, were provided so as to allow the air to escape in 
filling the apparatus, these screws being inserted with the 
aid of cement as soon as the mercury reached the top of 
the reservoirs, 
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A capillary tube C was attached to the top of the limb L, 
and to L; pressure tubing was attached leading to a vessel in 
which the head of mercury was kept constant by an over- 
flow pipe. By raising or lowering this vessel the head could 
be varied and a constant outflow of mercury from the capil- 
lary C could be obtained. 

A spiral SC of flexible tiu tubing leaving the steam Jacket 
J, was found useful for keeping up the temperature, thus 
enabling a larger temperature-slope to be investigated ; for 
by turning a tap the steam would leave the jacket J, by 
the spiral as well as by the main tap at the bottom of the 
jacket. 

Both tin jackets were surrounded with cotton-wool which 
was also bound carefully round the experimental glass tube, 
the latter being also shielded from the jackets by a thick- 
walled asbestos enclosure. A thermometer hung in this 
enclosure gave the temperature of the air around the ex- 
perimental tube. Fig. 1 (Plate V.) gives a general view of 
the apparatus. 


(5) Method of Experiment. 


The apparatus having been filled with pure mercury, ice 
was placed in the jacket J, and steam was injected into J,. 
When the top of the glass tube T was warm enough and 
there was no danger of breaking it, steam was allowed to 
circulate through the spiral coil. 

In about 3 hours the steady state was obtained and the 
temperatures were noted. The head H was then raised till 
a suitable flow up the tube T and out of the capillary re- 
sulted. The weight flowing out in a definite time—usually 
15 minutes—was taken, and when in two or three more 
hours’ time the new steady state was attained this flow was 
remarkably constant, the weighings not differing by more 
than ‘5 gm. or ‘6 gm. in 300 gms. In this connexion it is 
interesting to note that there is an automatic tendency to 
maintain constancy in the flow; for any slight increase of 
head—due for example to vibration—temporarily causing a 
faster flow would’ introduce a higher countérbalancing 
pressure in the experimental tube the mercury in which on 
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the whole would become slightly colder and heavier. Thus 
the equilibrium is stable. 

Under the new steady state the temperatures are again 
noted as well as the temperature of the enclosure. All the 
readings were corrected so as to give the actual excesses 
above the temperature of the surroundings. To do this 
readings were taken when all the thermometers were in situ 
and at the same temperature. They then showed slight 
differences due to various causes, one of which was the hydro- 
static pressure of the mercury. 

It was found that if the ordinary stationary state was not 
required the steady state under flow could be more quickly 
obtained by starting the flow, when, in the variable state, the 
top thermometer reached a temperature near that desired. 

If a flow from hot to cold was desired the head H and 
capillary C were interchanged. 


(6) Results. : 


(a) Mean distances between thermometers by catheto- 
meter. ` | 
ti—ts 6°12 cms. 
t — tg 11:91 ems. 
t,—t, 17°86 cms. 
t:—ts 23°55 cms. 


(b) In the table below V denotes the weight of mercury 
outflowing in 15 minutes. The spiral steam coil was used in 
every case. The corrected temperatures hts and the en- 
closure temperature are given. 


Magnitude of flow. dM ENTER (4. |Enclosure. 
V=0 (ord. steady state) ............ 10:9 520 | 38-2 | 27-1 | 185 19:5 
MVsSPPED A antes eere 66:2 |455 | 31-6 |221 |150 18:8 
V —1413 gnis. .. eee Sat 64:8|435 | 30:2 |209 |142 | 185 
V323 0 Git A aaar 028 | 30:5 |195 |1391 | 93 | 190 
V=3990 gius. B orra 47:7 |261 |164 |111| 80| 195 
V=481°25 gins. O ................. 439 |226 |1£4 |101| 74 192 
V =497°97 gms. D .................. 431 |215 !135 | 96 | 71 18:0 
V —548:88 gms. E .................. 405 |197 |125 | 90] 65 18:0 
V 8200 gms, eter ence 21:1 |100 | 7T4| 55| 45 150 
V — +268 gms. (flow hot to cold).| 767 |636 51:6 |411 1305] 140 
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The above are shown plotted as curves (Pl. VII. fig. 2) 
temperatures being represented by ordinates, and distance 
from the first thermometer (multiplied by five) being taken 
as abscissee. 

(c) When the flow was from hot to cold the action of the 
spiral was harmful. Accordingly a result is given which 
was obtained earlier in the work with an experimental tube 
fitted with thermometers 7 cms. apart, the first and fifth 
being at the extreme top and bottom respectively of the 
vertical portion of the tube. This result, when plotted, 
shows that with a sufficient downward flow the temperature- 
distance curve is concave as regards the origin—a result in 
accordance with theory. 


State of vertical column. 


Ordinary steady state ............... 75:0 |53:5 |35/4 |221 | 103 | 190 
Flow of 39 c. cms. in 13 mins. . . : 
pores } 88-0 |790 |674 |541 |290 | 190 


(7) Calculation of Thermal Conductivity. 

The curves in section (6) 6 marked A—E fall within the 
range suitable for calculating the thermal conductivity of 
mercury. Remembering that the velocity is negative equa- 
tion 5 of section (3) may be written for practical purposes :— 


a aa PET 


logio— » 


where V is the weight of mercury escaping in the time t, 
which was always 15 minutes, and @,, 0; are temperatures on 


the curve in question at distances 5 on the left and right 


respectively of the point on the curve at the same tem- 
perature as the room. 
s the specific heat of mercury = :0333. 
A the cross-section of the tube was found = 5:98 sq. cms. 
t = 15 x 60 seconds. 
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— jn each case, 
— 0, 


for each curve three different values of L being taken. 


The following are the values of 


Abscissa | DLV 
Curve. V. oL. 0,. —0,. ot room; ^  , | Mean. 
temp. logi, —0 


2 


—— | — — | —'——— | «M € — 


'28:3— 190. 190—134 77120 


racc Mixuurr MEAE MANCINI IEM 
| 2x23 
E disnto 323 412x393 352—190 190—114; 613 | 77240 } =! 77250" 
| eee 134—19:0, 19:0— 9:9 T1380 | 
| 
| 2x85 136065—19:55,195—120 78610 | 
l B... 399 2x25 3Vl—195 195—136]; 48 75430 $ = 78600 | 
2x48 |477—195|195—103 78750 | 
| 
| lasek | 81-1 —19°2 | 19°2—13-4 77100 | 
M i 1819581 2x32 ,365—192'102—123! 40 77160 | — 77340; 
| 2x40 ,439—192,192—113 77770 ! 
| 2x25 995—180 )8:0—12:5 77750 
Loose 497-97 4 | 2x35 (369—150. 180—112] 41 78500 } =| 78310 
| 2x41 | 43:1—18-0, 180—104 78690 
2x24 ee 78750 
E us 543:884129x3U5 349—180 180—116; 355 | 78670 | =! T1800 
| 2090 (405-180 180—110, | 10150 | 
Mean=77870 
LV 
Or mean value of ———— p 15574. 
lomo zi 
D — 0, 


This gives a mean value for K=:0209. 

Each curve was drawn three times by an assistant and the 
one lying intermediate between the other two accepted for 
calculation of K. In such graphic methods a repetition by 
different people, or even by the same person, leads to slightly 
different results; but in the present experiments, where the 
size of the thermometer-bulbs must have an appreciable 
effect on the uniformity of cross-section of the tube, it would 
be out of place to use elaborate mathematical methods of 
interpolation which will most probably be necessary in 
future work. A gencral consistency for the value of K is 
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obtained using different velocities, and this value is of the 
right order. 


(8) Conclusion. 


The curves obtained agree closely with those which can be 
deduced from theory, and promise to lead to a new method 
of determining thermal diffusivity directly. This method 
has the advantage of requiring only temperature measure- 
ments, quantity of heat not entering directly but being 
inferred from a knowledge of specific heat. In improving 
the method the first thing will be the substitution of thermo- 
junctions—at much more frequent intervals—for thermo- 
meters. The cross-section of the tube need hardly then be 
affected, and many more points on the curve could be 
obtained, thus diminishing very much errors in graphic 
interpolation. 

The author is, however, presenting his research at this 
stage, embracing the theory and the work which can be done 
with thermometers, as he is anxious to perform experiments 
under the best possible conditions, and hopes to receive 
advice and criticism before proceediug with more delicate 
work. 

The author wishes to express his thanks to the Principal 
and Council of Birkbeck College for facilities for carrying 
out the work, and more especially to Dr. À. Griffiths who 
has watched the work with interest from the beginning and 
has given valuable help and encouragement throughout. 


BAYNES, Proc. Phys. Soc. Vol. XXII. Pl. IV. 
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XX. On Coherers. By W. H. EccrEs, D.Sc., A.R.C.S.* 


IT is well known that an imperfect contact between almost 
any pair of good electrical conductors suffers a change of 
resistance when electrical oscillations of sufficient intensity 
occur in the circuit containing the contact. Prof. Branly, in 
1896, concluded after much investigation that the effects 
observed were due to a modification of the electrical con- 
ductivity of the film of dielectric that happened to separate 
the conductors. For example,a mass of metal filings melted 
down in resin showed appreciable alteration of resistance when 
a spark discharge occurred near it; and a pair of pieces of 
metal in very light contact, yet separated by their surface 
films of condensed gas, showed the phenomenon excellently. 
Sir Oliver Lodge at that date held the view that the alteration 
of resistance, usually a diminution, was due to the piercing of 
the dielectric and a consequent cohesion of the metals. He 
gave the name “coherer”? to instruments exhibiting or 
utilising the phenomenon, and this name has been uni. 
versally adopted and the suggested explanation widelv 
accepted. It has often been pointed out that Lodge's 
explanation is inapplicable to known cases where the resist- 
ance of the coherer is increased by the passage of electrical 
oscillations. In the present paper it will be shown that 
there is no need to adopt the “ cohesion” hypothesis, even 
in the case of typical coherers where the resistance is lowered 
by the action of electrical oscillations. 

Ten years ago the known ways of investigating a coherer 
required the device to submit itself to powerful electric 
discharges. We find investigators of filings coherers watching 
the sparks between the filings and boasting of fusing the 
filings into chains of quite considerable tenacity. But the 
engineers who were at that date nursing the infant wireless 
telegraphy were, on the whole, more gentle with the coherer 
than were the men of science. At most, the engineers 
required that the current through the coherer when it 
* cohered? should work a delicate relay. A few years 
later they merely asked that the coherence current should 


* Read March 11, 1910. 
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move the diaphragm of a telephone receiver. The oscillatory 
voltages that need be applied to a coherer in order to produce 
a resistance change perceptible by an ear at the telephone 
are very small indeed ; and in these cases a good coherer 
spontaneously and very perfectly recovers its original re- 
sistance when the oscillations cease. The “cohesion” 
explanation appears improbable here, though in the cases 
familiar ten years ago, where the alteration of resistance 
is permanent, that explanation seemed plausible. 

Within the past six years the problem of the coherer has 
often been attacked, and each observer has in turn found all 
the theories of the action of coherers insufficient to explain 
his experiments, and has added some suggestion of his 
own. For example, A. Blanc* in 1904 concluded that 
‘neither oxide nor condensed gases played a part in certain 
coherers, and believed that particles of the two surfaces 
diffuse at a rate depending on the current, temperature, and 
pressure. On the other hand, Robinson f decided that in 
single point coherers the resistance is that of an elastic film 
of oxide, and that permanent coherence implied injury or 
thickening of the oxide ; while Huth ł attributes coherence 
to the ionization of the film rather than to the thickening of 
the oxide. From the point of view of the results of some 
of the experiments to be described in this paper, the obser- 
vations of A. H. Taylor § are of special interest. He found 
that the current through a single point steel coherer shows 
three stages as the gap is diminished. In the first stage 
there is a feeble leakage current due, he thinks, to vapour 
conductivity ; in the second, conduction due to metallic 
ions (in this stage a small rise of E.M.F. produces a great 
increase of current); in the third stage ordinary conduction 
occurs. In a paper entitled ** Recherches sur les Contacts 
Imparfaits? (Journ. de Physique, ser. 4, iii. 1904, p. 350), 
A. Fisch describes his experiments on the voltage-current 
curves for a coherer consisting of two spherical surfaces 
of steel whose separation was capable of fine adjustment. 


* Science Abstracts, vol. viii. 1923, 2248. 

+ Science Abs, vol. vii. No. 1135; Ann. d. Phys. xi. 4, p. 754 (1903). 
t Science Abs, vol. vii. No. 1136; Phys. Zeit. iv. p. 594 (1903). 

§ Science Abs, vol. vii. No. 157; Phys. Review, xvi. p. 199 (1903). 
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He found, from a study of numerous curves, that the average 
curve exhibits three stages :—(1) As the current is raised 
the potential difference across the contact increases more 
and more slowly to a critical value constituting stage (2), 
where, though the current increases, the potential difference 
remains constant. Then (3) mcreasing current is accompanied 
by continually rising potential difference. This curve of 
Fisch's is precisely the curve II. of fig. 8, below. Besides 
these investigators there are others who have advocated that 
the electrostatic attraction between the conducting surfaces 
may account for the phenomena. 

Very few, if any, experiments with electrical oscilla- 
tions of very minute measured voltages have so far been 
published, yet only minute voltages nowadays arise in 
practice. The purpose of the present investigations is to 
examine the action of a certain kind of coherer under “ weak 
signals,” especially in respect of their energy relations. 


Method of Experiment. 

The self-restoring coherer to be examined was placed in a 
circuit comprising the necessary source of steady electro- 
motive force and a telephone receiver. At the same time it 
was also connected in series with a condenser, to form, as in 
practical wireless telegraphy, a shunt across the condenser of 
an oscillatory circuit (fig. 1). This oscillatory circuit was 
male a secondary circuit in relation to a tuned primary 
oscillatory circuit. The coupling was always extremely 
loose. Trains of damped oscillations, of maximum amplitude 
of the order of a few hundredths of an ampere could be 
excited in this primary ; and henco feeble electrical oscilla- 
tions of calculable magnitule could be excited in the 
secondary. The amplitude of the oscillatory electromotive 
force at the coherer contact, and the energy delivered to the 
coherer, can be computed from the amplitude of the primary 
oscillations ; but, besides other considerations, the lack of 
facilities for measuring the small mutual inductance between 
primary and secondary made another method (described below) 
of determining the energy seem preferable. 

The trains of damped oscillations in the primary were 
produced by making and breaking a small current running 

x 2 
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through the primary inductance. In consequence, the 
coherer yielded a sound in the telephone connected in series. 
As a general rule, the telephone sound is greater the greater 
the amplitude of the oscillations in the primary, because the 
response of the coherer is greater. To measure the response 
of the coherer, the intensity of the sound was balanced 
against another sound which was produced in the same 
telephone by the interruption of an independent source of 
direct current, which could be switched into the circuit 
of telephone and interruptor in the place of the coherer. 
In this way the behaviour of the detector could be quan- 
titatively recorded when the steady current through it, 
or the oscillatory energy delivered to it, underwent desired 
variations. The method has enabled me to attain some 
degree of consistency in measuring the effects of oscillatory 
voltages as low as 4l, volt, and energy transformations of 
the order of a few thousandths of an erg. 

Only one type of coherer has been examined closely. This 
is a mercury and oxidized iron coherer—a kind I have used 
for many years—and chosen for these experiments after 
careful comparisons with a namber of similar coherers of 
more modern vogue. As is well known, almost any con- 
ductor that can be coated with a closely adherent, tenacious, 
and very thin film of solid or liquid of not too high re- 
sistivity makes a good coherer: for example, oxidized or 
sulphided copper against any solid conductor ; oxidized iron, 
steel, nickel, tantalum, or any similar metal, against mercury 
or other conductor are all good *. I have tried also iron- 
mereury coherers made by the action of organie acids and 
other reagents on iron. For example, even the graphite (?) 
films left on a steel knife that has been unwisely used as a 
fruit-knife make coherers. Amongst all these and others 
I have found that the best for my present purposes is the 
coherer made by dipping the end of a carefully oxidized fine 
iron wire or steel needle into a pool of clean mercury. It is 
important that the layer of oxide on the wire should be of 
uniform very small thickness. Seven or eight years ago 
I found that this can be accomplished very well by heating 


* See Branly, Comptes Rendus, exxxiv. pp- 347, 1197 (1902). 
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the wire in a glass tube carrying steam from a boiling flask. 
The wire should be watched till the film of oxide yields one 
of those interference colours familiar in the tempering of 
steel. For instance, a blue film makes a splendid coherer, 
which works well for a month or two in the open air. Most 
of the experiments discussed below were carried out on 
coherers made in this way. 


Details of the Apparatus. 
Fig. 1 is a diagrammatic plan of the apparatus. The 
primary circuit consists of the coil L/ and condenser C! ; the 


Fig. 1. 
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secondary of L and C, The detector D and condenser K are 
arranged shuntwise to the condenser C. Cand C are variable 
condensers of the Marconi pattern, K is an air condenser, 
L and L' are coils wound on waxed cardboard tubes. The 
six-contact key S is designed to throw the telephone T quickly 
from the detector circuit to the direct current circuit. In the 
position of S shown in the diagram the telephone is in series 
with the detector and part of the potential-divider P3, and at 
the same time the primary inductance L! is connected through 
portion of the potential-divider P, and the interrupter I. 
When the key S is depressed the telephone is connected 
directly through the interruptor I and the potential-divider Ps, 
and the secondary circuits are disconnected. The mutual 
inductance between primary and secondary can be varied by 
running L’ along a straight slipway to or from the coil L; 
but usually the coils were held so that their mutual inductance 
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was a few hundreds of centimetres. The resistance r is an 
important detail. Its purpose is to prevent the formation of 
oscillations in L/ at the make of the primary current; calcu- 
lation (as well as experiment) shows that if r lies within 
certain limits oscillations oceur in L' at the break only. The 
amplitude of the oscillations is governed by aid of the potential- 
divider Pj. The frequency of the interruptor I was chosen of 
thelow value 22 per second ; thus resonance with the telephone 
diaphragm was avoided, and the balancing of the sound pro- 
dueed by the detector with that produced by P; facilitated. 
The electrical dimensions of the apparatus were as follows :— 


L’ = 33,700 cm., C = 5020 cm., L = 42,700 cm., 
C=3940 cm., K=1210cm., r=20 ohms, T=311 ohms. 


The mutual inductance between Land L’ ranged from 200 to 
2500 cm. in obtaining the results described below. These 
sizes were settled upon after many changes, partly because 
they were practical sizes (wave-length about 820 metres), but 
chiefly because certain later calculations were made easier. 


Details of Method. 


In the experiments the primary and secondary were used 
slightly out of tune. This is very necessary when detectors 
whose resistance varies ure under study ; for the variations 
of a coherer’s resistance are quite wide enough to carry the 
secondary circuit erratically from one side to the other of 
perfect resonance if the circuits are initially very near that 
condition, with the result that inconsistent measurements 
would be inevitable. It is, of course, as easy to deduce 
formule for the mistuned as for the tuned circuits. The 
expression for z, the current through the detector at break of 
primary current, is of the form 


& = le~-~+he-™ cos (pt +q) + ke-™ cos (ct 4- d), 


where m and p belong to the primary circuit and b and c to 
the secondary circuit, the coupling being very feeble. The 
coefficients l, h, k are complicated functions of the electrical 
dimensions of the circuits. Hence the energy delivered to 
the detector at a break appears as six terms, of which, with 
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the dimensions adopted, only two are of numerical importance, 
namely, 
h?/4m, 2lh[m. 

The other terms are less than 1 per cent. of the larger of these. 
Both h and | involve m, the damping factor of the primary, 
but not prominently. This fact enabled m to be determined 
easily and with sufficient accuracy. A calibrated thermo- 
galvanometer with a heater and series resistance totalling 
1000 ohms was put in the usual place of the detector ; the 
mutual inductance between the circuits was increased (but 
the coupling was still very small), the speed of the interruptor 
was raised, and heavier primary currents were used than was 
customary when a detector was in position. Thus a con- 
siderable deflexion of the thermogalvanometer was obtained 
and recorded. Then a short loop of very thin copper wire of 
known high frequency resistance was put in series with L/, 
and the observation repeated. Since the energy received by 
the thermogalvanometer is proportional inversely to the 
resistance of the primary on each occasion, the high-frequency 
resistance of the coil L’ can be calculated from the obser- 
vations. The mean of several determinations gave 0°78 ohm. 
The steady-current resistance was 0°22 ohm. 

The power delivered to the detector in the standard con- 
ditions of the circuits and primary currents can be computed 
as just indicated. For accurate results it is necessary to know 
M, the mutual inductance between primary and secondary, 
and m, the primary damping factor, very accurately. As 
neither of these could be determined with the precision 
desirable, the thermogalvanometer was invoked to determine 
the power passing from primary to secondary. In fact, the 
experiment to determiue m, just described, may be taken as 
determining the factor of transference of power. Similar 
observations to the above were therefore made with primary 
currents of different values and with rather high speeds of 
interruption (nearly 200 per second), and the fact was 
established, obvious theoretically, that the power passed 
to the thermogalvanometer was proportional to the square 
of the primary current and to the frequency of interruption. 
Finally, by observation of the thermogalvanometer de- 
flexion when a primary current of ,!) ampere was interrupted 
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168 times a second, the result was established that with the 
primary and secondary in their standard relation a quantity 
of energy amounting to very approximately 4:82 x 10—" joule, 
or about 0:0005 erg, is passed to a detector of 1000-ohms 
resistance at each break of a primary current of 0°01 ampere. 
This corresponds to a power-delivery of 0-01 erg per second 
when the interrupter is running at the standard frequency. 
Corresponding figures were obtained for the cases where the 
detector has different resistances between 100 ohms and 
2000 ohms. 

In the actual experiments on detectors two things were 
chosen for variation, namely, the electromotive force applied to 
the detector and the oscillatory energy passed from the primary 
to the detector. The effect observed was the loudness of the 
sound in the telephone. The curves of fig. 2 (p. 297) have as 
abscissee the varying external E. M.F. applied to the coherer, 
and as ordinates the consequent effect in thetelephone. Each 
curve in the diagram is obtained by supplying to the coherer 
the constant power marked onthe curve. The curvesin fig. 3 
(p. 298) have as abscisse the power supplied to the coherer 
when its applied E.M.F. is unvarying ; the ordinates are the 
effect in the telephone. The telephone effect is plotted as 
estimated power given by the coherer to the telephone circuit. 
The numerical connexion between the power passed into the 
telephone circuit and the measured intensity of the sound 
in the telephone was determined as follows. The thermo- 
galvanometer was put in the telephone circuit in series with 
the telephone, and a large primary current was interrupted 
at the normal rate. The intensity of the loud sound in the 
telephone was measured by the potential divider, and at the 
same time a reading of the galvanometer deflexion was taken. 
A resistance was then put in series with the telephone and 
the galvanometer, and the measurements repeated. These 
readings give sufficient data to determine the amount of 
energy being dissipated in the telephone when the intensity 
of a sound is equal to that due to any assigned length of the 
potential divider P}. The measurements thus made showed, 
besides, that the power delivered by the detector to the thermo- 
galvanometer and telephone was practically proportional to 
the square of the length of P; required to produce equal 
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sounds in the telephone. It is rather a big extrapolation to 
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extend these results obtained with currents large enough to 
affect the thermogalvanometer, to currents that give only 
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faint sounds in the telephone ; but if we do this, we find that 
when the intensity of sound produced by a detector is equal 
to that obtained by interrupting a telephone current of one 
microampere 22 times per second, then the power passed from 
the detector into the telephone circuit is 4:38 x 107? watt, 
i.e. 4:38 x 10-5 erg per second. By the aid of this factor, 
the curves of figs. 2 and 3 were drawn. 


Discussion of Results. 


The most striking outcome of the measurements is embodied 
in fig. 3. The curve connecting the power delivered to a 
coherer as electrical oscillations and the power passed by the 


Fig. 3. 
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W — power supplied as oscillations. Resistance about 1000 ohms. 
Oscillation amplitude at cohererzz442 x V W volt. 


coherer to the telephone turns out to bea straight line passing 
nearly through the origin. The line is different for different 
values of the steady electromotive force applied to the 
detector. The upper curve of fig. 3 was obtained from a 
rather insensitive coherer, which happened to have a resist- 
ance of about 1000 ohms at its most sensitive voltage, the 
iron being positive. The lower curve is one selected under 
similar considerations with the iron negative. The approxi- 
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mate equation of the former is 


w = 0:024(0W —0:9 x 1075), 
of the latter is 
w = 0:019(W —2:2 x 10-8), 


the unit being a watt. All the other curves that have been 
obtained with coherers of various construction, resistance, 
applied E.M.F., are very like these. The more sensitive the 
coherer the steeper the line, is the only rule that has yet como 
to light (and in some iron-mercury coherers the gradient of 
the line is 006) ; there is no rule yet proved for the constant 
term subtracted from W. It may be mentioned again that 
the absolute value of the multiplier of W in the above 
equations is rather doubtful, because of the big extrapolation 
necessary in calibrating the telephone. But doubt on this 
point does not affect the character of the curves ; it affects 
only their gradient. As written above, the approximate 
equations for the curves suggest that for a particular de- 
tector under invariable conditions there is a fixed wastage of 
oscillation energy amounting constantly to about one-tenth 
of an erg per second, however large or small the oscillation 
energy given to the detector may be. If, however, the 
equations be written 


w --0:022 x 107520-024W and w+0:042 x 10-§=0-019W, 


the inference is that a small quantity of energy, which is 
invariable while the detector is undisturbed, is delivered by 
the detector to the telephone circuit in a form that never 
makes any proportion of itself manifest as sound. Whatever 
the cause of this small energy wastage may be, the curves of 
fig. 3 show that the coherer must be put amongst those 
detectors that have been called * integrating" detectors. 
Thus the coherer is not, as has usually been supposed, a 
* voltage-operated " detector. As detectors go, it has a very 
good efficiency (i. e. ratio of energy conversion), but evidently 
its efficiency falls rapidly as signals get weak. 

The curves of fig. 2 show how the sound heard in the 
telephone varies with alteration of the potential difference 
applied to the coherer and telephone in series. Each curve 
is obtained by submitting the coherer to the fixed excitation 
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whose value in watts is marked on that curve. As the 
excitation diminishes the maxima accompanying variation of 
applied voltage become less marked. The resistance of the 
coherer was kept as constant as might be during these experi- 
ments, but wide variations of resistance are inevitable. The 
asymmetry of the coherer under positive and negative voltages 
shown in these curves obtained by the action of electrical 
oscillations on the instrument, is no doubt connected with the 
similar phenomenon mapped in fig. 4, where typical steady 


Fig. 4. 
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current curves, plus and minus, are drawn. In these curves the 
abscissee are the potential differences applied at the terminals 
of the coherer. In both cases the lack of symmetry is due 
to the use in the coherer of two metals so different as iron 
and mercury. In order to examine whether this asymmetry 
was responsible for the failure of the curves of fig. 3 to pass 
through the origin, a new series of experiments on a different 
form of iron-oxide coherer was undertaken. 


Additional Ezperiments. 

A coherer was made by heating a polished iron plate in air 
till rings of colour round the small heated area indicated that 
the plate was covered with a thin film of oxide. The end of 
a clean piece of iron wire was so held as to press on the plate 
at any desired place with a constant force. The plate was 
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made one terminal of the coherer and ihe wire the other 
terminal, and this coherer was examined in precisely the 


Fig. 5. 
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Iron Point on Oxidized Iron Plate (light blue film). 
Applied voltage, 0:32. 


same way as the others. A typical series of measurements is 
set forth in figs. 5 and 6. The curve connecting the energy 
given to the coherer and the energy passed to the telephone 
is again a straight line passing some distance from the origin. 
Fig. 6. 
l5 107? Watt 
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02 04 08 08 
Iron Point on Oxidized Iron Plate. 
The equation of the curve is 
w = 0:028(W —1:4 x 10-8). 
The curve is the same whether the current passes from point 
to plate or in the opposite direction, which clearly indicates 
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that the asymmetry of the other curves was due solely to the 
use of two metals, The curves connecting applied voltage 
and steady current for these iron point iron plate coherers 
are also the same whatever the direction of the current. 
Fig. 7 shows such a curve, which has been selected from a 
large number as typical. 


A Hypothesis of Coherer Action. 

The experimental results described above lead me to offer a 
simple hypothesis of the mode of operation of the class of 
coherers in question. When an oxidized wire is dipped into 
mercury or touched against a conductor, the oxide dielectric 
between the conductors is so thin and so extended that a 
considerable current, relatively speaking, can be passed 
through it. The films of oxide used in the experiments had 
a thickness of the order of a wave-'ength of light and an 
electrical resistance usually between 50 and 2000 ohms. 
When a current is passed through the film, heat is generated 
in the film and raises its temperature. The rise of temperature 
may be considerable if the mass heated is small, but is limited 
by the escape of heat to the surrounding metal. If the rise 
of temperature does not affect the resistance of the heated 
material appreciably, the relation between the applied electro- 
motive force and the consequent current will be a linear one: 
but if the resistance of the material varies with its temperature 
the relation between electromotive force and current will not 
be linear. A direct experiment on a film of oxide of iron 
showed that its resistance coefficient was negative and more 
than O'L per cent. per degree centigrade. Calculation shows 
that a resistance-temperature coefficient of this magnitude can 
cause the voltage-current curve to deviate considerably from 
a straight line. The equation of the curve is deduced below. 

If a train of electrical oscillations be passed through the 
minute mass of oxide traversed by the steady current, its 
energy appears as heat in the oxide. The resistance falls in 
consequence, and the equilibrium of the direct current in its 
circuit is disturbed. Since the rise of current enhances the 
heating of the oxide, the subsidence of the current to equi- 
librium is somewhat prolonged when, as in the case of iron- 
oxide, the resistance-temperature coefficient is negative. 
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Hence the effect on a telephone diaphragm, whose natural 
period of vibration must be regarded as great in comparison 
with the duration of a train of oscillations, may be very large. 
It remains to be seen whether the disturbance of the direct 
current, caused by a small variation of resistance, can account 
for the phenomena diseiosed in the course ot the above- 
described experiments. 

Let W, be the fraction of the energy of a single train of oscil- 
lations given to the variable resistance p of the detector; let 
p —pY(1—a0) where po is the value of p at the temperature 
of the surroundings. Then £W,=(60)=—(6p)/poa, where 
k is a constant involving Joule’s equivalent and the specific 
heat and the mass of the oxide. This initial disturbance (8p) 
of resistance is accomplished in less than 1/10000 of a second 
and gives rise to the perturbations of current to be traced 
immediately. 

Let the direct current circuit of tle detector comprise a 
total invariable resistance r (which includes the resistance of 
the telephone), the variable resistance p of the detector, and 
the inductance L of the telephone. Let c be the current at 
any moment and e the applied electromotive force. Assume 
that the rate of loss of heat from the warmed mass of oxide 
to its surroundings is m6, where, as implied above, @ is the 
temperature of the oxide above the temperature of the sur- 
roundings, taken as zero. Then at any time t 


d  , 3. 
jq; e MOy ac, Sok wes) 


and LS 4 (rpke. . e o o o o (2) 


Since p —p,(1— «0), (1) becomes 
ud +ipya.pe+mp=mpy, . 0. . . (1) 


The simultaneous equations (1’) and (2) contain the 
complete history of the fluctuations of c and p from any 
assigned equilibrium condition. We need only investi- 
gate here small fluctuations. First, however, let us obtain 
the equilibrium value of e, say cı, corresponding to a 
given value of the applied electromotive force e. Put 
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dc/dt 0 and dp/dt=0 in (1') and (2) and eliminate p. We 
get | 
= "i09 
ere +r)e. e och wow. (3) 


This equation agrees perfectly with the results of numerous 
experiments on the iron-oxide-iron coherer. For example, 
the experimental curve of fig. 7 has the parameters 
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In general it would appear that the curves drawn from 
experiments on detectors should fall into the two classes 
indicated in fig. 8 by curves I., III., separated by the case II. 
In class I. the curve has two vertical tangents ; the condition 
for this is pj» 8r. If when the coherer is in use the values 
of e and c pass those corresponding to the lower bend of the 
curve, the original values of c and e can only be regained bv 
interrupting the current by external agency: thie coherer is 
not *self-decohering." In class III. po « 8r: there is no 
vertical tangent, and the coherer is self-restoring. In 
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case II. p, — 8r. All these cases can be realized, with 
patience. 


Fig. 8. 


Electromotive-Force 
Ideal Curves suggested by theory. 

To return to the problem of the small fluctuations of the 
current from its equilibrium value when the arbitrary small 
variation (ép,) is imposed on the system by the arrival of a 
train of oscillations at the time t=0. Equations (1") and (2) 
become 


dà 
dà 
dr +nédp,= —2(n—m) F Ôc. e o (5) 


Here n = kpaac + m, e e e e. e. (6) 
and pı, ¢, are corresponding equilibrium values of p and c. 


Equations (4) and (5) give 
d*p, dóp, 
L-g tarta) + {n(r+p,) —2(n—m)o}8p, =0, 


di? dt 
US (7) 
which can be written in the form 
[D'*aD-45]80,20. . . . . . (8) 
Here a is essentially positive. The quantity b has the 
same sign as de/dc, as may be seen by differentiating (3) and 
comparing (7) and (8). Since my experiments have been 
for the most part confined to self-restoring coherers, b has 
been in practice always positive. Thus (8) yields 
óp, Ae" Beo, . . . , (9) 


" where a (1 v 2 
= — + 1 — e 
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It appears later that a? is always much greater than 4b, se 

that, approximately, . 
mi;,s—b/a or a-—l[a. 

The only datum available at the moment for determining 
the arbitrary constants A and B in (9) is that the initial 
value of dp, is (8p,). Therefore 

(0p))—-A-*-B.. . . . . . (10) 
Using (9) in (4), 


Le : T +p) = —c,(Ae~™! 4+ Be-7: 2E 
whence 
emt e~ T f e-mt e- i" 
TENE t [ACT jn bim LA |: 
r+ pi r+ pr 
E E L — M3 


which vanishes at t=0. (11) 
Let the work done in the telephone bv the fluctuation of 


the current through it be 1, and let the effective resistance 
of the telephone be P. Thus the rate at which the telephone 
current is working at any moment is Pcj?, and, therefore, 


w= sef edt z 2Pe, | de,de. 
0 4/0 


Equation (11) now Te 


0, — 


"s Pu Pix nu um 


S ioi 1), (12) 


by using the condition (10). 

Now, as stated before, (8p))— —Kpj4W;, where W, is 
that portion of the energy of a single train of oscillations 
usefully converted to heat in the detector, Therefore (12) 


becomes 
— 2Pkpya e W.— A (2-1) «5. (13) 


Tcp) m xi kpaa Nm, 
The experiments have shown that the term involving the 
arbitrary constant A is always positive. Hence, if A be 
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positive, n, must be greater than m, ; moreover, (10) shows 
that B must be negative when, as was always the case, (8p) 
is negative. These considerations applied to equation (9) 
imply that dp, runs through a series of diminishing negative 
values, passes through the value zero, and becomes positive. 
This is not possiblo. On the other hand, if A be negative, 
m; must be less than m,, and B may be either positive or 
negative. If B be positive, (10) shows it must be numerically 
less than A, and then the condition ms <m, implies that Sp, 
in equation (9) changes sign once during its history. Re- 
jecting this case we are left with A and B both negative and 
m3<m;. The quantity m, must, therefore, be given the 
value b/aand m, must equal a— b/a. Put A= — f’, and (13) 
becomes 
_ 2Pkp,a ac? f b 

This equation regarded as an equation between the energy 
W, spent in the detector and the energy w, delivered by the 
detector to the telephone, is precisely of the form required 
by the experimental curves of figs. 4 and 5. Those curves 
may be regarded, in fact, as determining the constant of 
Integration /*. The methods of measurement are not yet 
sufficiently refined, however, to make it worth while to 
examine this intercept term in detail. The coefficient 
of W,, on the other hand, may be profitably enquired 
into. 

In this coefficient P, k, po, a, and r (which includes P, of 
course) are to be taken as constants, while pi, a, b have values 
dependent on the square of c; the direct steady current 
passing round the detector circuit. By aid of equations (6), 
(7), and (8) the part of the coefficient which varies with c, 
may be expressed in terms of the quantity n defined by (6). 
This quantity n, it should be noticed, is itself a function of 
the square of c;, and therefore the following discussion applies 
equally to positive and negative steady currents through the 
detector. It will be found that 


Lanz Low? -rmp,4 rn 


and Lb=n?r—mnpypt2mipn, . . . (15) 
Y2 
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when, as implied by (3), we remember that 


Mpo = npi. 
Now if (3) be differentiated (15) will be seen to become 
Lb=n de : 
de 
Hence the coefficient of W, in equation (14) 
Ln 1 de 
e (n—m) aan Apt . . « (16) 


It is convenient to think of c, the impressed current 
through the detector, as the independent variable. It is, of 
course, readily connected with e, the impressed voltage by 
equation (3) or by fig. 7. 

Then as c; is varied the factor n—m has as graph a para- 
bola with its vertex at the origin and with the tangent there 
horizontal. 'lhis parabola rises only slightly within those 
values of the current ever passed through detectors. The 
second factor has as graph, when values of c; are again taken 
as abscissm, a slowly falling curve. As a rule the graph of 
the product of these two factors appears to be a slowly rising 
curve. Now the third factor dc/de is the gradient of the 
e, c, curves shown in figs. 7, 8. Hence, for a self-restoring 
coherer we expect that if we draw curves connecting w and 
e—that is the watts in the telephone, and the voltage applied 
steadily to the detector—we expect to find w rising to a 
maximum at a value of e rather beyond the steepest part of 
the steady-current e, c, curve. This deduction is amply 
borne out by the experimental curves of figs 2and 6. Iam 
not able at the present moment to enter into an exact 
numerical examination of the whole matter ; but such rough 
values as have as yet been obtained leave little room for 
doubt that the quantitative adequacy of the above reasoning 
is as perfect as its qualitative sufficiency. It may be re- 
marked, in closing, that the term subtracted from W, in the 
bracket of equation (14) has its maximum at about the same 
value of c, as gives the maximum gradient in the e, c, curve 
of the detector. This deduction also has to some extent been 
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experimentally confirmed, but the lability of coherers is so 
remarkable and the difficulty of carrying a coherer through 
a variety of experiments without altering its internal state 
is so great, that full confirmation will only be attained 
by selection of the best from a very large number of 
observations. 


I have to thank the Royal Society's Government Grant 
Committee for a grant of money to defray the cost of con- 
struction of the apparatus used in the above experiments. 


Summary. 


A method of investigating detectors is developed with 
special reference to the relations between the energy given 
to the detector in the form of electrical vibrations and the 
energy delivered by the detector, as direct current, to the 
circuit of the indicating instrument. The stream of energy 
supplied to the detector was always of the same order as that 
usual in telegraphy. The detector under examination was 
placed in a circuit containing suitable inductance and capacity, 
which was secondary to a primary circuit. The primary could 
be set into electrical vibration by breaking a known current 
in it. The coupling was very small, so that when a current 
of a few milliamperes was broken in the primary, the energy 
delivered to the detector was of the order a thousandth of an 
erg, and the electromotive force at the coherer terminals was 
of the order a tenth of a volt. The response of the detector 
was measured by comparing the sound in its telephone with 
the sound produced in the same telephone by interrupting a 
measurable direct current. A special switch key enabled 
the comparison to be made quickly. The power delivered 
to the detector and to the telephone was determined by 
extrapolation from measurements on stronger currents with 
the thermogalvanometer. 

The results of experiments on coherers made of oxidized 
iron wire dipping into mercury, and on coherers made of a 
clean iron point touching an oxidized iron plate, are exhibited 
as curves connecting: (1) the steadily applied E.M.F. and 
consequent current through the coherer; (2) the steadily 
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applied E.M.F. and the power given to the telephone, for 
various rates of delivery of vibration energy to the detector ; 
(3) the power delivered to the detector and the power passed 
to the telephone, the E.M.F. applied to the coherer being 
constant. Curves (1) show that in a self-restoring coherer 
the current increases more and more rapidly as the E.M.F. 
is raised, till, in general, a point of inflexion 1s reached, and 
then the current increases more slowly. Curves (2) show 
the rise and fall of sensitiveness to oscillations as the applied 
E.M.F. is increased. Curves (3) show that if W represents 
the power in watts delivered to the coherer, and w the power 
passed to the telephone circuit, then w=m(W—a) where m 
and a have values settled by the magnitude of the current 
through the detector. The quantity m for a good low 
resistance iron-mercury coherer has been found to be as 
highas0:06 ; while a is usually near 1-0 x 1079 watt. These 
curves show that these coherers are not “ voltage-operated ” 
detectors but “integrating " detectors. 

The author puts forward the hypothesis that the properties 
of an oxide coherer may arise solely from the temperature 
variations caused in the minute mass of oxide at the contact 
by the electrical oscillations and by the applied E.M.F. He 
examines the hypothesis mathematically, and shows that 
most of the phenomena recorded in the curves (1), (2), (3) 
above, can in this way be accounted for as perfectly as the 
present state of the measurements permits. 
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ABSTRACT. 
A summary of the paper is given on pp. 309, 810 above. 


DISCUSSION, 


Mr. W. DUDDELL expressed his interest in the paper, and remarked 
that it was important to know how much energy was needed to work a 
detector in order to calculate the amount which it was necessary to 
radiate. He asked the Author if the action of the coherer he had 
described might not depend upon compressions due to electrostatic 
attractions. 

Prof. C. H. Lrrs remarked that if the action of the coherer depended 
upon thermal effects, the sensitiveness would be affected by using materials 
of different thermal conductivities, whereas if the effects were to be 
attributed to compressions, change of material would have little effect 
upon the senaitiveness. 

Mr. RAYNER pointed out that if the effect was due to the temperature 
coefficient of the resistance of the film, the sensitiveness should depend 
upon the temperature at which the coherer was worked. He asked if 
Dr. Eccles had conducted experimenta at different temperatures and if he 
could give any particulars as to how the sensitiveness of the coherer he 
had used compared with other types. 

Dr. RUSSELL suggested that as the thickness of the film of oxide on 
the iron plate was only about a micron, the electrostatic attraction be- 
tween the needle and the iron plate would be appreciable even at very low 
voltages. It was conceivable that, owing to the compression, heat waa 
generated in the film at this point. 

Mr. CAMPBELL remarked that in accurate work there would be no 
trouble in measuring the mutual inductances, but the determination of 
the damping factors would be difficult. 

Dr. Eccrxs, in reply to Mr. Duddell, said that the hypothesis that 
electrostatic attractions between the two conductors separated by the 
film of oxide caused the change of conductivity produced by electrical 
oscillations, was negatived by the fact that in such materials as tho 
Author had tried the magnitude of the coefficient of decrease of resistance 
with temperature and the thermoelectric properties of the two con- 
ductors had a great deal to do with the sensitiveness of the detector. 
In reply to Prof. Lees, no doubt the sensitiveness of & detector would, 
if the thermal theory were correct, depend upon the slowness with which 
the heat was conducted away by the metal near the contact. This 
consideration suggested one reason why some of the badly conducting 
oxides formed such good detectors. With regard to Mr. Rayner's 
observations, he had not attempted experiments at other than normal 
temperatures. The Author, replying to Dr. Russell, said the answer 
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to Mr. Duddell was circumvented by his suggestion that the electro- 
static attractions caused compressions which on the whole produced 
local heating. But it might be pointed out that if in the secondary 
circuit the capacity was changed to another value and the inductance 
altered to keep the period of the circuit the same, the oscillating voltage 
at the coherer was different, yet no difference worth mentioning was 
heard in the detector. In answer to Mr. Campbell, no doubt the mutual 
inductance could be measured accurately given proper experimental 
facilities. Since, however, another course of experiments was adopted, 
one that did not need an accurate value of the mutual inductance 
between primary and secondary, this measurement was not attempted 
accurately. 
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XXI. Earth-Air Electric Currents. By Georce C. SIMPSON, 
D.Se., Government of India Meteorological Department *. 


CONSIDERING the present state of our knowledge of atmo- 
spheric electricity, perhaps the most important factor re- 
quiring study is the current of electricity which is con- 
stantly passing between the earth and the air. This current 
has already been investigated to some extent, and two 
methods have been used for the purpose. Gerdien f deter- 
mined the current by measuring the potential gradient and 
the conductivity of the air; and Wilson] has investigated 
it by observing the actual loss of electricity from a small 
plate exposed to the atmospheric field and kept at zero 
potential. The measurements made by these two methods 
have only been few; and in view of the large variations 
which the current undergoes in the course of & few minutes, 
the need has been strongly felt for some method by means of 
which the current could be automatically recorded. 

Neither Wilson's nor Gerdien's methods lend themselves 
for automatic registration, but an instrument has been 
developed in the Meteorological Office, Simla, which has 
proved entirely satisfactory in use. If we confine ourselves 
to the consideration of normal conditions during fine weather, 
the problem may be stated thus :— 

Consider a small area of tho earth's surface. On account 
of the electrical field in the atmosphere there is an induced 
surface charge of negative electricity on the area. This 
charge suffers change on account of two causes: (1) Every 
change in the potential gradient is accompanied by a change 
in the induced charge—the greater the potential gradient 
the greater the charge, and vice versa, (2) The electrical 
field in the atmosphere is constantly driving free positive 
ions from the air on to the surfaco ; or, as it is generally 
expressed, the conductivity of the air results in a current of 
negative electricity from the earth into the air. 

As the area under consideration forms part of the surface 


* Read Merch 11, 1910. 
t Gerdien, Gotting. Nachr. 1907, p. 77. 
1 C. T. R. Wilson, Proc. Roy. Soc. A, lxxx. p. 537 (1908). 
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of the earth, its potential remains zero; hence each change 
of charge from either of these causes gives rise to a flow of 
electricity between the area and the earth. If, on the other 
hand, the area were insulated its potential would be constantly 
undergoing change unless steps were taken to keep it zero, 
by either adding or withdrawing a charge similar in amount 
to that which would have flowed to or from it if it had been 
earth connected. The problem therefore consists in finding 
a method for keeping an insulated plate placed on the ground 
at zero potential, and for measuring the change of charge 
which this entails. 

The solution obtained was the following :— Water was 
made to flow from an insulated vessel in fine jets, and the 
points at which the jets broke into drops were surrounded 
by an earth-connected cylinder. The vessel was connected 
by a wire to a large plate placed in the open as near to the 
ground as was consistent with efficient insulation. By the 
well-known “collector” action the jets prevented the potential 
of the insulated system from varying appreciably from zero, 
and the drops as they formed carried with them the charge ` 
necessary to effect this. In other words, the drops carried 
away all the charge set free on the insulated plate which 
remained at zero potential. The drops as they fell were 
caught in an insulated vessel connected to an electrometer, 
and the change in the deflexion of the electrometer recorded 
the charge carried away by the drops. 

The details of the apparatus as used in Simla are shown 
diagrammaticaly in fig. 1. The nozzle from which the 
water issued is shown at A, surrounded by the earth- 
connected cylinder B. In order to get a large discharging 
capacity with a small expense of water, it was necessary to 
have the water issuing from the nozzle in fine jets which 
broke up into very small drops. For this reason, the nozzle 
was attached to the lower end of a glass tube 150 cms. long 
which was usually kept full of water, 80 that the jets issued 
under a considerable pressure. There were three jets each 
having a diameter of about '2 mm. To the top of the glass 
tube a vessel C was attached into which a regulated supply 
of water dropped from the funnel D. The point at which 
the water detaclied itself from the funnel D was well within 


EARTH-AIR ELECTRIU CURRENTS. 315 


the surrounding cylinder E, so that the drops were entirely 
free from charge when they fell into the vessel] C. 
At first considerable trouble was experienced on account 


Fig. 1. 


TO EXPOSED PLATE 


TO ELECTROMETER 


of the fine holes in the nozzle becoming choked up. To 
prevent this filter-papers were introduced into the vessel C 
and also just above the nozzle itself ; but it was found that 
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owing to some form of impurity in the water, the papers 
became impervious to water after being in use for a day or 
so. After trying several methods of filtering the water 
without success, the following satisfactory method was bit 
upon. A piece of sponge was placed in the funnel D to 
remove all large impurities, and then the water was caused 
to pass through the trap F in the vessel C before it reached 
the glass tube. The trap consisted of a closed brass tube 
fitting over the pipe which communicated from the upper to 
the lower parts of the vessel C. A hole was made in the 
covering tube somewhat below the level of the top of the 
communicating tube, so that the dust which floated on the 
top of the water in the upper part of C, and the grit which 
sank to the bottom, could not pass into the glass tube. 

Usually the water-supply was regulated so that it just 
provided the flow through the nozzle when the glass tube 
was full; if, however, the supply fell short of this amount, 
the head of water sank in the tube until the flow from the 
nozzle just carried away the supply; if the supply was too 
great, the vessel C gradually filled with water until the surplus 
overflowed from the pipe G. The water which escaped here 
carried away no charge as the drops detached themselves 
within the cylinder H. 

The water which left the nozzle A fell into the insulated 
funnel I and left this free of charge by dropping from the 
end of the small pipe K well within the cylinder L. Thus 
all the electricity which the drops from the nozzle carried 
into the funnel I remained in the funnel and its connexions. 
The capacity of this funnel was made as small as possible in 
order to obtain a large deflexion of the electrometer to which 
it was connected. 

As the drops of water from the nozzle entered the re- 
ceiver I with considerable velocity, it was deemed necessary 
to investigate whether any error was produced by the “ Lenard 
effect.” A careful investigation proved that no error of this 
kind was present, and this agreed with previous experiments, 
which had shown that, owing to some impurity in the Simla 
tap-water, it is incapable of developing the Lenard effect. 
If this work were repeated elsewhere it would be necessary 
to test for this source of error, and if found it would no 
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doubt be possible to remove it by adding a little salt to the 
water, 

The electrometer used was one of the pattern designed by 
Benndorf for automatically recording the potential gradient. 
In this instrument an electrical circuit containing a magnet 
is closed every two minutes, and a light boom attached to the 
needle of the electrometer is thereby pressed into contact 
with the paper taking the record. Thus the deflexion of the 
freely swinging electrometer-needle is automatically recorded 
at the end of each two minutes. A slight change in the 
construction of the electrometer made it possible to anto- 
matically earth the receiver as soon as its potential had been 
recorded. Each deflexion, therefore, was proportional to 
the charge obtained by the receiver in the previous two 
minutes. 

The potential gradient was recorded by a second Benndorf 
electrometer, and the recording mechanisms of both electro- 
meters were actuated by the same electrical current. Thus 
simultaneous records were made on the two instruments. 

It was desirable that the exposed plate should be placed 
where the earth’s normal electrical field was undisturbed. 
This, however, was quite impossible in Simla, for the town 
is situated on a ridge of the Himalayas, and there is no 
singie plot of ground within many miles of the town on 
which the field is not disturbed by the configuration of the 
surrounding hills and valleys. The Simla Meteorological 
Office is at present located in a house originally built for a 
dwelling on a spur branching off the main ridge on which 
the town is built. The house is situated on tho extremity of 
the spur, and the ground slopes down for many hundreds 
of feet at a very steep incline on three sides of it. There is, 
however, between the house and the main ridge a small 
piece of level ground (about 100 ft. x 50 ft.) on which a tennis 
court has been made. The tennis court is surrounded by 
stop-nets about ten feet high and several trees 30 or 40 feet 
high are growing against them. The branches of the trees 
which were growing over the court have been cut away so 
that the court itself is fully exposed to the sky. The middle 
of this court was the best site which could be obtained, and 
a small tea-house built close to the stop-nets on one side 
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afforded a suitable shelter for the instruments. Thus the 
plate was exposed in the middle of a small open space, the 
electrical field of which was considerably affected by the 
near trees and stop-nets as well as by the irregularities of 
the surrounding hills. 

The exposed plate itself consisted of a wooden frame 
(285 x 570 cms.=17 metre?) on which canvas was tightly 
stretched. The canvas was covered by a sheet of brown paper 
made conducting by means of a thick coating of blacklead. 
In this way a large conducting surface was obtained which 
was at the same time light and strong. The sheet was insu- 
lated on six sulphur insulators which raised the upper surface 
of the sheet about 15 ems. above the general level of the 
ground. It would have been much better if the sheet could 
have been actually at the ground level, but as this would 
have necessitated cutting up the surface of the tennis court 
it was not possible to do it. It will be seen from the above 
that the exposure of the plate was far from that of a piece of 
the earth's surface exposed to the normal potential gradient ; 
but it was the best which could be obtained under the 
circumstances. 

Results. 


Let each cm.? of the exposed plate be receiving a charge 
from the air at the mean rate of æ els. units per second. 
Then in a given time ¢ the whole plate will receive from 
the air Azt els. units. If the potential gradient imme- 
diately over the plate changes from P, to P, volts/meire 
during the interval, there will be also a quantity of electricity 
NE er 

47730000 
charges are transferred to the receiver; hence, if the mean 
charge per second recorded by the electrometer is Q els. units, 
we have 


els. units set free on the plate. Both these 


AQ) 
4730000 ’ 
or Q, P-P, 
UCATLSTIXxI 

If it is assumed that the whole charge x reaches the plate 


Qt =Art— 


03 els. units. 
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by means of the ordinary conductivity of the air (i. e., 
neglecting the charge carried by dust, &c. which settled on 
the plate against the electrostatic field), the conductivity can 
be calculated from the relationship 


P . 
reef aoa els. units, 


in which P is the mean potential gradient expressed in 
volts/metres during the interval t. This mean potential 
gradient will in general be different from 4(P,+ P;). 

This treatment applies to a plate in a uniform electrical 
field, and therefore will not hold strictly for the plate exposed 
in the disturbed field described above. It has, however, been 
applied, and in discussing the results it must be remembered 
that while the absolute values obtained are likely to be 
affected, the daily range of the different factors are no doubt 
near approximations to the truth. 

The data obtained were treated thus :— The trace printed 
by the electrometer consisted of a series of dots, each repre- 
senting the deflexion at the end of a two minute interval. 
These dots were first joined by a line, and then a freehand 
curve was drawn to take out the sinaller irregularities. 

The approximately smooth curve thus obtained was measured 
at five equidistant points in each hour, and from these five 
measurements the mean deflexion of the electrometer during 
the hour determined. The mean deflexion was then con- 
verted into volts and the quantity Q/A determined. The 
part of this value due to the change in the potential gradient 
was then obtained from the actual value of the potential 
gradient at the beginning and the end of the hour. The 
latter charge was subtracted from Q/A, and the remainder 
gave the mean value of « during the hour. 

The following gives a typical example :—The smoothed 
curve for the hour 20 to 21 Indian standard time on the 
19th November, 1909, was measured at five equidistant 
points, giving a mean value of 30:8 mm. As the sensitive- 
ness of the electrometer was 5:9 volts per mm. deflexion, the 
mean voltage recorded at the end of each two minutes during 
the hour was 30:8x 5:9 = 1817 volts, t. e. *606 els. unit. 
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The combined capacity of the receiver and electrometer was 
35 cm.; hence, during this hour the average quantity of 
electricity removed from the plate during each two minuto 
interval was ‘606 x 35 = 21:21 els. unit, or during each 
second 21:21/120 2:177 els. unit. The area of the plate was 
17x10* cm.?, hence Q/A=:177/17 x 10'z104 x 10-8 els. 
unit. 

At the conmencement of the interval the potential gradient 
over the plate was 20:8 volt/metre and at the end 493 
volt/metre, hence 


.B-BH o. 2873 
L.3:11x 10° 


=— ~-=- -8 els. unit. 
5500 x PIT x 1g ^ 2% LO el. unl 
Hence z, the mean charge received from the air each 


second by each cm.? of the exposed plate, was 
(104 —2)10-§=102 x 10-8 els. unit. 


The mean potential gradient over the plate during the 

hour under consideration was 34°8 volt/metre, hence 
X —102*x 10-8 oe =8'°7 x 10— els. unit. 

The values obtained during ten days in November are 
shown in Table I. Only those days on which the weather 
was fine, without a cloud in the sky, and on which an unin- 
terrupted record was obtained from midnight to midnight, 
have been utilized. 

The lines marked x give the mean charge received from 
the air by each em.? of the exposed plate in a second during 
the hour stated at the head of the column. 

The lines marked P.G. give the mean potential gradient 
over the exposed plate during the hour. 

The lines marked X give the mean conductivity of the air 
during the hour. 

The time entered at the head of the table is Indian Standard 
Time, which 1s 21 minutes ahead of mean local time. 

In fig. 2 tho mean values for the ten days are plotted. In 
the figure the mean value during the hour is referred to the 
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middle instant of the hour expressed in local time. Thus 
the value for the hour 10 to 11 LS.T. is plotted against 
10 hrs. 9 min. local time. 

It has already been pointed out that the exposure of the 
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plate was not satisfactory, so that the absolute values are 
uncertain; but it is interesting to note that the mean value 
found for the conductivity of the air, viz. 58 x 10-4 els. 
unit, agrees very well with that found by other workers, all 
of whom have found values of the order of magnitude of 
10-4 els. unit: see the list given on page 83 of H. Mache 
and von Schweidler’s book Atmospherische Flektrizitát. 
Turning now to the daily variations which are much less 
affected by the unsatisfactory exposure, the curves show that 
the potential gradient had its chief minimum and maximum 
in the early hours of the morning and evening respectively. 


The conductivity was above the average during the night 
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and early morning, and below during the day and evening. 
During the period over which the observations extended the 
sun rose above the surrounding hills soon after 7 hrs. local 
time and set at about 17 hrs. Thus it would appear as if 
the sunshine caused a diminution of the conductivity of the 
air, but that the effect lagged about two hours behind the 
cause. It is very probable that the dust is the chief agent 
by which the sunshine causes the diminution of the conduc- 
tivity; for the intense solar radiation of the Indian dry 
weather raises large quantities of dust into the lower atmo- 
sphere. This result is important, for it shows that sunlight 
plays only a small, if any, part in causing the natural ioniza- 
tion of the lower atmosphere. The earth-air current is 
determined by the two independent variables potential gradient 
and conductivity; it is therefore interesting to note that the 
variations in these two factors resulted in the current from 
the earth being least in the early hours of the morning and 
greatest at 20 hrs. in the evening, while a marked secondary 
maximum occurred at midday. 

It is hoped that it will be possible to continue this work in 
Simla; but it is very desirable that similar measurements 
should be made in some less abnormal region, and it is with 
the idea of interesting others in the work that this short note 
is being published. 


ABSTRACT. 


The paper describes a method for automatically recording the electrical 
current which passes from the earth into the air during periods of fine 
weather. 

A large plate (17 metres?) was placed in the open as near to the 
ground as was consistent with efficient insulation, this was then con- 
nected to an insulated vessel from which water issued through an orifice 
surrounded by an earth-connected cylinder. The water as it dropped 
from the insulated vessel carried away, by the well-known * collector" 
action, all the charge which the exposed plate received and the latter 
remained at zero potential. The charged water drops were collected in 
a vessel connected to a self-registering electrometer which was earth- 
connected for an instant at the end of every two minutes. The paper 
describes the sources of error and the method of determining the value 
of the earth-air current and of the conductivity of the air from the 
records of the electrometer. The method was used in Simla (India), but 
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owing to the impossibility of obtaining a site on which the normal 
electrical field of the atmosphere was undisturbed by the surrounding 
hills and trees, the absolute values obtained were uncertain, but it is 
very probable that the daily range of the different factors were near 
approximations to the truth. 


Discussion. 


Dr. C. Carer expressed his interest in the paper and remarked that 
they had worked at Kew with C. T. R. Wilson's apparatus. It would be 
interesting to know whether the same results could be obtained from the 
Author's and from Wilson's apparatus. He drew attention to the 
difficulty of insulating a piece of the earth in England sufficiently well 
to obtain reliable results. 

Dr. RvssELL said that C. T. R. Wilson had found that the mean 
earth leakage current in his experiments was about 2:2 x 10715 amperes 
per square centimetre. It was therefore exceedingly small. 

Linke had shown from the results obtained in balloon ascents that 
the atmospheric potential gradient diminished regularly up to a height 
of 6000 metres and probably much higher. Assuming that air has 
“conductivity " this shows that the conductivity increases as we ascend. 
It seems reasonable to suppose that at great altitudes, notwithstanding 
the intense cold, the highly rarefied air is practically a conductor. The 
earth leakage currents carry charges to these conducting layers, and 
these charyes are continually being returned to the earth by the storms 
always taking place somewhere or other in the world. The energy 
expended by the currents was probably due originally to the sun’s heat 
vaporizing and raising water to heights in the air. A surprising result 
obtained by Dr. Simpson was that the sunshine apparently caused a 
diminution in the conductivity of the air over the surface of the ground. 
It was customary to suppose that ultra-violet rays improve the con- 
ductivity of the atmosphere, and this supposition was certainly a help in 
explaining how radio-telegraphic waves went further over the ocean by 
night than by day. 
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XXII. An Automatic Toepler Pump, designed to collect the 
gas from the apparatus being exhausted. By Bertram D. 
STEELE, D. Se.* 


DurinG the investigation of certain dissociating compounds 
containing sulphur dioxide, it became necessary to exhaust 
constantly certain apparatus for a prolonged period. After 
several days had been spent in manipulating a Toepler pump 
of the usual pattern, an automatic Toepler pump was designed 
and constructed. 

The pump that was required was one which not only should 
be capable of being worked automatically for long periods, 
but also one by means of which it should be possible to deliver 
samples of the extracted gas when desired, and if necessary 
to collect the whole of such gas for examination. 

These requirements are satisfactorily fulfilled by the pump 
which is described in the following paper. It will be best 
described in three sections, all of which are shown diagram- 
matically in fig. 1 (p. 327). 

The pump proper is an ordinary Toepler pump, and is 
represented in the figure by the parts A and B and various 
adjuncts. 

The collecting apparatus is represented by the parts ( and 
D and connecting tubes. 

The automatic controlling apparatus is represented by 
s, F, E, and g. 

The pump proper consists of the stroke-cylinder A and the 
reservoir B, these being connected by the U-tube d. This 
U-tube, which is about 8 mm. in internal diameter, is pro- 
vided at its lowest point with a short side-tube, by means of 
which the mercury can be removed from the pump if neces- 
sary, and it is constricted at one point to a diameter of about 
2 mm. This constriction regulates the flow of mercury and 
renders it impossible to break the apparatus by a sudden blow 
of the mercury, even at the highest exhaustion. The U-tube 
in its shorter arm is 800 mm. long, in order that either A or 
B may be put into communication with the atmosphere 
whilst the other vessel is exhausted. 


* Read March 11, 1910. 
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Fig. 1. 
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The stroke-cylinder A is provided, in the usual manner, 
with a ground-glass valve, a, and a manometer, b, and the 
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apparatus to be exhausted is attached on the other side of the 
phosphoric-anhydride tube and the stopcock, c. 

The reservoir B is connected with the water-pump by the 
tube e, and to prevent the possibility of water entering B, 
this tube is made 85 cm. long and is provided at its lower end 
with a mercury trap, z, of special design. 

It has been found that very rapid currents of air can be 
sucked through this trap without a single globule of mercury 
being carried into the water-pump. 

Two other tubes are attached to the reservoir B, one of 
which, m, is connected with the regulating apparatus E, and 
the other, n, with the mercury trap, k. 

The collecting apparatus was designed to enable either the 
whole or a portion of the extracted gas to be withdrawn and 
collected. 

In this apparatus the receiving bulb C is in direct com- 
munication with the stroke-cylinder A by means of the 
millimetre capillary tube, f, and with the atmosphere by means 
of a similar tube, g, which is attached to the top of the bulb. 
The U-tube A connects C with the subsidiary reservoir D, 
and from the slight enlargement at 1 a tube, x, is extended 
downwards and dips into the vessel F. The top of the bulb 
D is connected through the ground-glass valve and mercury 
trap k with the top of the reservoir B, and by the tube / 
with the middle of its under surface. The essential part of 
ihe automatic controlling apparatus consists of two portions, 
the bulb E with the test-tube p, joined together as shown 
by the 8-millimetre bore-tube o, and the branched tube q, 
which is of the shape shown in the figure, and is constricted 
to a fine capillary at the point r. 

The longer arm of this tube reaches to the bottom of the 
vessel E, the shorter to the bottom of the tube p. 

The vess:ls s and F are arranged so that any overflow of 
mercury from eitlier of them finds its way into p. 

The tube q is attached to m by rubber pressure tubing, 
which can be closed by a screw pinchcock at w, and each of 
the tubes, l and x, are cut and the parts joined by pressure 
tubing, which in the same manner can be closed by screw 
pinchcocks. 
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The volumes of the various vessels are approximately as 
follows :— 


The stroke-cylinder A ...... 800 cubic centimetres. 
The reservoir Bs 600 ,, 59 
The co!lector roia 100 ,, ET 
The reservoir Ds 130 ,, P 
The bulb Eus 150 ,, » 


It is essential that the U-tube d, and the tubes e, f, and g 
should be over 80 centimetres in length. 

The relative levels of the various bulbs are as follows :— 

The bottom of the reservoir B is placed 30 centimetres 
below the top of the tube f, and 10 centimetres below the 
connexion between A and the valve a, at v. The bottom of 
the reservoir D is situated 16 centimetres above the highest 
point of the tube g. 

The shorter limb of the U-tube A is 25 centimetres long, 
and the enlargement i is 75 cm. above the level of the side- 
delivery tube on F. | 

Twenty pounds of mercury are required to work a pump, 
of the foregoing dimensions. 


Filling the Pump. 


Before starting to fill the pump, the stopcock c and the 
pinchcock on l are closed, and mercury is poured into the 
vessels $ and F, and into the traps z and k. The trap k is 
provided with a side-tube at the point y, to enable this to be 
done, and when sufficient mercury has been inserted this tube 
is sealed off. The water-pump is now connected at the trap 
2, and the mercury required to fill the pump is poured into 
E. Under the action of the water-pump, which must be 
sufficiently powerful to reduce the pressure in the apparatus 
to 10 or 15 cm. (whilst the side-tube is open to the atmo- 
sphere), the mercury rises in the tube m. Air is, however, 
slowly leaking in through the constricted branch of q, and 
this air breaks the mercury in m into columns which are 
carried over into B. In this way the whole of the mercury 
required is pumped rapidly from E into B. 


330 DR. B. D. STEELE ON AN 


Working the Pump. 


Tt has been already stated that the pump was designed 
(1) to discharge the extracted gas into the water-pump, (2) 
to collect samples of the gas for examination, and (3) to 
collect the whole of the gas from any piece of apparatus. 
The manner of working of the pump will be best shown by 
describing in detail the course of one complete stroke when 
it is working as required for case (1). 

Starting from the time when a small quantity of the 
mercury required for filling the pump remains in E, and 
when the pressure in A, B, C, and D has been reduced to 10 
or 15 centimetres, it will be seen that with the removal of the 
last globule of mercury from E into B, air can freely enter 
the latter vessel through the tube m. The water-pump is 
not capable of removing the air as quickly as it enters, and 
the consequent rise in pressure causes the mercury to rise in 
A, and, driving the gas before it into the receiver c, it over- 
flows through the tubes À and t into the vessel F, from this 
into p, and finally through o into the large bulb E. This 
overflowing mercury closes first the constricted and then the 
open end of the branched tube q, and thus cuts off the supply 
of air to the reservoir B. 

The water-pump now reduces the pressure in the reservoirs 
B and D, and as a consequence the mercury immediately 
begins to flow back through the U-tube d, from A into B, 
and the overflow into F and p ceases. 

About forty seconds after the closing of the tube q the 
mercury will have fallen to the point v, and in the meantime 
the mercury in p has been slowly siphoning through the 
branched tube q into the bulb E. 

With the constriction used, the time required to empty p 
is eighty seconds, and there is therefore an interval of forty 
seconds between the opening of the communication at v and 
the emptying of the tube p. During this time the apparatus 
to be exhausted remains in communication with the stroke- 
cylinder A. Following the last globule of mercury which 
siphons from p into E, air enters through the shorter branch 
of q, and the mercury in E is pumped back into the reservoir 
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B, anl finally, when all the mercury has been removed from 
E, air enters again freely through the tube m, aud another 
stroke begins. The gas that accumulates in C finds its way 
through the tube A, the bulb D, and the trap k, to the water- 
pump. 

Case (2). If it is desired to collect samples of the gas, this 
can be done as follows :— 

A test-tube of the size required is filled with mercury 
and inverted over the turned-up end of the tube g, the 
pinchcock t is closed, and at the following stroke of the 
pump mercury flows, by way of f, C, and h, into the 
bulb D. When a quantity more than sufficient to fill the 
bulb C has accumulated here, the pressure in D is caused to 
rise by opening the pinchcock on the tube l, when the 
gas in C is forced into the tube placed to receive it. The 
excess of mercury flowing into s finds its way as before 
into p and E. 

Finally the pinchcock J is closed, that at t opened, and the 
cycle proceeds as previously described. 

Case (3). Should it be desired to collect the whole of the 
gas from the apparatus being exhausted, the pinchcock t 
must be kept closed, and a vessel to receive the gas must be 
placed as before over the end of g. If the pressure in the 
apparatus is low, that is, if the quantity of gas to be collected 
is very small, the gas is displaced from C at every stroke of 
the pump, and the overflowing mercury finds its way from s, 
through F, into p and E. 

If the pressure is more than 1 or 2 centimetres, it is neces- 
sary to manipulate the pinchcock on l. 

In the great majority of instances it is only during the 
first five or six strokes of the pump that this will be necessary, 
and in this case it is most convenient to open / at the end ot 
each stroke, exactly as described in case (2.) 

Should the vessel to be exhausted be very large, the pinch- 
cock J must be regulated so that the mercury contained in the 
bulb u flows into D at such a rate that the last drop, followed 
by air, enters D at the moment when the latter has become 
about half full of mercury. If lis properly regulated, it is 
found that mercury flows through it only when the tube m is 
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open to the atmosphere and not when the reservoir B is 
exhausted by the water-pump. 

In obtaining high exhaustion it is advisable to leave the 
stroke-cylinder A in open communication with the apparatus 
to be exhausted for a longer time than 40 seconds. This 
object is obtained by attaching a side-tube to p, the capacity 
of which increases the volume of mercury which must siphon 
through g at every stroke. 

The quantity of mercury, and hence the time of flow, can 
be regulated by sliding a well-fitting glass piston in this 
subsidiary tube. 

The time occupied by a complete stroke of the pump that 
is described here is 160 seconds, during 40 of which the 
communication at visopen. By the use of the subsidiary 
tube on p (not shown in the diagram) the total time is 
increased to four minutes, that during which v is open is 
increased to two minutes. 

In order to stop the pump, all that is necessary is to close 
the pinchcock w when the tube m contains mercury, and then 
to disconnect the water-pump at z when the vessel A is 
empty of mercury. To start the pump afresh, the pump is 
attached to z and the pinchcock w is opened. 


Chemical Laboratories, 
The University of Melbourne. 
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XXIII. Further Tests of Brittle Materials under Combined 
Stress. By WALTER A. ScoBLE, A.R.C.Sc., B.Sc., 
Whitworth Scholar *. 


Introduction. 


THERE are three theories of elastic strength which are re- 
cognized by engineers, —that a material fails under a definite 
(a) Maximum principal stress, (b) Maximum shear stress, 
(c) Maximum strain. A large number of tests on ductile 
metals have been made, and these have shown that the 
maximum shear stress approximately determines the failure 
of such materials, and consequently that theory is justified. 
Although tests in pure tension and torsion indicate that 
ductile materials fail by shearing, whereas brittle materials 
fracture across the plane of maximum principal stress, it 
has not been usual to make any distinction between the 
metals when the results of tests under combined stress have 
been recorded, or, at most, following the lead of Guest, the 
metals have been termed ductile. Brittle materials have 
been almost entirely neglected. Yet there are two important 
theories which have been disproved for ductile materials, 
which lead to very similar results, and which are supported 
by the forms of the fractures obtained with brittle materials. 
Even without any new experimental evidence, it appears to 
be very probable that brittle materials obey the maximum 
principal stress law. 


Previous Tests. 


The author used cast iron bars for his original tests of a 
brittle material under combined stresst. Fracture is the 
most satisfactory criterion of strengh for a brittle material. 
But it is doubtful whether cast iron follows Hooke’s law 
with sufficient closeness to allow the ordinary elastic theories 
to be applied to it; certainly it is not perfectly elastic to 
fracture. Consequentiy it is not a satisfactory material from 
the standpoint of an elastician, but it was adopted because 


* Read April 22, 1910. 
f Proc. Phys. Soc. London, vol. xx. 
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it is the brittle material which is most commonly used in 
engineering practice. 

The results of the tests on cast iron showed that both the 
maximum principal and shear stresses at fracture varied 
considerably if they were calculated on the assumption that 
the metal was elastic to rupture. But the planes of failure 
approximated very closely to those of the maximum principal 
stress. The metal certainly yielded somewhat, and it was 
not possible to find the exact stress distribution, but it 
appeared to be reasonable to assume that the yield was 
sufficient to cause the stresses which were directly due to the 
bending and torsion to become uniform. For example, fig. 1 


Fig. 1. 
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represents the centre of a bar under a central bending load. 
AOA' is the section midway between the supports. The 
tensile or compressive stress (at a point in the section), due 
to the bending, is set out perpendicularly to AA’. The com- 
pressive stress at Ais represented by AB. When the material 
has not been stressed at A or A' beyond its elastic limit, 
BOB’ indicates the stress distribution over the section. If 
the material has yielded at the outside, the inner layers are 
more fully stressed, and a line like BCO replaces the straight 
line BO. A small yield causes BCO, which represents the 
true compressive stress at any point, to follow BDO more 
closely than OB. But BD represents a uniform stress over 
the section, and this condition was therefore assumed. The 
assumption that the shear stress due to torsion was uniform 
may be similarly justified, 
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The Specimens for the Present Tests. 


The behaviour of cast iron, therefore, appeared to support 
the maximum stress theory, but it was necessary to assume 
that the known yield caused a redistribution of stress. This 
was not entirely satisfactory, and further to test this law it 
was decided to use a material which was elastic to fracture, 
or was more truly brittle, and which therefore obeyed the 
usual laws of stress distribution at rupture. Specimens of 
brittle alloys were obtained, but were condemned after a 
careful examination, without being tested under combined 
stress. The metal finally selected was Vickers, Maxim 
“Cast 7” steel, which contained 0:7 per cent. of carbon. 
The total length of a bar was 36 inches, and it was 2 inch 
diameter, with 3 inch squared ends. In order to obtain a 
material which was perfectly elastic to fracture it was neces- 
sary to harden the bars. Unfortunately a suitable furnace 
was not available for heating them. The assistance of an 
experienced toolsmith was obtained, and a spread fire was 
arranged on a smith’s hearth. A long iron tube was heated 
as uniformly as possible in the fire over a greater length than 
that of a bar. A bar was placed inside the tube, and was 
frequently moved along it, and rotated, further to ensure 
uniform heating. When the bar had attained a suitable 
temperature, about 1400° Fahr., it was renoved from the 
tube and lowered into dilute vitriol, The bar was kept 
vertical in order to keep it straight ; it was washed later in 
strong soda water to neutralize the acid from the hardening 
bath. The temperature of a bar before it was quenched was 
not measured, it was only judged from its appearance. It 
was, therefore, unlikely that the bars were of equal strength 
after hardening, and it was decided to make more than one 
test on each bar, so that each specimen would afford inde- 
pendent evidence on the law of failure. 


The Apparatus and Method of Testing. 


The apparatus employed has been fully described else- 
where*. One end of a bar was supported so that it was free 
to take its natural slope under a bending load, but it was not 


* Proc, Phys. Soc. London, vol. xx. ; also Phil. Mag. Dec. 1900. 
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allowed to twist. The bar rested on rollers at 30 inches from 
the other support, and therefore was free to twist at this end. 
A wooden pulley fitted on the squared end of the specimen 
and was twisted by means of ropes which carried dead weights. 
A bending load was applied at the centre of the bar. The 
maximum shear stress due to the torque was confined to the 
whole of the outer surface of a bar, and the bending load 
produced its maximum compressive stress only at the highest 
point, and its maximum tensile stress only at the lowest point, 
of the mid-section of the specimen. The test of a bar under 
combined loading was made first. For a further torsion test 
one part of the original bar was held in two hardened, ser- 
rated grips, or clamps, bolted together. The clamps were 
bolted to a lathe bed with the bar just resting on the roller 
hearing. The squared end of the half bar then carried the 
torsion pullev as before. When it was necessary to make a 
further bending test, a part of the original bar was supported 
on knife edges and loaded by weights applied at its centre. 


Calculation of the Stresses. 


The maximum stress due to bending was calculated from 
the formula 


in which 
p is the maximum stress. 
y is the greatest distance from the neutral line of the 
eon: 


2 
M is the maximum bending moment acting on the beam. 


I is the moment of the inertia of the section about its 


: ad‘ 
neutral line= G4. 
d is the diameter of the bar. 


The maximum shearing stress due to the torque was given 
by 
_ 16T 
=- 
S is the maximum shearing stress. 
T is the torque. 


S 
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3 
The maximum principal stress P, was E "v/ 3 -S*, and 


2 
the minimum principal stress P, was 5 -4/ £ T8? The 
stress difference was 2 E +S?, and the maximum shear 
2 
stress / i- T8. 


If the maximum principal stress be represented by P,, 
and the least principal stress at the same point by Py, then 
the maximum stress law states that P,— constant; the maxi- 
mum strain theory is represented by P,—7P,;=constant, 
since in these tests the second principal stress, Ps, is zero; 
and the shear stress being constant corresponds to 
P, —P;-oconstant. 

Data from the Tests. 

Stress-strain diagrams for a pure torsion test and a simple 

bending test have been plotted in fig. 2. The diagram shows 
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proportional to fracture, and therefore it was permissible to 
calculate the stresses from formule based on Hooke’s law. 
It was not intended to compare the results from different 
bars, but the several tests on each particular specimen only. 
It was convenient, however, to divide the bars in three 
groups depending on their strengths. 

The remarks were written against the data immediately 
after the tests were made, before the results were calculated 
and plotted. They are intended briefly to record observations 
made during the tests. For example, the bending tests were 
made in certain cases on twelve inch lengths, and therefore 
the bending moments recorded at fracture were probably 
high. In some of the pure torsion tests the bar fractured at 
two sections, and the test was marked correct. Twelve 
specimens were prepared, but four of them developed flaws 
in hardening. 


The Results Considered. 


It is evident that the stress difference or shear stress law 
does not apply to brittle materials. The maximum principal 
stress is approximately constant, but as the results have been 
set down in the order in which the tests were made, it is not 
easy to determine whether the value of this stress at fracture 
depends on the least principal stress, P3. 

The bending and twisting moments at fracture have been 
plotted in fig. 3. The number of the bar tested is given 
against a point, and the letter indicates whether the result 
was probably high, correct, or low, and corresponds to the 
remark in the table. If the maximum principal stress wero 
constant at rupture, the points for a bar would lie on an 
ellipse. Three such mean curves have been drawn in, one 
for each group of specimens. Considering the difticultics 
encountered in making the tests, the points lie fairly evenly 
about the curves. The deviation is most noticeable for the 
group which contains bars 6 and 11. 

The author has expressed the opinion that the behaviour 
of all isotropic, homogeneous materials may be expressed in 
one form, that P,—mP;-constant, at the failure of the 


material, in which equation * m" is a constant whose value 
2A2 
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depends on the degree of ductility of the material*. P, 
does not appear in the equation because it is zero for the 
system of loading adopted, but even in the more general 
case, in which there are three principal stresses, the available 


Fig. 3. 
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evidence indicates that the intermediate stress Pg does not 
affect the values of P, and P; at failure, with the loadings 
which are met with in engineering practice. The advantage 
of the above equation is that when m=0, it represents the 
maximum principal stress hypothesis, when m =n, it indicates 
a constant maximum strain, and m=1 corresponds to the 


* Proc. Phys. Soc. London, vol. xxii. ; also Phil. Mag. Jan. 1910. 
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stress difference law. The maximum and the least principal 
stresses at rupture have been plotted in fig. 4. This least 
principal stress is the P, at the point at which the maximum 


Fig. 4. 
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principal stress operates, and although it has been called the 
minimum principal stress, it is not the algebraical minimum 
for the whole bar, but only at the point at which rupture 
commences, 

The notation in fig. 4 is similar to that of fig. 3. It is 
easy to distinguish the three groups of tests. An increase 
of the minimum, Ps, does not regularly affect the maximum 
principal stress, P,. The maximum strain is certainly not 
constant for a particular bar, and varies more than the 
maximum principal stress. Although the points aro very 
irregular in this diagram, they are not more so than those 
usually obtained for a ductile material. 

The angles between the surfaces of the fractures and 
the axes of the bars were measured, and agreed with those 
of the planes of maximum stress even better than in 
the case of the earlier tests on cast iron. For example, in a 
pure torsion test the angle which the plane of maximum 
stress makes with the axis of the bar is 45°. The corre- 
sponding angles measured from the fractured surfaces in 
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five pure torsion tests were 43, 46, 44, 44, and 44 degrees. 
It was possible to measure the angles very accurately because 
the fractures were wonderfully clean, and as true as if the 
edges had been cut with a tool. 


Conclusion. 


The tests show that the maximum principal stress is the 
best criterion of strength for a brittle material under combined 
stress. 

It is interesting to compare the strengths of the bars before . 
and after hardening. None of these specimens were tested 
unhardened, but other steel bars, of exactly the same size, 
yielded at 2400 lbs. inches torque, or 2660 lbs. inches 
bending moment*. The values for the present material 
should probably be rather higher. It therefore appears that 
when the bars are made very hard the bending moment 
which they are capable of withstanding without fracturing 
is slightly greater than that at yield in the unhardened con- 
dition. But sometimes the strength to resist bending is 
diminished by the quenching. Similarly, as an average 
result, it may be stated that a hardened bar can withstand 
about double the turque which would cause it to yield when 
in its ductile state. 


ABSTRACT. 


A former paper described tests on cast iron, which is the brittle 
material which is most commonly employed in engineering practice. 
The cast iron yielded somewhat, and it was necessary to assume a re- 
distribution of stress before fracture. Then the maximum principal 
stress appeared to be the best criterion of strength. The tests de- 
scribed in the present paper were made on hardened cast steel, which 
material was selected because it obeys Hooke's Law to fracture. The 
specimens were $ inch diameter and 30 inches effective length, and 
were tested under combined bending and torsion. As it was not possible 
to ensure that the hardened bars were of exactly equal strengths, a bar 
was first fractured under combined loading, then one portion was tested 
under bending alone, and the other part in simple torsion. Thus each 
bar afforded independent evidence on the law of failure. 

Neither the maximum shear stress nor the maximum strain was 
constant at fracture, but the results indicated that the maximum 
principal stress is the best criterion of strength for a brittle material 


———————————————À À—ÀÀÀÀ 


* Proc. Phys. Soc. London, vol. xx.; also Phil. Mag. Dec. 1900. 
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under combined stress. In general, the hardening did not affect the 


strength of a bar to resist bending, but it doubled the torque which - 


was required to cause failure. 


DiscussioN. 


Dr. RrssELL asked the author for a definition of a brittle material. 

Mr. R. S. WHIPPLE asked what were the advantages of hardening in 
vitriol. 

Mr. ScoBLE, in reply, said a brittle material was one which did not 
yield before fracture, although cast iron, which was usually classed 
as brittle, yielded to a slight extent. Tool hardeners found that 
hardening in vitriol was preferable to hardening in oil. 


XXIV. The Magnetic Balance of MM. P. Curie and C. 
Cheneveau. By C. CHENEVEAU, with an Appendix by 
A. C. JOLLEY *. 


Turs apparatus is intended for the measurement of the 
coefficient of specific magnetization, or the susceptibility 
or permeability of feebly paramagnetic or diamagnetic 


bodies f. 
Principle and Theory of the Apparatus. 


The body whose magnetic properties are to be determined. 


is suspended from one end of the arm of a torsion balance. 
By means of this balance the force is measured, which 
is experienced by the body when placed in a non-uniform 
magnetic field, produced by a permanent magnet whose lines 
of force cross the space occupied by the body. The method 
of calculating this force will first be briefly indicated. 
Suppose that the body is placed at a point O in a field of 
direction Oy and of intensity H, The force f which tends 
to move the body will be normal to the direction of the field, 


* Read April 22, 1910. 
t The coefficient of specific magnetization K is the ratio of the 


intensity of specific magnetization TS == (where M is the magnetic 


moment and m the mass of the body) to the magnetizing field. The 
magnetic susceptibility «— KA, where A is the density of the body, 
and the permeability is obtained from the susceptibility by the relation 
nu —1-4-4n«. 


*777 000 
Viii. ie 

te : 

A or Tri: 


UNIVERS 
OF 


CAL FOU 


344 M. C. CHENEVEAU ON THE MAGNETIC BALANCE 


i. e. in the direction Oz (fig. 1). If 7 is the intensity of 
specific magnetization, the value of the force is * 


— me 9Es 
f—mJ- se ee eee (I) 


aN representing the space variation of the field. 
Fig. 1 


x 
As we are only concerned with feebly magnetic bodies, 
the demagnetizing force arising from the magnetization of 
the body is negligible, and we may assume that the intensity 
of magnetization is proportional to the field. If we denote 
the constant ratio between the intensity and field, or coefficient 
of specific magnetization, by K, we have 
J=KH,, . e. 4k x) wu us (2) 
consequently combining equations (1) and (2) 


f-KmH,9 s, , PTT 


Let us first suppose that the magnet producing the magnetic 
field is at a considerable distance from the body. Then 
H,=0, and by (3) the force is zero. 

The body being always situated at O, let the magnet be 
brought up to the position I (fig. 2). If the force f is one 
of attraction the body is of course paramagnetic, if of 
repulsion, diamagnetic f. 


* We have f= oN. W=MH,, and M=Jm. 


oH 
Hence f2mJ —*. 
ence f T 


* 


T If the sense Oz is taken as positive and we employ the true formula 
for the force, f=— aw the negative sign for the force indicates 
attraction and the positive sign repulsion, 
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Suppose first that the body is paramagnetic. 
Whea the magnet is situated so that the body O coincides 


with the centre G, the force will again be zero, as oe is 


zero at the centre (position II, fig. 2). 


Fig. 2. 


Hence the force f is zero when z=œ and x=0 and it 
passes through a mazimum in the interval, which occurs at 
a certain point O’ where the product of the field H, by its 
gradient 5, is a maximum. 

If the magnet is continually turned in the same sense of 
rotation, so tbat its centre G passes through the point O and 
arrives at G’ (position III, fig. 2), we observe that the force, 
which was nil at O, reaches a minimum or negative maximum 
at a point O” symmetrical with O’, relatively to O, and 
becomes zero again after the magnet is withdrawn far from 
the body. 

Hence the curve in fig. 3 shows the variation of the force 
f with the displacement xz. The body is first displaced in 
the direction of the arrow marked 1 from O to O’, where it 
stops and moves back with the magnet along the arrow 
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marked 2 to O", where it again stops and afterwards returns 
to O, as shown by the arrow 3. 


Fig. 3. 


a ——————M 
Direction of Merion oF Magner 


It is easy to explain in a similar manner the motions of a 
diamagnetic body which will of course be the reverse of the 
above, as the force is opposite in sign. Fig. 4 shows the 
curve in this case. 


Fig. 4. 
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At every instant the action of the force is balanced by 
the torsion of the balance wire. If c is the moment of 
torsion per unit angle, and « the maximum deviation of the 
arm at O or O' (fig. 2), the equilibrium condition is 


fita fe cee Ro wo wo) 
if Z is the length of the balance arm. 
If the deviation is measured by lamp and scale, 
D 
a= JL’ © e oè èo > o oœ (5) 


D being the deflexion of the spot upon the scale, and L the 
scale distance. 
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IIence from equations (3), (4), and (5) 
oH, D 


EnH,-—^ Ize3p > © V (6) 
from which cD 
T itn, Oe 
2ml LH, 3: 


This formula (7) thus permits the absolute value of the 
coefficient K to be determined for a body if the other 
quantities are accurately determined. By an analogous 
method P. Curie * has determined the absolute value of the 
coefficient of specific magnetization of water. 

But the apparatus is especially adapted for relative 
measurements, and in this case it becomes extremely simple 
and practical. 

If we have a body of unknown coefficient K and of mass 
m, we have from equation (6) 


Km, rime. j^ as. a. me um G) 


For a body of known coefficient K’ and mass m' occupying 
the same volume 


K^n'H, 


sz... . O 
are (9) 


D 
Hence by division 


(10) 


Equation (10) thus enables K to be determined. 

It is evident that it is much more convenient to measure 
the displacements D and D' of the spot corresponding to the 
angular deviations 2a and 2a' between the two positions 
O' and O" of the body (fig. 2), for, without altering equation 
(10), the displacements of zero are eliminated and the 
accuracy of measurement doubled. 

If the body is placed in a tube of glass or other substance, 


* P. Curie, Annales de Chimie et de Physique, T° Série, t. v. p. 944 
(1895). 
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this tube being subjected like the body under test to tho 
magnetic forces, an experiment must be made with the tube 
alone, and the effect due to the tube represented by a 
displacement of the spot D" added or subtracted. 

We thus have 


Kom Dp (11) 

W hence K D+D" m 

K pap ew 9 deas (12) 

This formula is not corrected for the effect due to the 
magnetization of the air ; the exact formula may be obtained 
as follows: 

Let «’ and x” be the susceptibilities of the substance taken 
as standard, assumed to be paramagnetic, and of the air 
respectively. Let A’ be the density of the comparison body, 
and A a constant of the apparatus. In reality the exact 


expression for the force when one deals with the standard 
body is 


f=- A= (K/— “i)mA, . . (13) 


since 1 


When a measurement is made with a paramagnetic body 
of susceptibility æ and density A the true value of the force 
in this case is 


f= (er) RA=(K— 5) mA. 2. (4) 


Dividing (14) by (13) we have 


or " 


f m = gf . . . . ° . (15) 
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If we put r— im : this is the approximate ratio of the 


coefficients of Be magnetization K and K' previously 
determined by the aid of formula (12) *. 


From (15) dE 
A 
[t= "LL 
K'— A 
KU. appo. 
K— X = rk tA 
K E id Ma 


i (&- -à)) > (16) 


in which _D + D" m 
“DED m 
When the comparison body is water 
K' exactly =—0°79 x 10-6 (P. Curie). 
As for air the susceptibility x" 20-0322 x 10-8. 
If r is positive we have for a paramagnetic body 
K (1 
gp 7-7 [1002 (2; 1)]. 


and for a diamagnetic body 


=r [1-004 e -1)| 


Hence the apparatus lends itself very readily to relative 
determinations, and if we take water as the standard bcdy 


* We have in fact, from what has been proved above, 
fi=KmA=B(D+tD"), 
Sil=K'm'A=B(D'+D"); 

A and B as well as / being constants ; whence 
f Km DD" fm K D TD" m 
f Kw DED? fm KDD m^ 
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(K’= ~ 0°79 x 10-76) it enables us to obtain an absolute 
value of the coefficient of specific magnetization of a body. 

But the comparison substance may be a liquid or solid 
other than water, and such that its coefficient of magnet- 
ization is of the same order of magnitude as that to be 
determined. A choice can be made from the tables of 
magnetic constants. It is convenient if the masses of the 
bodies compared correspond to the same volume; on this 
account the tube containing the substance is always filled to 
a given mark. When the substances tested are very strongly 
magnetic, a smaller Jength may be employed, but in that 
case it is absolutely necessary that the comparison substance 
should have the same length. 

The apparatus could be made still more sensitive with the 
aid of an electromagnet. On the other hand, with a torsion 
wire of larger diameter, the magnetic properties of iron or 
other ferro-magnetic metals and alloys could be determined. 
It would doubtless suffice to use an extremely fine wire of 
the metal, and to employ the method of experiment and the 
corrections already proposed by P. Curie in a work on the 
magnetic properties of bodies (loc. cit. p. 347, above). 


Description of the Instrument, Magnetically Damped Form. 


The arm of the torsion-balance is formed by a rod TT 
(fig. 5), which carries from one of its two extremities a 
hook c, from which the glass tube t, which contains the body, 
can be suspended. To this end the glass tube is closed by a 
cork carrying a metallic ring which hangs on the hook c. 
The tube £ is therefore in a vertical position. On the other 
end of the arm TT is fixed a copper sector, 8’, which moves 
between the poles of a fixed damping magnet A. To vary 
the sensitiveness the torsion-wire can be changed, and the 
damping varied by the position of the copper sector in the 
field. 

On the horizontal arm TT is fixed a vertical copper strip 
which carries a hook to which the torsion-wire f (4, mm. 
platinum) is attached. Below, this strip is turned at right 
angles as shown by the portion DE parallel to TT. Balance 
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is obtained partly by the aid of a small copper cylinder D, 
sliding on the rod TT, when the tube is empty, and partly by 
copper or aluminium riders, pp, to compensate for the weight 


Fig. 5. 
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of the solid or liquid material which fills the tube to the level 
marked. 


The displacement of the magnet N.S. is obtained by a 
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movement of rotation around an axis O ; this movement is 
smoother than the sliding motion of our earlier model. The 
movements of the torsion-balance are followed by the observer 
upon a divided scale C. (fig. 6). For this purpose a 2-metre 


Fig. 6. 


radius concave mirror m is attached to the balance-arm, and 
the image of a straight filamentis employed. The displacement 
of the magnet is effected by a controller M (fig. 6) fixed in 
front of the scale, which consists of a horizontal rod PQ 
turning about a vertical axis in a heavy base, and furnished 
with a large milled head G, which can be turned by the 
observer. This rod is provided with two clamps P and Q, 
which are attached by two cords to two rings R and V on a 
similar rod attached to the axis of the magnet NS (fig. 5). 
If the cords are initially arranged so that the rods PQ and 
RV are parallel, the position of the magnet is at once deter- 
mined by the direction of the rod PQ, and it can be turned 
either by the milled head G, or preferably by holding the two 
cords ss like reins. 

The advantage of employing a rectilinear filament lamp 
(such as is made by the Pintsch Gluhlampenfabrik in Berlin) 
is considerable in practice, as the spot is always visible on 
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the scale even if the torsion-arm is not perfectly balanced 
horizontally. 


Appendix. 

By the courtesy of M. Cheneveau and the Cambridge 
Scientific Instrument Co., we have been able to set up and 
test the performance of one of these balances in the labora- 
tories of the Northampton Institute. 

The instrument was of the magnetically damped type 
described above, and was used with a lamp and scale at some 
two metres distant from the mirror. 

No attempt was made to obtain absolute values of the 
coefficients of specific magnetization ; but relative deter- 
minations only were made, using as a standard substance 
distilled water, and assuming for it the value 


K'2—079 x 10-8, 


as found by M. Curie and given above. 

The results obtained are set out in the accompanying table, 
and show some interesting figures. 

The first portion of the table contains figures for a few 
materials selected quite at random in order to test the 
behaviour of the balance. Of these the first five are 
chemically pure liquids, and all exhibit diamagnetic qualities. 

The four samples of aluminium are all magnetic, and we 
have not been able to get a sample which is less magnetic 
than the first of these. The eleven samples of brass indicate 
the range over which the magnetic qualities vary, while some 
of the samples examined, but not here tabulated, have been 
too magnetic to be used in the apparatus without changing 
the suspension. 

It is interesting to note that during some inductance tests 
in progress in the laboratory, circumstances compelled us to 
use brass conductors, and the results obtained were higher 
than those given by calculations based on theory. This could 
only be accounted for by assuming a permeabilitv for the 
brass greater than unity, and although the magnetism in the 
metal was not detectable by a fairly sensitive magnetometer, 
it was readily shown when samples of the conductors were 
tested in the balance. 

VOL. XXII. 2B 
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Nine samples of copper are tabulated, and one only is 
diamagnetic, again emphasizing the difficulty of obtaining 
really non-magnetic conductors. 

The tin sample was chemically pure and is also magnetic. 
Of the three samples of zinc the first two are ordinary com- 
mercial sheet metal, and the third one is a rod of chemically 
pure metal for use in standard cells. 

The next portion of the table is devoted to an examination 
of the series of resistance alloys, whose electrical properties 
were investigated by the writer some time ago and published 
by Dr. Drysdale in connexion with his paper upon the 
Comparison of Standard Resistances, before the British 
Association at Leicester, 1907. 

The first point which strikes one in connexion with these 
is the fact that every alloy is magnetic, but that those alloys 
containing relatively a large proportion of the magnetic 
metal nickel, i. e. Nickelines, are among the least so. The 
first sample is very different from the other three, and we 
have reason to believe that the second and fourth samples are 
of the same manufacture although obtained from different 
firms. 

The samples of Platinoid fall into this group with properties 
very comparable with the Nickelines, and the material sold 
under the trade name of Extra Prima probably also belongs 
to this group. 

Tho Constantans come next in order, being more magnetic 
than the Nickelines, and it is not difficult to see that the 
material catalogued as 1A1A belongs to this group of alloys, 
together with the alloy supplied to us under the title of New 
Metal, while the sample German Silver 2a, but for its high 
density and positive temperature coefficient, would also be 
classed among the Constantans. 

Eureka isa resistance material which is often classed as a 
Constantan, but the balance easily disproves this, as it shows 
it to be so magnetic that observations would have had to be 
made with a stiffer suspension than we were using, and this, 

coupled with its positive temperature-coefficient, rule it out of 
the group. 

Superior and Rheotan behave like steels in the apparatus, 
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and probably contain considerable quantities of iron in their 
composition. 

The magnetic behaviour of Manganin is remarkable, it 
being, with the exception of the last two alloys and Eureka, 
the most magnetic of all the materials examined. This is o£ 
particular interest in view of its almost universal adoption 
for the construction of accurate resistances, but it is not 
altogether unexpected when we remember that the remark- 
able Heusler alloys have a Copper-Aluminium Manganese 
composition. 

The figures in the rest of the table indicate the variation 
in the value of K, with increase in mass of the specimen and 
increase in length. In the first case the sample, in the form 
of a bare wire 1l mm. in diameter, was cut up into standard 
length (approx. 2:8 cms.), and successive lengths of measured 
mass were introdueed into the tube until it would hold no 
more; it will be observed that the value of K tends to di- 
minish as the mass increases. (Curve A, Extra Prima, fig. 7.) 

The apparatus is, of course, very sensitive to the length of 
specimen, and an extreme range of length was taken in a 
wire of 1 mm. diameter, and the results are shown in the 
curve B (copper). 

The difficulty of obtaining non-magnetic copper has already 
been referred to, and every instrument-maker knows how 
difficult it is to wind a really non-magnetic D'Arsonval coil. 
In order to see how far this is dependent upon surface 
conditions a sample of copper was taken and treated with 
concentrated hydrochloric acid and re-tested, and it was 
found that the value of K was reduced to nearly one-half, 
and that further treatment had but little effect. 

From these results it will be seen that there is a consider- 
able field of usefulness for the balance. Firstly, for examining 
the materials to be used in the construction of standard appa- 
ratus where the permeability becomes of first importance. 
Secondly, in grading and examining alloys whose properties 
are materially dependent upon minute traces of alloying 
constituents which are so difficult to estimate by chemical 
means, and which play such an important part in their 
electrical behaviour. Thirdly, it could well be used to 
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maintain the standard of purity in the commercial pro- 


duction of such a metal as Aluminium, whose chief im- 
purity is iron, the last traces ef which are so difficult to 


remove. 


$ Jm ae oe 
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In conclusion the writers’ thanks are due to Mr. A. F. 
Burgess, B.Sc., for his help in the experiments and 


calculations. 
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ABSTRACT. 


This balance is intended for the determination of the coefficient of 
specific magnetization, susceptibility, and permeability of feebly para- 
magnetic and diamagnetic bodies. The body under investigation is 
suspended from one arm of a torsion balance, which measures the 
force exerted on the body when it is placed in the non-uniform ficld 
of a permanent magnet. The torsion balance is formed by a horizontal 
rod suspended by a long fineplatinum wire and carrying at one end 
a hook from which the substance under investigation can be suspended 
in a small enclosing glass tube. On the other end of the torsion arm 
& copper sector is fixed which moves between the poles of an auxiliary 
magnet and thus provides efficient damping. A second branch arm 
is also provided upon which may be placed suitable counterweights to 
balance the specimen. The suspension carries a mirror, and the move- 
ments are read on a translucent scale in the ordinary way. The 
magnetic field is that of a large circular permanent magnet mounted 
in such & way that the vertical gap may be made to describe a semi- 
circle of radius equal to the length of the torsion arm, and the 
movements of this magnet are controlled by the observer at the screen 
by means of cords. An empty containing tube is first mounted on the 
balance, and the maximum deviation on both sides of the zero is 
obtained by bringing up the magnet towards each side of the specimen. 
The tube is now filled to a given mark with a known mass of pure 
distilled water and the variations observed as before. The water is now 
replaced by a known mass of the substance to be examined occupying the 
same volume or the same vertical height, and again the deviations are 
observed. The paper indicates how the value of K may be calculated 
from these observations. Experiments have been performed with various 
metals and alloys, and the results are tabulated and discussed in the 


paper. 
DISCUSSION. 


Mr. A. CAMPBELL said that for certain experiments, and in the con- 
struction of certain instruments it was essential to know that the 
materials used were non-magnetic; and he thought the Author's 
instrument would be useful. It was very difficult to obtain non- 
magnetic brass. 

Mr. W. DupvEtt asked if the specimens used were specially cleaned, 
as the oxides and sulphides of many metals were magnetic. It would 
also be necessary to keep them clean to get trustworthy resulte. 

Mr. D. OwEN expressed a doubt as to the accuracy of the results 
attainable by this apparatus used as described by the Authors in the 
paper. Theory requires that the specimens of the standard substance 
and that under test should be exactly equal in size and shape, aud 
similarly situated in the variable magnetic field when the observation of 
maximum force is taken. In many ways this condition may be departed 
from in the experiments described. The size of the test-tube used to 
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hold the specimen is a considerable fraction of the interpolar space. and, 
excepting in the case of liquids, it would be difficult to ensure identity 
of form of the samples in the correlated pair of experiments. Absence 
of coincidence bet ween the axis of rotation of the magnet and the axis of 
the torsion wire would eause an error of position varying with the 
deflection of the balance-arm. Again, the magnetic pull parallel to the 
balance-arm will cause movement of the specimen to an extent depending 
on its susceptibility and its density, though the effect is likely to be very 
smal'. These causes may account for the Authors’ observations of 
apparent dependence of K on the mass and length of specimen. 

The Authors were also asked whether they had any experimental data 
as to the independence of K with respect to temperature. 

Dr. RUSSELL regretted that the Author had not explained more fully 
how the magnetization of the specimen under test was maintained 
uniform. Any lack of uniformity would seriously affect the accuracy of 
the results. He thought that the great discrepancies found by Mr. Jolley 
in the apparent value of the coefficient of the specific magnetization of 
copper for specimens of different lengths must be due to an uneven dis- 
tribution of the magnetic field. When the specimens were very feebly 
magnetic, he considered that it was legitimate to make the assumption 
that the intensity of the magnetization was proportional to the field. 
He did not see, however, how the balance could be employed to test 
strongly magnetic substances. He suggested that the specific magneti- 
zation of water might vary largely with temperature. It was interesting 
to find that the discrepancies between the calculated and the observed 
values of the inductance of a certain brass conductor had been traced to 
the magnetic qualities of the brass. In his opinion errors in the com- 
puted values of inductance standards, due to the permeability of the 
conducting material differing from unity by a very small fraction, would 
in general be negligible. 

The SECRETARY read a letter from Dr. C. V. DRYSDALE in which he 
stated that Mr. Jolley's experiments with the magnetic balance proved 
its value, both scientifically and commercially, as a means of rapidly 
estimating the composition and purity of alloys and other materials. 
The instrument enabled the magnetic qualities of materials to be 
obtained as easily as the specific gravity measurements which are usually 
employed as an aid to practical analysis, and it formed a kind of magnetic 
hydrometer which gave the specific magnetization instcad of the density 
of the substance as compared with water. The displacement principle of 
Poisson and the derivation of the force as the slope of potential were both 
of great importance, and an apparatus such as the Author’s which showed 
the practical application of these principles was welcome. 

Mr. C. W. S. Craw ry drew attention to the fact that if the brass 
rods were cut with steel shears they would be rendered magnetic. Brass 
tubes prepared by drawing through steel dies were generally magnetic. 


He asked if the variation of the value of K for copper was due to 
impurities. 
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Mr. R. S. WHIPPLE asked if the Author had performed any experiments 
on wood or ebonite, and, if so, with what results. 

Mr. JOoLLEY, in reply, said he could fully endorse Mr. Campbell's 
remarks concerning the difficulty of obtaining non-magnetic brass which 
seemed to be quite rare. In reply to Mr. Duddell's point concerning the 
cleaning of the specimens, a fair amount of care was taken to keep the 
specimens clean; they were handled with ivory forceps, and in most 
cases they were bright new samples of rod and wire, which to the eye 
certainly did not seem in any way oxidized; and if any such oxide or 
other salt were present, unless it were very highly magnetic it would 
not be sufficient in quantity to account for the high values of K gene- 
rally obtained. 

Mr. Owen raised a point in connexion with the theory, which would be 
of importance if the maximum deflexion were obtained with the specimen 
in the interpolar gap, but, as a matter of fact, the maximum deflexion as 
indicated in the paper is always obtained when the specimen is consider- 
ably out of the gap of the magnet, and consequently the position of the 
specimen does not become so important. An excellent datum is, however, 
provided by the damping sector, which has to be accurately between the 
poles of its magnet for perfectly free rotation, and when this is so the 
tube is rightly centred relatively to the gap of the deflecting magnet. 
No experiments have been made either as to side pull, which however 
in feebly magnetic bodies must be very slight indeed, or as to tempe- 
rature. 

With regard to the uniformity of magnetization of the specimen 
raised by Dr. Russell, he believed that some experiments on this had 
been made by MM. Curie and Cheneveau, but the point would have to be 
referred to M. Cheneveau before anything definite could be said. With 
regard to Mr. Crawley's point as to the cutting of the specimens and the 
presence of iron from the tools employed in manufacture, they had no 
special method of cutting the lengths and had to resort to the usual 
workshop processes. The experiments with acid treatment show that 
although in some part the magnetic quality is a surface effect, this is by 
no means accountable for all, and the amount of magnetic material left 
on the surface from tooliug was far too small to account for the values 
of K found. With regard to copper, the value of K certainly was due 
to impurity, but it is considered that the magnetic balance gives indi- 
cations of the presence of such impurity with far greater reliability than 
any chemical test for such minute quantities. 

In reply to Mr. Whipple, both wood and ebonite had been tested but 
not taoulated. In both these cases the results. were variable, and it 
was practically impossible to free the material from the effects of tooling ; 
in any case the resuits always showed the specimens to be very magnetic. 
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XXV. On an Oscillation Detector actuated solely by Resistance- 
temperature Variations. By W. H. Eccres, D.Sc.* 


IN a recent communication to the Physical Society f the 
properties of a type of iron-oxide coherer were discussed. 
The paper described experiments on coherers made by dipping 
a slightly oxidised iron wire into clean mercury, or by 
pressing a fine iron wire against a thinly oxidized iron plate, 
and the results were discussed mathematically. It was shown 
that in the case of the iron point and oxidized plate the 
whole of the experiments could be explained qualitatively on 
the assumption that the only electrical phenomena at play 
were the Joule effect and the resistance-temperature changes 
in the small mass of oxide between the metal electrodes. 
The hypothesis that was put forward must be summarized 
here. Let p be the resistance of that part of the detector 
where the current flow is so constricted that the Joule effect 
produces rise of temperature, and * the resistance of the 
remainder of the circuit. The resistance p is usually localized 
at the contact of the conductors that form the detector, and 
it varies with the temperature of the minute mass of matter 
at the contact; let a be the coefficient of decrease of resistance 
with rise of temperature. The resistance r includes that of 
the bulk of the substances forming the detector, the leads 
and the telephone; it is supposed constant. Let ¢ be the 
current when the electromotive force applied to the detector 
ise. Assume that the rate of loss of heat from the warmed 
contact is m@, where @ is the temperature of the contact 
above that of the surroundings, Then it was shown that in 


the steady state 
oe Po ) 
e= -+ T €, . e e. e e 1) 
( q ( 


where p, is the resistance of the contact when cold and g is a 
constant. If the curve e=p,c/(1+ gac’) be plotted with e as 
abscisse and c as ordinates, it is seen to rise from the origin of 


* Read May 27, 1910. 
t W. H. Eccles, ‘‘On Coherers," Phil. Mag. June 1910; Proc. Phys. 
Soc. vol. xxii, 1910. 
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coordinates with an increasing gradient till at a definite value 
of e it becomes vertical. Then asc increases, the curve bends 
towards the axis of c and approaches it asymptotically. 
Along this latter part of the curve, increasing current is 
associated with decreasing electromotive foree—an unstable 
state of affairs. Any conductor possessing a negative tem- 
perature-coefficient of resistance exhibits these properties. 
In such conductors an increase of current produces, in ac- 
cordance with Joule’s law, an increase of temperature, and 
consequently a diminution of the resistance. The curve 
shows that after a certain stage is passed the diminution of 
the resistance which accompanies increasing current is great 
enough to lead toa catastrophe. Stability can, however, be 
obtained by introducing into the circuit of the variable re- 
sistance p a sufficiently large constant resistance r. The 
phenomenon resembles that of the electricarc. The unstable 
portion of the above curve corresponds, in fact, to the “ falling 
characteristic ” of the are. 

If the resistance r is large the e, c curve has a positive 
gradient throughout, and the gradient has a maximum at 
some value of e. Near this point the contact is found to 
work best as a detector of oscillations. The hypothesis put 
forward by the author supposes that a train of oscillations, 
by yielding its energy as heat to the contact, raises the 
temperature there and disturbs the existing equilibrium of 
current and voltage. The dissipation of a train of oscillations 
is accomplished in a time of the order of a fifty-thousandth 
of a second; the ensuing fluctuation of the current causes 
the sound in the telephone. In the paper cited, the energy w 
given to the telephone circuit was shown to be connected 
with the energy W delivered by the train of waves by the 
equation 


w=m(W-a),...... (2) 


where m and a are constants for any fixed value of the 
current. This theoretical conclusion agreed well with the 
experiments on an iron oxide coherer. The object of the 
present paper is to show that the above hypothesis holds 
good for a very different type of detector. 

All the well-known forms of * contact " detector consist of 
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a contact between two substances that stand well apart in 
the thermoelectric series ; and the thermoelectric force plays 
a very important part in their operation. They are usually 
classed as “rectifying detectors" to distinguish them from 
such detectors as the coherers. In seeking a “ rectifying 
detector that would illustrate the above hypothesis, sub- 
stances that stand far apart in the thermoelectric series 
must be avoided, for such substances would introduce Peltier 
effects that would tend to mask the resistance-temperature 
phenomena we wish to isolate. Even in the iron:iron- 
oxide:iron coherer it is possible that thermoelectric forces 
arise owing to unequal heating of the two iron to iron-oxide 
junctions. It occurred to me, therefore, to construct a 
detector out of one substance only. Accordingly a search 
was made for a substance possessing high, but not 100 high, 
resistivity, with large negative temperature-coefficient. 
Several such substances were found among the native crys- 
talline oxides and sulphides. Most of these are swlotropic, 
and must on that account be avoided. Fortunately galena, 
the native sulphide of lead, has fairly high resistivity, a very 
large negative resistance coefficient, and crystallizes in the 
cubic system. A galena-galena detector was therefore 
constructed. Two pieces of galena cut from the same 
crystal were embedded in solder, mounted in a clamp, and 
brought into gentle contact. It was put into a wireless 
telegraph receiving set and was found to yield excellent 
signals when a current of proper magnitude was passed 
through it. 

A few preliminary experiments showed that it was not 
easy to find two pieces of galena, which when placed together 
and submitted to positive and negative voltages in turn, 
exhibited perfect symmetry. The asymmetry is always 
small, and is probably due to the rise of thermoelectric forces 
at the contact when it becomes heated by the steady current, 
and these forces are probably caused by slight variations in 
the chemical composition of the galena from point to point 
in the crystal. When a contact that gives symmetrical 
voltage-current curves is found, it constitutes a detector that 
operates only when a current is passing through it. The 
efficiency of the detector is the same for each direction of the 
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current, and appears to be practically independent of the shape 
of the galena surfaces at the contact. 

The experiments now to be described were made on selected 
galena-galena combinations in precisely the same way as the 
earlier experiments on the iron-oxide detectors. The diagram 
of the apparatus employed is shown in fig. 1 of the previous 
paper (Phil. Mag. June 1910, p. 872, & Proc. Phys. Soc. 
vol. xxii. p. 293). The mutual inductance between L and L’ 
was 2500 cm. in obtaining the results described below. 


The detector was placed at D and submitted to an electro- 
motive force from P,, which was varied in steps from zero 
to about one volt positive or negative. At each step an 
observation was made of the steady current through the 
detector, and of the intensity of the sound produced in the 
telephone by electrical oscillations of amplitude fixed by the 
position of the jockey on P,. The steady current observation 
was made by means of a shunted galvanometer kept connected 
in series with the telephone. The intensity of the sound was 
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measured by balancing the sound from the detector against 
that from the interrupter and the potential-divider P}. Thus 
were obtained the curves of figs. land 2. Fig. 3 was obtained 
by applying oscillations of various ada to the detector 


1-0 
wW 
0 
10 9? Watt 


while it is traversed by a suitable steady current, and 
measuring the intensities of the resulting sounds ; and there- 
fore expresses the relation between the energy given to 
the detector and that appearing in the telephone circuit. 
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The curves given here are selected out of a number as repre- 
sentative ones. The absolute values of the energy quantities 
involved in the results given in this paper were determined 
in the same way as in the former paper, and are therefore 
: subject to the same errors ; the errors in the absolute values 
of the energy delivered to the telephone circuit may be 
large. 

The most difficult observations to make were the steady 
current ones. The current-voltage curves obtained with 
increasing currents are very different from those got with 
decreasing currents unless certain precautions are observed. 
Usually a decreasing-current curve lies above an increasing- 
current curve. The difference between the curves was found 
to depend greatly on the time allowed for a set of measure- 
ments. If, with decreasing currents, the electromotive force 
be held constant, the galvanometer reading slowly diminishes, 
till in about half an hour it has fallen as a rule to the value 
it would have at the same voltage with increosing currents. 
On the other hand, if the voltage be raised suddenly from 
zero to a fairly large value, the reading of the galvanometer 
increases as time union at first quickly and then slowly, 
rising perhaps fifty per cent. in five minutes, and asympto- 
tically approaching a limit. All these things are due to the 
temperature at the contact lagging behind the changes of 
current. This may be understood as follows :—At any stated 
value of the steady current the mass of galena surrounding 
the heated contact must be cooler when the current is being 
increased than when it is being decreased—for the reason 
that in the former case the conductor has just previously 
been carrying smaller currents, in the latter case larger 
currents, than the particular current considered. The rate 
of loss of heat from the heated matter at the contact to its 
surroundings is thus greater on the rising curve than on the 
falling curve, and, in consequence, at corresponding points 
on the two curves the resistance is higher in the former than 
in the latter case. This temperature lag may be expected t 
be more pronounced in detectors made wholly of substances 
of low thermal conductivity than in detectors consisting of a 
very thin film of oxide between metal electrodes. The phe- 
nomenon is very prominent in this new galena detector 
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though it escaped observation in the iron-oxide detectors, and 
therefore the former may be expected to work well as a 
` rectifier of alternating currents of moderate frequency. 

Once the slow movements of heat through the galena had 
been observed the difficulties were overcome by allowing 
time for thermal equilibrium to be attained before the final 
galvanometer reading was taken. At places near the point 
of inflexion of the steady current curve the time necessary 
may be several minutes. 

Each setting of the two pieces of galena gives a different 
contact resistance and therefore a different curve. Since 
very slight accidental vibrations can cause relative motion 
of the pieces of galena, it is almost impossible to perform a 
series of measurements yielding sufficient data for all the 
curves of figs. 1, 2, 3, with full confidence that the contact 
has not varied. 

Curve a of fig. 1 follows the equation. 


= 39:1 x 104 
pus (rris +40 x10") ¢ . . (3) 
with fair accuracy ; curve b obtained with another setting 
of the crystals has the equation 


4*0 x 104 

c= (Fey 25x e ... 0 
The curve of fig. 2 was obtained with the same setting of 
the crystal that gave curve a of fig. 1. It was shown in the 
previous paper that the ordinates of this curve should be 
proportional to m the coefficient of W in equation (2) above, 
and that m contained the gradient of the steady current 
curve as its principal factor. A comparison of figs. 1 and 2 
confirm the deduction. The line of fig. 3 has the equation 


w—0:077 (W —0:4 x 10°), 


where W is the power in watts given to the detector in the 
form of oscillations, and w the power transformed by the 
detector and passed to the telephone circuit. 

The galena detector here investigated proves very good 
in practical wireless telegraphy. It has shown itself to be 
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better than any coherer * known to me. This superiority is, 
according to the hypothesis here advocated, to be ascribed 
chiefly to the large negative temperature-coefficient of re- 
sistivity of galena. By direct measurement of a cube of 
galena clamped between pieces of tinfoil the resistance was 
found to fall from 0:33 ohm at 12? C. to 0:10 ohm at 99? C. 
—a negative coefficient of 0:0079 per degree centigrade. 
Pyrites has a coefficient about 0:006. Iron oxide has a 
coefficient somewhat lower than this last. 

The cost of a portion of the apparatus used in these 
experiments was defrayed out of a grant from funds at the 
disposal of the Royal Society. 


ABSTRACT. 


The experiments described in the present paper are offered as additional 
support for the Author's hypothesis of the mode of action of certain 
types of electrical oscillation detectors. "This hypothesis suggests that 
in detectors constituted of a loose contact, the energy of the oscillatory 
current through the contact is transformed into heat at the contact 
and warms the matter there sufficiently to change its electrical resistance, 
and, consequently, the steady current through the indicating instrument. 
The principal deductions from this hypothesis were worked out and were 
illustrated by experiments on iron-oxide coherers in a paper read before 
the Physical Society on the 11th of March last. The present experiments 
are on a detector of the so-called “crystal rectifier " type, from which, 
however, the possibility of thermoelectric effects have been eliminated. 
This detector consists merely of & loose contact between two pieces of 
galena—a substance which according to the Author's theory ought, 
by virtue of its large negative coefficient of change of resistance with 
temperature, to be a very efficient detector of electrical vibrations. 
The experimental curves obtained from a galena-galena detector are: 
the steady current curve, the sensitiveness curve, and the power curve. 
The first has steadily applied E.M.F. as abscisse, and current through 
the detector circuit as ordinates. It proves to be & curve which in 
general rises slowly at first, then quickly, and then slowly again; but if 
the circuit be arranged to have but little resistance other than that at 
the contact, the curve may possess & negative gradient at the point of 
inflexion. The chief difficulty met in obtaining these steady-current 
curves arose from the slow movements of heat through the mass of the 
erystals— which have, of course, small thermal conductivity. This 
difficulty was overcome, and the true character of the curves brought 
to light, by allowing a proper time-intervai for thermal equilibrium 


* But not so good as certain “ thermoelectric " detectors. 
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to be established before each galvanometer-reading was taken. The 
sensitiveness curve has the E.M.F. applied to the detector as abscissa, 
and the power passed to the indicating instrument as ordinates: the 
intensity of the electrical vibrations being of fixed amount. It is a 
curve which rises to a maximum near the point of greatest slope of 
the former curve, and thereafter descends slowly. The power curve 
has the power supplied to the detector in the form of electrical oscilla- 
tions as abscissz, with the power passed by the detector to the indicating 
instrument as ordinates, the stealy E.M.F. applied to the detector being 
the best value. This curve is a straight line. The properties of this 
* erystal rectifier" are therefore just such as are logically deducible 
from the fundamental fact that the contact possesses a negative 
resistance-temperature coefficient. 


DISCUSSION. 


Mr. W. DcppELL said the Author was making progress with his 
thermal theory of coherers. He pointed out that in the experiments 
described considerable time was taken in determining the part of the 
steady current curve with negative characteristic, whereas in practice 
the changes were very rapid. 

Prof. C. H. LErs remarked that Dr. Eccles had introduced simplicity 
into a very difficult subject. He agreed with the remarks of Mr. Duddell, 
and suggested using very minute points and surfaces so that less time 
would be occupied in securing thermal equilibrium. The working 
conditions would thus be more nearly reproduced. 

The AUTHOR, in his reply to the remarks of Mr. Duddell and Prof. Lees, 
explained that in order to get a correct notion of the character of the 
steady current curves, the curves should be drawn either very quickly or 
very slowly, that is to say, either adiabatically or isothermally. The 
former is really the curve required for strict quantitative correlation 
with the experimental facts of the behaviour of the detector towards 
high-frequency electrical oscillations. The isothermal curves actually 
obtained are the same t character as the adiabatic ones, to a sufficiently 
close approximation. If the masses of the crystals were reduced, as 
Prof. Lees suggested, in order to reduce the heat-losses from the contact, 
then the metal leads to which the crystals are soldered might be brought 
near enough to the contact to make the heat-losses larger, not smaller. 
The chief advantage of making the crystals smaller accrues from the 
reduction of that idle portion of the electrical resistance of the detector, 
which undergoes no temperature change of the kind desired. The Author 
practically accomplishes this already by copper-plating the crystals all 
over, soldering into place, and then baring the small area of crystal 
required for the contact. 
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XXVI. The Limitations of the Weston Cell as a Standard of 
Electromotive Force. By S. W. J. Summi, M.A., D.Se., 
Lecturer on Physics, Imperial College of Science and 
Technoloqy.* 


$1. Tuis paper contains an attempt to explain Mr. F. E. 
Smith's recent experiments on. the cadmium amalgams of 
the Weston cells f in terms of the theory of solutions. 

The manner in which, according to this theory, the amal- 
gams crystallize is indicated, and it is shown why, with this 
mode of crystallization, the effect of the slowness of diffusion 
is so pronounced, and also why sudden cooling to a tempe- 
rature below the freezing point of mercury must produce a 
comparatively uniform alloy. 

The cause of the most obvious differences between the 
behaviour of the “chilled” and of the “ slowly cooled ” 
amalgams is then at once apparent. 

But there are certain much less obvious differences of 
which, in view of the importance of the Weston cell as a 
standard (if for no other reason), it is desirable to know the 
cause. 

An all-fluid amalgam, of course, yields the same E.M.F. 
whether previously chilled or cooled slowly. An all-solid 
alloy, on the other hand, always gives a higher E.M.F. when 
solidified by chilling. 

The E.M.F. of the chilled amalgam thus in general equals 
or exceeds that of the slowly cooled amalgam. 

But in the range of the two-phase alloys, over which the 
E.M.F. varies comparatively little with the total percentage 
of Cd, the opposite is true. The E.M.F. of the slowly-cooled 
amalgam now either equals or exceeds that of the chilled 
amalgam. 

The excess never amouuts to more than a few hundred- 
thousandths of a volt ; but is important in measurements of 
the highest precision and requires explanation, 

It is shown that this phenomenon may be due to electro- 
lytic surface effects arising from the lightness and want of 

* Read May 27, 1910. 
t Proc. Phys. Soc. vol. xxii. 1910, pp. 11-40. 
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uniformity of composition of the solid grains in the slowly 
cooled amalgams. 

Instances of. similar effects, liable to escape notice, are to 
be found amongst the data for the all-solid alloys. 

Finally, the question as to whether there is any range 
over which the E.M.F. is absolutely independent of the 
percentage of cadmium is diseussed. 

Theory and experiment alike suggest that the E. M.F. 
must rise as the percentage inereases ; but the variation 
frequently does not amount to more than a few millionths 
of a volt for one per cent. variation of the cadmium content. 


$3. A mode of crystallization. of binary alloys.—The 
various ways in which fluid mixtures of two metals can 
freeze have been carefully studied within recent years. One 


Fig. 1. 
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of these is shown in fiy. 1. The abscisse represent per- 
centages of one metal (D) in the mixture, reckoned from a 
zero at which the other metal (A) alone is present. The 
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ordinates represent temperatures. The melting point of A 
is 0v. The ‘ freezing point curve” O ra gives the tempera- 
tures at which different alloys begin to solidify, and shows 
that the freezing point rises continuously as the percentage 
of B in the mixture increases. Tho “melting point curve? 
Oyb gives the composition of the solid which deposits from 
any particular liquid when it begins to freeze. Thus a cooling 
fluid containing . per cent. of B begins to freeze at 6 and y 
is the percentage of. B which the solid first deposited con- 
tains. At any given temperature (0), liquid and solid alloys 
can exist in equilibrium only when their percentage composi- 
tions have definite values (represented by æ and y respectively). 
The thermodynamical method of accounting for this condition 
of equilibrium is referred to later (§§ 12 and 14). 
Roozeboom was the first to suggest that the thermal 
variation of the constitution of cadmium amalgams may be 
determined by curves like those of fig. 1, so long as the 
percentage of cadmium does not passa certain limit (not 
exceeded in the experiments discussed below), and this 
suggestion was found to accord with various experimental 


data obtained by Bijl. 


§ 3. Recent experiments on cadmium amaljams.— Mr. F. E. 
Smith has thrown fresh light upon the problem and provided 
new material for investigation by examining the cffect of 
“chilling,” i. e. of cooling the amalgams suddenly from 
temperatures at which they are wholly fluid to a temperature 
below tlie freezing point of mercury. 

The most striking result of his experiments is shown in 
fig. 2, which exhibits (diagrammatieally) how, at a constant 
temperature, the E. M.F. of a Weston cell alters with the 
percentage of Cd in the amalgam. In one set of experi- 
ments, represented by the curve ABCD, the amalgam was 
cooled suddenly (as above) to —50° C. and then allowed to 
rise in temperature to 0? C. before the cell of. which it formed 
part was constructed. Inthe other set, represented by ABEF, 
the amalgam was cooled “slowly” (i. e. from the liquid state 
to 0° C. in several hours) before being used. 

On the scale of representation, the curves are identical 
from A to C, and BCE is a horizontal straight line. The 

2c2 
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observed time effects and variations in the horizontal parts 
of the curves are discussed later. 

It is easy to anticipate from fig. 1 that the cnrve for 
measurements like those of fig. 2 will consist of two branches 


Fig. 2. 


Liecrromorive Force. 


SERCENTAGE OF CADMIUM 


joined by an intermediate horizontal portion. For ata given 
temperature 6, any amalgam containing less than <z per cent. 
Cd would be all-liquid, and any amalgam containing more 
than y per cent. Cd might be all-solid ; while intermediate 
amalgams could consist of mixtures in different proportions 
of x per cent. liquid and y per cent. solid respectively. 

In all-liquid and all-solid amalgams the electromotive force 
would, it is natural to suppose, vary continuously with the 
percentage of Cd. In mixtures consisting of the same two 
constituents (in different proportions) it might similarly be 
expected that the electromotive effect would remain constant. 

In this way the general form, either of ABCD or of 
ACEF, could be accounted for; but the cause of the dif- 
ference between the two curves is not immediately obvious. 


64. The freezing of slowly-cooled amalgams.—To under- 
stand the exact significance of fig. 2, it is necessary to consider 
how a mixture, to which fig. 1 applies, freezes. 

According to this figure, an alloy containing a per cent. 
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Cd should begin to freeze at 04 and should apparently become 
solid at 0j. But, because of the extreme slowness of diffusion 
in solids, this will happen only when the rate of cooling is so 
slow that it cannot be dealt with in practice. 

At the temperature 6, a fluid amalgam containing a per 
cent. Cd and a solid amalgam containing b per cent. Cd are 
in equilibrium. When the temperature is lowered slightly 
a fluid amalgam containing slightly less than a per cent. Cd 
will be in equilibrium with a solid amalgam containing 
slightly less than 6 per cent. A small quantity of the 
a per cent. amalgam may therefore solidify. 

As the temperature falls the percentages of Cd contained 
by fluid and solid amalgains in equilibrium become continu- 
ously lower. The amount of solid material will therefore 
increase ; but the percentage of Cd in the newest crystals 
will always be less than in those previously formed. 

The fluid existing at any given stage of the cooling will 
be in equilibrium with the solid with which it is in direct 
contact, but, since most of the successive growths will take 
place around earlier crystals, this solid will in general enclose 
older solid, richer in Cd. 

There must thus be a continuous diffusion of Cd in the 
crystallized part of the material from within towards the 
surface. 

In any practical case, where the rate of cooling is not 
infinitely slow, the diffusion outwards will be very gradual 
and will not keep pace with the lowering of temperature. 

Thus, although (for true equilibrium) an amalgam con- 
taining a per cent. Cd should be all-solid just below 6;,a 
considerable quantity of liquid, containing c per cent. Cd, 
will remain. The solid in contact with this liquid will contain 
a per cent. Cd, but will envelop a considerable quantity of 
solid richer in Cd than itself, and there will be, in conse- 
quence, neither so little c per cent. liquid nor so much a per 
cent. solid as true equilibrium would imply. 

A superior estimate of the amount of liquid remaining at 6, 
can, however, be found. Thus we may imagine that the 
cooling from 6; to 0,, of an amalgam containing a per cent. 
Cd, takes place by steps of d0, and that no diffusion takes 
place from the solid formed in one step to that formed in the 
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next. Also that the solid formed in any step is of uniform 
composition and in complete equilibrium with the liquid 
which remains. Under such conditions, it can be estimated 
that (in some of the amalgams) about one third of the material 
might still be fluid at 05 although, according to fig. 1, the 
whole should be solid *. 


$5. The effect of sudden cooling.—From the above sketch 
of the process of crystallization we see that the surface of 
a “slowly ” cooled amalgam will generally contain a lower 
percentage of cadmium than the material as a whole, and 
may even be fluid, although the temperature and percentage 
composition of the material are such that it should (in true 
equilibrium) be a uniform solid. 

We see also that the relation between the curves ABCD 
and ABEF of fig. 2 is immediately explicable if, for any 
reason, the amalgams of the branch CD are of more uniform 
composition than those of EF. 

The former amalgams were cooled suddenly from the fluid 
state to a temperature much below that at which they would 
have become completely solid if tlie rate of cooling had been 
infinitely slow. Each alloy would therefore pass rapidly 
through the range of temperature in which equilibrium 
between two phases is possible, and although, in each element 
of the material, there might be ineipient crystallization with 


* Thus at the end of the first step the temperature is 0, — 80, the 
liquid phase contains (a—3«) per cent. Cd and the solid phase (b—òb) 
percent. And, of m grams of a per cent. alloy, the quantity 

3m, = oe m 
1 (b—a)—9(5— a) 


will have frozen. It happens that for a considerable range of tempera- 
tures and concentrations in the present case, the liquidus and solidus 
curves of fig. 1 are sufficiently nearly parallel straight lines to permit 
the assumption, 3(6—a) 2-0, between 6i and 6,. From this also, if we 
assume that there are n equal steps of 86 in the cooling process, we get 
nda=b—a, and hence àm,z m/s, The quantity of liquid remaining at 


the end of the first step is thus m(1 -;). Continuing the process it 
will be found that the quantity of liquid remaining at the end of the nth 
step is m(1 _*)" which, if we assume z to be very large, has the value 


m/272 very nearly. 


— n Me 
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accompanying redistribution of the Cd, as the temperature 
fell, this process being slow could not proceed very far. 

The greater part of the solidification would thus take 
place at a temperature at which Cd and Hg can exist to- 
gether in equilibrium only as a homogeneous mixture *, It 
would therefore occur without redistribution of the Cd with 
respect to the Hg. What “differential” crystallization there 
was would be on a scale relatively so minute that the process 
of equalization by diffusion and the approach to true equili- 
brium would take place comparatively rapidly as the tempera- 
ture rose. 

There is, therefore, no difficulty in finding a satisfactory 
general interpretation of fig. 2, as a consequence of fig. 1. 

We may now proceed to examine the data more minutely. 


$6. Quantitative comparison of the ** chilled” and “ slowly 
cooled” amalyams.—It is reasonable to suppose that two 
amalgams have the same surface composition when they give 
the same steady E.M.F. at the same temperature, even 
although their average compositions may be different. 

Hence, if we assume as a first approximation that the 
values of x and y at any temperature 0 (when fig. 1 is taken 
to represent cadmium amalgams) can be deduced from the 
thermo-electromotive properties of the series of chilled 
amalgams of Table VIII. (l. c. p. 31), we can determine 
tlie state of the surface of any slowly cooled amalgam when 
the E.M.F. which it gives is known. 

For this purpose, some of the data for the slowly-cooled 
amalgams (Tables I. and IL, l. c. pp. 18, 19) were plotted, 
as in fig. 3, along with the data for the chilled amalgams. 
The dotted curves refer to the former. 

Table A, below (p. 377), summarizes the inferences which 
can be drawn from the figure when the data are interpreted 
in the way above described. 

Each row of numbers gives, for a particular temperature, 
the surface constituent or constituents of the slowly cooled 
amalgams (11 to 20 per cent. Cd) deduced by interpolation 
from the curve, at that temperature, for the chilled amalgams. 


* See $ 14 below. 
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Fig. 3. 
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TABLE A. 


Mean Percentage 


of Cd 11. | 12. | 13. | 14. | 15. | 16. | 17. | 18. | 19. | 20. |L^7P* | Time 
in Amalgam. ` M 
»» Y 
| | m ———————|————— É——— Í—— Oe SS 
i | 1285 | 19.98 | 199 | 191 |1378 | 13°92 | 15°75 | 1688 | 1795 | 1865 | 15° | emu 
43 (approx.) (approx.) (approx.) at 15° C. 
.. | 13:5 Z 
Surface 1l. 49 13:52 | 13:52 | 13:6 1357 | 13°86 | 15°75 | 16:9 17°98 | 18:68 | 20? 
Percentages (approx.) |(approx.) (approx.) 
of Od es se al puce S eee ER. 
in Amalgams. 147 "s = fa 73 83 5 
iji 64 14-72 | 14°73 | 1474 | 14°78 | 14°75 | 157 165, | 1795 | 1868 | 30 
E > (approx.) (approx.) (approx.) (appror.) (approx.) 


different Temperatures.|. | -————-|— 


159 |159 |159 |159 | 15-9 |159 
iv. | z9 | 79 | 79 | 79 | 79 | 79 


7.9 | 16% | 17°95 | 18-68 | 40° 


deduced from (approx.) (approx.) (upprox.) 
Tables I., II., J | S | aka ee E E 
and VIII. 16:5? | 165? | 16:5? | 165? | 16:5? | 16:5? | 16:5? 


67? | 4? i : 
V.| 88 8:8 8:8 88 8-8 8:8 &g | 16s | lies |1865| 45 
approx.) (approx.) (approx.) 


—Ó— 
QS O—X———XSXX. | eo oe OO | ——— en ns ———— = 


110 | 110 |1102 | 11-02 | 1283 | 11:55 | 15-48 | 16-77 | 17-95 | 18°65 | 0° [about 2 days 


after cooling 


(approx.) (apProx.) from 45° C. 


deduced 


from vi. 


11:0 41 ; : . : . ; : i bout 
a tis ur & vin. | 11-01 | 11-02 | 11-22 1345? 132 | 157 |168 |1801 18°68 | 0° | Mou 


| pee (approx.) (approx.) Jater. 


| | 


BEND M —Cv^^U^^—————— — A AA) d 
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The table begins with the results at 15° C. after the amalgams 
had stood for three months at this temperature. 

(i) At 15° C. (according to Table VIII.) any amalgam 
containing less than about 4:3 per cent. Cd should be all 
liquid, and any containing more than about 12:85 per cent. 
Cd should be all solid (if in equilibrium). According to 
Table A, the surface of the 11 per cent. slowly cooled 
amalyam is a mixture of these alloys. The surfaces, of the 
12 per cent. and 13 per cent. amalgams appear to be solid 
alloys containing slightly above 12:85 per cent. Cd. Each of 
the succeeding amalgams (with the exception of the 16 per 
cent. amalgam which for some aecidental * reason behaves 
irregularly) is superficially weaker in Cd, in nearly the same 
proportion (0°92 to 094) in each case, than the amalgam as 
a whole. 

(ii.) At 209 C. (to which the cclls were next heated) any 
amalgam containing less than about 4'9 per cent. Cd should 
be all-liquid, and any containing more than about 13°5 per 
cent. Cd should be all-solid. The surface of the 11 per cent. 
amalgam is a mixture of these alloys, and as before the 
surfaces of the 12 per cent. and 13 per cent. amalgams 
appear,to be solid and to contain slightly more than the 
pereentage of Cd (13:5 per cent.) in the richer constituent 
of the two-phase amalgam. The surface of the 14 per cent. 
amalgam contains about 13:6 per cent. Cd. 

It will be noticed that the surface concentrations of the 
richer alloys (15 to 20 per cent.) as deduced by this method 
are, as nearly as can be measured, the same at 20° as at 15°. 

(iii.) At 30? C., the equilibrium amalgams should (accord- 
ing to Table VIII.) contain approximately 6:4 per cent. and 
14:7 per cent. Cd. With certain limitations, discussed later 
in $9, (which apply equally to similar cases at the other 
temperatures), the surface of the 11 per cent. amalgam is 
now a mixture of these alloys. And we might expect that 


* It is obvious that irregularities of cooling snd distribution must 
sometimes occur. That sudden changes of the slopes of the curves, 
between 15 and 20 per cent. Cd, are due to accidental irregularities is 
shown by comparison of the present data with those for another series 
(Table VI. Z. c.), in which similar changes of slope occur at other per- 
centayes, 
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the surfaces of the 12 to 16 per cent. amalgams would be 
similarly constituted. But, as in (i.) and (ii.), the surface 
film in these ama'gams seems to be solid, since it contains a 
slightly higher percentage of Cd than the solid component 
of the two-phase system. 

From the results in column (ii.) we might expect the 
surfaces of the 17 to 20 per cent. alloys to remain unchanged. 
It will be seen that this is true of the 19 and 20 per cent. 
amalgams ; but the percentages of Cd in the surtaces of 
the 17 and 18 per cent. amalgams are beginning to diminish 
slightly and are exhibiting a time effect. 

The significance of these unlooked-for differences is 
discussed in § 10 below. 

(iv.) At 40° C. the limiting alloys contain about 7:9 per 
cent. and 15°9 per cent. Cd. As we might expect, the 
surfaces of the 19 and 20 per cent. amalgams remain un- 
changed. On the other hand, the percentage of Cd in the 
surface of the 18 per cent. amalgam is continuing to fall. 
The surface of the 17 per cent. amalgam has become 
practically a two-phase system. 

(v.) At 45? C., the limiting percentages are about 8:8 and 
16 5. The surface of the 20 per cent. amalgam remains 
practically unchanged; but, unexpectedly as before, the 
surface percentage in the 19 per cent. amalgam is now 
slowly falling. The decrease at the surface of the 18 per 
cent. amalgam continues. 

(vi.) The amalgams were now cooled to 0° C. After six 
weeks at this temperature (last row of Table A) the surfaces 
of all the amalgams containing more than 14 per cent. Cd 
(excluding the irregular 16 per cent. amalgam) had returned 
practically to the state in which they were when the measure- 
ments at 15°, as in (i.), were made. 

Table IX. (l. c. p. 32), described as typical, can be 
analysed (by comparison with Table VIII.) in exactly the 
same way as Tables I. and II. In connexion with this 
Table the author writes :—‘ At temperatures near to but 
below the first transition temperature the diffusive processes 
in an unstable amalgam are no doubt accelerated, and the 
outer shell becomes richer in cadmium with a corresponding 
increase in the E.M.F. of the cell..... ^ No doubt rise of 
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temperature will accelerate the diffusion ; but it is to be 
remarked that, as shown in Table A, an “ unstable ” amalgam 
which has stood for some time at the ordinary temperature 
can be raised through 20? or 40° C. without measurable 
increase in the surface percentage of cadmium, and that 
the first noticeable effect of temperature rise is a surface 
decrease of an unexpected kind. The same effect is shown 
in Table IX. 

Sometimes (e. g., l. c. pp. 23, 24, and Conclusion 1, 
p.38) Mr. F. E. Smith writes as if an unstable amalgam 
may consist of one central solid mass surrounded by a shell 
of lower concentration. It seems to me, however, that this 
state of affairs must be very exceptional. 


$7. The probable structure of frozen amalgams.—It is a 
well-established characteristic of crystallization in general, 
that it proceeds around nuclei distributed more or less 
uniformly throughout the cooling material. The uniformity 
of distribution of the nuclear growths will be affected in the 
present case by the fact that the solid grains are of less 
density than the fluid out of which they separate. The first 
grains to form must tend to rise. On account of their 
smallness they will not rise rapidly. As crystallization 
proceeds a solid net-work will develop within the material. 
The later crystallization will take place from fluid entangled 
within the meshes of this net-work. Consequently the 
material need not in general separate into upper, all-solid, 
and lower, all-fluid, parts. 

In an amalgam which is still partially fluid, but would be 
all-solid in true equilibrium, at the temperature of obser- 
vation, the mean concentration of a layer near the surface 
will no doubt be greater than that of a layer near the bottom. 
But the difference need not be very marked, and there may 
be an appreciable quantity of fluid in the spaces between 
individual grains near the surface, which will take a long 
time to disappear. If the density effects are appreciable, a 
greater proportion of the earliest formed crystals will be 
present in the upper layers. The centres of the grains 
nearest the surface may then bericher in Cd than the centres 
of those lower down ; but eyen when the amalgam has stood 


AS A STANDARD OF ELECTROMOTIVE FORCE. 381 


long enough for the upper portion to become solid through- 
out, there will be graduations in the percentage of Cd, from 
point to point in that portion, of which the existence will 
become obvious (as described below) when the temperature 
is raised. 


$8. An effect of the presence of the electrolyte at the surface 
of the amalgam.—The surface layer of a partially crystallized 
amalgam will consist of a number of grains between which 
are spaces filled with liquid amalgam. Some of the solid 
grains will in general project slightly above the mean surface 
level. The layer of fluid amalgam covering these will be, at 
most, very thin. 

Under the ordinary process of diffusion from the grains 
the liquid surrounding them will gradually diminish in 
amount, more or less uniformly in all directions. But it is 
important to notice that the process of equalization of distri- 
bution of Cd will be accelerated, in the surface, when (as in 
the case of the Weston cell) the amalgam is covered by a 
solution of cadmium sulphate. 

The very thin layers of a per cent. fluid in immediate 
contact with the surface grains * will soon receive enough Cd 
by diffusion to convert them into solid containing more than 
y per cent. Cd (fig. 1). In consequence they will no longer 
be in electromotive equilibrium with the neighbouring, 
relatively thick, layers of surface fluid which still contain 
only z per cent. Cd. Electrolytic action will ensue. Cad- 
mium will enter solution round the surface grains and will 
be deposited upon the adjacent fluid. 

The electrolyte will thus act as a distributor, over the 
whole surface, of the cadmium diffusing from the surface 
grains. The surface will thus tend to acquire a thin and 
probably solid skin which, on account of its lesser density, 
will have no tendency to sink below the underlying fluid. 

In the presence of CdSO, solution, the whole of the 
surface film may therefore become solid and of uniform com- 
position, although, on account of the extreme slowness of 


* When a saturated solution of CdSO, is poured over the fresh 


surface of a partially fluid amalgam, the positions of these surface grains 
can easily be seon. 
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ordinary jntermolecular diffusion, there may still be an 
appreciable quantity of fluid alloy underneath. 


$9. “ Minor irregularities” of Weston cells.—Regarding 
the surface behaviour of partially fluid amalgams in the 
above way, it is possible to account for peculiarities, at first 
sight perplexing, of the horizontal branches of the curves for 
the chilled and the slowly cooled amalgams. The vertical 
scale of fig. 3 is not sufficiently open to show these peculiar- 
ities clearly. They are exhibited in fig. 4 which represents 
the behaviour of the amalgams, at various temperatures, over 
the range represented by the branch BC of fig. 2. 

The data for the chilled amalgams are marked by dots and 
for the slowly cooled amalgams by crosses. 

In the slowly cooled amalgams, as in the chilled, the rise 
of E.M.F. near B is at most very gradual. But, towards C, 
the former amalgams behave differently. The rise is much 
greater than in the chilled amalgams, and the E.M.F. of a 
slowly cooled amalgam is now considerably greater than that 
of the corresponding chilled amalgam., 

This effect is exhibited numerically in Table A, and has 
already been alluded to in $9. It may be explained as 
follows :— 

We assume, for reasons given in $5, that the solid grains 
in partially fluid chilled amalgams are of more uniform 
composition than those in similar slowly cooled amalgams. 
A chilled amalgam which is nearly all solid at any temper- 
ature 0 will consist mainly of solid y per cent. Cd amalgam, 
together with a small amount of fluid containing # per cent. 
Cd. 

A slowly cooled amalgam, of the same average composition, 
will contain a smaller proportion of solid grains ; but these 
will be richer in Cd. Their surfaces will contain y per cent. 
Cd; but their interiors will contain more. If a sufficient 
number of these grains be present in the surface originally, 
or rise thereto after detachment by heat, they may produce 
a thin surface skin containing more than y per cent., as 
described in §8 above. The slowly cooled amalgam will 
then give a greater E.M.F. than the corresponding chilled 
amalgam. 
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The excess over y per cent. Cd in the surface will only be 
appreciable when the surface skin is relatively thick, 1. e. 


Fig. 4. 
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when the surface grains are relatively numerous. For much 
of the under Surio of the skin will be in contact with 
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liquid æ per cent. alloy, and cannot therefore contain more 
than y per cent. Cd. 

Thus it is only in the stronger slowly cooled amalgams 
that the E. M.F. can be much greater than that of the two- 
phase alloy—in agreement with fig. 4. 

In keeping with this view of the behaviour of the stronger 
slowly cooled amalgams, the percentage of Cd in the surface 
skin of any of them may increase within certain limits as 
the temperature rises. Thus when the temperature of one 
of these amalgams is raised from @ to 6’, the solid grains 
must partially liquefy. By this means the percentage of Cd 
in the fluid alloy is raised from æ to 2’, and the percentage 
of Cd in the new surfaces of the solid grains is y', greater 
than y. Electrolytic effects may ensue as before and cause 
the surface skin percentage to rise above y’. 

As the temperature is raised the surface grains may 
become relatively more numerous at first, since additional 
grains may float up to the surface; but in the end the 
surface skin will grow thinner and the E.M.F. will approach 
nearer to that of the two-phase amalgam corresponding with 
the temperature of observation. 


§ 10. Skin effects in all-solid amalqams.—Tt will be obvious 
that electrolytic skin effects of the kind described in § 8 
may occur in amalgams which are already all-solid, but in 
which ordinary diffusion effects are still proceeding with 
appreciable velocity. In such cases the surface film may 
acquire a larger share of the effects of diffusion than areas 
just below the surface, with the result that these may be less 
rich in Cd than the surface layer itself. 

Evidence of this condition of affairs is revealed when the 
data of Tables II. and VIII. are compared as in Table A 
above (see $ 6), where it is shown that the surface begins to 
change at a temperature lower than that at which it would 
if no weaker amalgam were present noar it. 

Similar considerations might explain otherwise puzzling 
time effects exhibited by the chilleq amalgams of Table VI. 
(l.c. p. 28). In these, practically without exception, the 
marked increase of E.M.F. which occurs in the first few 
days is succeeded by a small but unmistakeable decline. An 
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effect so general cannot be due to accidental irregularities 
in the process of crystallization. 

The statement that “it may be due to the chilling pro- 
ducing a too highly concentrated amalgam in the outer 
shell" scarcely removes the need for further explanation. 
Effects of this kind are not confined to the chilled amalgams. 
The 15, 17, and 19 per cent. amalgams of Table II. show 
appreciable decline in the surface percentage of Cd during 
the three months at 15° C. 

Another possible cause * of a slow decrease of E.M.Y., 
which should be mentioned, depends upon the deduction 
(from § 12 below) that the equilibrium concentration of Hg 
salt in solution round an amalgam must be less than that 
round pure mercury. In cells of the Weston type, Hg salt 
must thus be diffusing continuously from cathode to anode 
and the amount of Hg in the latter must be slowly increasing 
by precipitation. Fortunately, the diffusion will generally 
be so slow that its effect upon the E.M.F. of a two-phase 
amalgam will remain unnoticeable for a very long time. 
But if the anode surface consists of a thin single-phase skin 
the percentage of Hg within it may increase perceptibly in a 
comparatively short period. 


$11. The question of the horizontality of BC in fig. 2.— 
The skin effects described in § 9 arise primarily from the 
lightness of the solid grains and from their want of uniformity 
of composition. As soon as such effects become appreciable, 
departure from horizontality must ensue. A measure of the 
importance of these effects is given by the difference 
between the E.M.F.s of the richer amalgams, chilled and 
slowly cooled, of fig. 4. 

But another question remains. If the amalgams (chilled 
or otherwise) were of quite uniform composition between 
B and C, differing only in the relative amounts of z per 
cent. and of y per cent. amalgams present, would BC be 
absolutely horizontal, 4. e., would the E.M.F.s of all the 
amalgams within this region be found to be identical, how- 
ever refined the means of comparison might be ? 


* Possible effects at the cathode are outside the range of the present 


paper. 
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The data of fig. 4 seem to establish the fact that there is 
always a slight rise from B towards C. In the region near 
B the amount of solid amalgam is so small that there is 
little room for appreciable variation in the percentage of Cd 
between the centres and surfaces of individual grains. 
Hence, as the electromotive data show, chilled and slowly 
cooled amalgams containing the same percentage of Cd must 
here be of practically identical composition. But even in 
this region the E. M.F. curve slopes upwards. 

It is thus impossible to say beforehand that the E.M.F. does 
not rise as the percentage of Cd in the amalgam increases, 
even when the crystals areas uniform as they can possibly be. 


$12. The possibility of equilibrium between two amalgams 
and the same electrolyte-—The question raised in the pre- 
ceding section cannot be answered satisfactorily without 
more careful consideration of the conditions of equilibrium 
between each amalgam and the electrolyte than has been 
so far necessary. 

It will perhaps be useful to indicate first how, neglecting 
surface energy, the conditions of equilibrium between the 
two homogeneous amalgams can be represented thermo. 
dynamically *. 

The total energy e of a homogeneous substance containing 
masses m, and mg of its two components can change by 
acquisition of heat (alteration of the entropy 7), performance 
of external work (alteration of the volume v) and change of 
composition (alteration of the mass of either constituent). 

For a reversible change we may write 


- (96 Se) ~) (25 
ee = JM 2n di Ov YM {My at u (5 nena dmi i à ^N dms. 


The values of the first and second partial differential 
coefficients are obviously @ and —p. The terms containing 
them represent the energy variation due to change in the 
heat content and volume of the working substance; the 
remaining terms indicate how the energy variation depends 
upon the composition. The partial differential coefficients 


* Cf. Gibbs, Trans, Conn, Acad. vol. iii. pt. 1, p. 119. 
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which they contain are functions of the composition of the 
working substance and we may write 


de = Odn—pdv+ py dmi + us ding. 


For any other homogeneous mixture of the samo sub- 
stances, also capable of reversible variation, we may write 


de = y —p dv’ + py! dm, + py dij. 


Now suppose that these two mixtures can coexist in 
equilibrium. 

By hypothesis the components are independent variables. 
We may imagine that a small quantity dm of the mj com- 
ponent leaves the second phase and enters the first in sucha 
way that the transference takes place without change in the 
entropy or volume of either phase. The energy variation of 
the system would then be 


L 
G àe ' 
(35) dm,+ (357) dm, = (uj — )dm. 
Qn, noma Qn, x'v'm'a 

But since neither the entropies nor the volumes change, 
the system neither does external work nor acquires heat. 
Consequently we must have 


pa — 1a! = 0, 
and, by a similar argument, 
Ma — H; = 0. 


These and two other equations, derived one from each 
phase at given @ and p, suffice to define the conditions of 
equilibrium completely—the essential variables being 


m/v, ms|v and mj'[v, m,'/v' respectively *. 


In assuming, as above, that the total energy of a known 
mass of each phase, at given @ and p, is dependent only on 
its composition, we neglect the possible influence of surface 
energy. 

We may continue to suppose that, to a first degree of 
approximation, the surface tension and electrostatic potential 
difference between the z per cent. and y per cent. amalgams 
are negligible and proceed to examine tho conditions under 


* Cf. $14, below. 
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which the two amalgams could coexist in presence of the. 
ame electrolyte. 

Considering first the equilibriam of fluid amalgam and 
electrolyte, reversible exchange of Cd or Hg between elec- 
trode and electrolyte will be possible since the latter is a 
solution of sulphates of Hg and Cd. But while the masses 
dm, aud dmg of the metals may be considered neutral in the 
amalgam, they are associated with definite positive charges, 
which we may write kı dm, and Kk; dm, when in solution. 

In order that (as in the equations already given) we may 
still regard m, and mg as independent variables, we assume 
that when a quantity dm, of mercury leaves the solution, 
a quantity dm; of anions (SO,) carrying the charge 


k, dm; = — k dm, 


also leaves the solution and accumulates at the surface 
separating electrode and electrolyte. We assume also that 
a similar effect accompanies the transference of dm, of 
cadmium, 

In consequence, if we suppose the electric potential of the 
amalgam to be V and of the electrolyte to be V”, it will be 
seen that the reversible energy variation may now be 
written 


de+de" = O(dn+ dh") —p(do+ dv") + (p, — 9," )dm, 
+ (pa — pal’) dm, + (V —V")(k, dm, + ka ding) 


- n/K k, 
+ (fs Hs") (3 dm, + ks dms), 


in which Oe = mtk V + UN 
3 


Qu vem, 


with similar expressions for the other quantities, p; referring 
to the surface layer and pz” to the interior of the electrolyte. 
For equilibrium, as before, 


" k - 
(ui — i") t (OT — V) jc, G1) =0, | 
and (us —pa ) c (V — V )+ hs (Ps— m )=0. 


In the same way, considering the solid amalgam and the 
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electrolyte, we must have 
4 at , , k ~ 4 vi 
(e! m") E EQ 7 V) iQ T) = 0 | 
and 


, "n 1 kg — ? ut 
(us — fa’) t K(V'— V) zn -m )= o. 


Considering the equilibrium of the amalgams with each 
other we assume 


fi = h, pu. and V= V'. 


Suppose now that we ignore possible differences at the 
surfaces separating the electrolyte and the fluid and solid 
amalgams respectively and put u; = jc, (see also § 13, below). 

Then it will be possible to find values of pj", p” and ms”, 
which will be related in such a way as to satisfy the above 
equations simultaneously and make 


V-V" = V-V". 


In other words it will be possible to find electrolytes 
within which the two amalgams can exist side by side in 
complete equilibrium. With any one of these electrolytes 
the E.M.F. would be independent of the relative amounts of 
the two phases present. 


$ 13. The effect of surface energy.—1£, as above, the surface 
energy variations of the liquid and solid amalgams are 
regarded as identical, the conditions of equilibrium assume a 
simplicity which there is no doubt they do not possess. 

We do not know the relative importance of the energy 
per unit area of the surface separating the amalgams ; but 
the difference between the energies of the surfaces separating 
the respective amalgams and the electrolyte is perceptible. 
The liquid amalgam appears always to spread over the 
surface of the solid amalgam in the presence of the electro- 
lyte. We may therefore assume that the surface energy 
between solid amalgam and electrolyte is greater than that 
between liquid amalgam and electrolyte. 

There are phenomena which show that the relation between 
surface energy and potential difference is often very complex 
and § 12 is put forward merely as a method of representing 
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the general nature of what occurs. It can be seen, however, 
that even if the conditions of equilibrium were as simple 
as those already given, the difference of surface energy 
would cause u;' to exceed us. The two amalgams could not 
then, subject to the condition V — V" = V’—V”, be in 
equilibrium with the same electrolyte. 

The value of V" — V' satisfying the second pair of equations 
would be greater than that of V"— V satisfying the first two, 
i. e., the potential of a given electrolyte with respect to the 
solid amalgam would exceed that of the same electrolyte 
with respect to the fluid amalgam. Hence, supposing 
V — V', the amalgams could not coexist in contact with the 
same electrolyte. 

Such considerations are enough to show that there is no 
theoretical necessity for horizontality of BC. It is much 
more likely that the equilibrium at the unode is between a 
variable phase and the electrolyte, and that the E. M.F. electro- 
lyte/electrode is distinctly greater when the amalgam is one 
which is just on the point of partial liquefaction at 0 than 
when it is one in which the last traces of solid have just 
disappeared. 

There is therefore every probability * that the E.M.F. of a 
cell of the Weston type must always be to some extent 
dependent upon the percentage of Cd in the amalgam. 


$ 14. The application of the phase rule to cadmium amal- 
gams.—The considerations given at the beginning of § 12 
were introduced in order to explain a method of regarding 
the effects of surface energy. They also supply a means of 
interpreting the “equilibrium curves" of fig. 1. Asin $12, 
if two homogeneous phases containing components A and 
B can coexist in equilibrium we must have not only equality 
of temperature and pressure, but also two other equalities 
which we may write 4, — pa and p= uy. 

To determine completely, at given @ and p, the state of 
` any mixture of A and B, we require to know how these 


* Mr. F. E. Smith has kindly supplied me with further details of some 
of the measurements recorded in his Table VIII, which confirm this 
view, 
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“ potentials" vary with c, the percentage of B in the 
mixture. 

It is conceivable that the substances can form a series of 
mixtures in all proportions and that any one of these can be 
entirely fluid or entirely solid at the temperature 6. For a 
homogeneous mixture, at constant temperature and pressure, 
we must have , 

Mol pa + mod ps — 0. 

Considering all-fluid mixtures first we may suppose, 
following Gibbs *, that, when c approximates to zero, u must 
have a very large negative value, whilst pa is finite and 
du,/dc has a finite negative value. Similarly, when c 
approximates to 100, í, must have a very large negative 
value, while u, is finite and dy,/dce has a finite positive 
value. 

The curves connecting the variations of pa and py with c 
may no doubt be complicated ; but, in the simplest cases, 
they may (from what precedes) take forms like AM and BN 
of fig. 5 (p. 392). 

We may assume that analogous relations, represented by 
the curves A'M' and P'N', hold for the all-solid mixtures. 

If, as in fig. 5, a temperature is chosen which is below 
the freezing point of B, but above the freezing point of A, 
we shall have 44 7 4,' for the phases of pure B, and hence B 
will lie above B' ; but 4, » 4 for the phases containing pure 
A, so that A’ will be above A. 

The conditions for coexistence of a fluid phase containing 
£ per cent. B and a solid phase containing y per cent. D are 


[Hu Jens = [pa Je=y 
and [10 Jeme = [Me der 

Inspection of fig. 5 will suffice to show the possibility of 
finding values of x and y which satisfy these conditions. 

The same conclusion can be reached, less directly, by 
considering the variations with c of the total thermo- 
dynamical potentials £ and £' per 100 grams of all-fluid and 
all-solid mixtures, remembering the relations 

dt£/de = uy —p4, and dé'[de = V — pu. 
* L.c.p. 194 
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In the system of fig. 5, therefore, coexistence of two phases 
is possible when the liquid phase contains x per cent. B and 
the solid phase y per cent. B. All mixtures containing between 


Fig. 5. 
B 
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a per cent. and y per cent. of B, and only those, can spl't into 
two phases. 

If, however, the temperature is below the freezing point 
of A, as well as below that of B, the relative positzons of 
AM and A'M' will be reversed and it will now be imy ossible 
to find values of æ and y for which pa, pa' and js, py! 
respectively, are equal. In other words, one-phase solid 
mixtures only will be stable *. 


* Cf. § 5 above. 
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If it is assumed that the we variations for the mixtures 
of Hg and Cd used in Weston cells are of the form repre- 
sented (diagrammatically) in fig. 5, it can at once be seen 
why the amalgams exhibit the properties which have been 
discussed. 


$15. The temperature coefficients of cadmium-mercury 
cells,—The efficiency of the Weston cell as a standard does 
not depend only on the fact that the chemical composition of 
the amalgam can vary within considerable limits without 
producing more than a few millionths of a volt difference in 
the electromotive force ; but also upon the extreme smallness 
of the effect of temperature change near 0? C. 

It is instructive to consider how the existence of the two- 
phase amalgams happens to be the cause of the second 
phenomenon. 

The data of Table XI. (l e. p. 36) show that the smallness 
of the temperature coefficient is not due to absence of heat 
exchanges with the surroundings during isothermal working 
of a two-phase cell, but to the fact that these nearly balance 
each other. Somewhere near 5? C. there is an exact balance 
and the temperature coefficient vanishes. 

Above 5° C. the temperature coefficient has a small 
negative value. This means that slightly more heat escapes 
from the cell (during action) than it absorbs from the outside. 
The presence of the two-phase amalgam reduces the nct loss 
of heat. For, during the working of the cell, the average 
percentage of Cd in the anode must diminish and the 
equ. brium compositions of the coexisting phases can only 
be maintained by reduction in the amount of the richer 
(solid) phase. This will occasion absorption of heat and so 
reducb the net amount evolved. 

Below 5? C. the absorption just mentioned slightly 
overbalances the remaining effects and the temperature 
coefficient 1s positive. 


G 
ABSTRACT. 


In this paper the recent experiments of Mr. F. E. Smith on cadmium 
amalgams are discussed from the point of view of the modern theory 
of alloys. Theory and experiment alike suggest that there is no range 
at any temperature over which the E. M.F. of a Weston cell is absolutely 
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independent of the percentage of Cd in the amalgam. Even if the 
materials are quite pure, the existence of surface energy must cause 
some variation. Within the range over which the E.M.F. is usually 
taken as constant the E. M.F. appears to rise, very slowly, with increase 
in the cadmium content. The rate varies, but is never more than a 
few millionths of a volt for one per cent. Cd. From the data it seems 
possible also to discover the precise way in which the use of the richer 
two phase amalgams may lead to variability of the E.M.F. of the Weston 
cell. The interpretation advocated is that the irregularities are due 
to electrolytic skin effects arising out of want of uniformity of compo- 
sition of the surface grains. The probable reason why the temperature 
coefficient of E.M.F. of a Weston cell, always small, actually vanishes 
near 0? C. is indicated. An outline of the way in which the phase rule 
can be used to exhibit the nature of the incomplete equilibrium of the 
Weston cell 1s also given. 


DIscussION. 


Mr. Rayner referred to hysteresis effects which, he said, were a source 
of serious trouble when working with Weston cells. He gave details of 
the behaviour of a particular cell during a period in which the tem- 
perature of the cell was raised from 14° C. to 25° C. for three days, and 
asked the Author if he could explain the observed variations of the 
E.M.F. on the theory he had advanced. 

The AvTnom, in reply to Mr. Rayner, said that, while he was not 
prepared (without further information) to give a fixed opinion concerning 
the behaviour of particular cells, he thought he had shown how to find 
the exact causes of any peculiarities for which pure amalgams might be 
responsible. The utility of the theory he had described lay in the fact 
that it should be possible, by means of it, to discover what the effect on 
the amalgam of any particular thermal treatment would be. His object 
had been to diseuss one cause of some of the variations of the Weston 
cell, and to indicate a theoretical limit to the accuracy obtainable. 
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XXVII. A Galvanometer for Alternate Current Circus. 
By W. E. Sumpner, D.Sc., and W. C. S. PuiLuirs, B.Sc.* 


THE steady electromotive forces and highly sensitive galva- 
nometers available for use with direct curreut tests render 
such tests excellent whether deflexional or balance methods 
are in question. Tests involving change of current, such 
as induction measurements, are not so satisfactory. In 
ballistic tests the best galvanometers are in many cases not 
sensitive enough, and though balance methods are available 
they are usually not so simple in working as those in which 
steady currents are employed. Alternate current tests aro 
still less satisfactory. It is impossible to generate an elec- 
tromotive force whose constancy is comparable with that of 
a battery or accumulator. Special difficulties arise owing to 
effects of frequency, wave-form and phase. Balance methods 
can be devised, but they are rarely of much use, owing 
to the above difficulties and to the absence of sensitive 
instruments. A distinct advance has been made during the 
last few years by the construction of improved forms of 
vibration galvanometer. But this instrument overcomes only 
some of the difliculties. It is a sensitive indicator rather 
than a measuring instrument. It must be adjusted to 
resonance for the best effects, and its sensitiveness is neces- 
sarily affected by slight changes in current frequency. 

The sensitiveness of ballistic galvanometer tests can be 
greatly increased by the use of mechanical commutators such 
as the secohmmeter of Ayrton and Perry, or subsequent 
modifications of this by Fleming and Lyle. But such 
methods only make use of a crude torm of alternate current, 
and it appears that the simplest and most effective cumulative 
method for testing effects due to changes of current, must 
in the end prove to be one involving the use of alternato 
currents generated in the ordinary way. The construction cf 
the indicating instrument constitutes the real obstacle. The 
reflecting instrument for alternate current circuits described 
in this paper is the result of an attempt to overcome this 
difficulty. The instrument is like a moving coil galvano- 


* Read June 10, 1910. 
VOL. XXII, 2 F 
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meter in almost every respect, except that its field is due to 
an electromagnet excited by an alternating voltage. The 
theory of non-reflecting instruments of the same type has 
already been fully explained *, but it may be convenient to 
briefly refer to it. 

If an alternating voltage V be applied to an electro- 
magnet whose winding consists of m turns, the core flux N 
will be such that i 

V2rActmN, .... >.. (1) 
where r is the resistance of the coil and A the current 
traversing it. If the coil and electromagnet be so designed 
that for currents of the frequencies used the resistance is 
negligible in comparison with the impedance, we can neglect 
the term rA. It follows that the rate of change of N will be 
at each instant a measure of V, and this will be true what- 
ever the permeability or hysteresis of the core. We thus 
have a magnet whose strength is accurately determined by 
the applied voltage whatever the physical properties of the 
core. Such an electromagnet can easily be made very 
strong. Moreover, the shorter the air-gap between the poles 
ig made, the denser is the magnetic flux due to a given 
current, and the greater is the ratio of impedance to resist- 
ance for a given winding. Thus the stronger the electro- 
magnet is made by improving its magnetic circuit, the more 
accurate it becomes, provided this electromagnet is excited 
by the voltage of the circuit. 

Fig. 1. 


The instrument here described has a laminated electro- 
magnet formed of stampings shaped like figure 1. These 


* Proc, Roy. Soc. vol. ]xxx. (1908), * Alternate Current Measurement." 
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stampings are of two kinds—a rectangular portion with two 
straight limbs, a, b, forming the core of the electromagnet, and 
a specially shaped stamping, p, between the poles. The 
stamping, p, is separated from the magnet limbs on each 
side by an air-gap. Each gap consists of two portions, a 
narrow part about 1 mm. across bounded by the straight 
edges of p, and a wider portion in which one of the vertical 
sides of the moving coil can turn round the curved edges 
of p. The moving coil, of 50 turns, is similar in shape, 
suspension, and mode of control to that of an ordinary 
permanent magnet instrument. It has a central spindle 
indicated at s and working in a recess suitably stamped in p. 
The pile of stampings is about 4 cm. deep and 9 cm. long, 
the limbs being 1 cm. wide. Each of the limbs, a, 5, is 
wound with a coil of 2000 turns of fine wire, and also with a 
coil of 100 turns of thicker wire. The two fine wire coils 
are put in series and connected to three terminals ; the two 
thicker coils are also put in series and joined up to two 
additional terminals. Thus the instrument can be excited by 
a winding consisting of either 200, 2000, or 4000 turns, 
according to the voltage used. The iron is not too strongly 
magnetized if the winding used contains 20 turns per volt on 
50 cycle circuits. Thus 200 volts may be applied to the 4000 
turn coil, or 10 volts to the 200 turn coil. But the instra- 
ment is so sensitive that such excitation will only be needed 
for exceptional tests. The moving coil may be used with a 
condenser or other apparatus, either on some special circuit 
or in conjunction with one or other of the field coil windings. 
The instrument has been constructed by Robt. W. Paul, to 
whom several of the working details are due. The following 
are some of the uses :— 


Use as a Voltmeter. 


If a voltage V be applied to a field coil of m turns and if 
another voltage V, be applied through a condenser of K 
microfarads to the moving coil, it can be shown that the 
torque acting on the moving coil is a measure of 


leyr 
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or of the mean product of the two voltages. If the con- 
denser voltage is obtained from one of the field coils of n 
turns the torque is measured by 


Kn(*), Ce ee ee (3) 


There is really another factor the value of which would not 
be quite constant if the induction density in the gap varied 
with the position of the moving coil. But in the present 
instrument this factor is essentially constant owing partly to 
the shape of gap adopted, and partly to the fact that for a 
reflecting instrument the movement of the coil is very slight. 
Numerous tests have shown that for any given choice of coils 
and condenser, the scale deflexion is strictly proportional to 
the square of the applied voltage quite up to the limits of the 
scale used (300 mm. each side of zero for a scale distance of 
1 metre). 

The numbers denoted by m and n may each be chosen 
either 200, 2000, or 4000, while the capacity K may be 
given widely different values. It is thus clear that the 
insirument can be used as a voltmeter for a large number of 
ranges. It will be sufficient to indicate two of these. From 
a number of tests made under various conditions, the value of 
expression (3) when V is measured in volts and K in micro- 
farads is found to be 1:6x10-* for a scale deflexion of 
200 millimetres. It follows that this deflexion can bo 
obtained 


for 200 volts if m 3 4000,» 2200, and K 23:2 x 10-‘m.f., 
or for 20 millivolts if 200, n=4000, and K 24:0 m.f. 


The deflexion is independent of frequency and wave-form 
if the field winding to which the voltage is applied has a 
resistance negligible ia comparison with its impedance. This 
will always be the case if the frequencies used are high. But 
if the frequency is low and the mass of copper used in the 
" magnetizing coil is small, the resistance of this coil will 
become comparable with its impedance. The deflexion will 
then be dependent on frequency, though for a given frequency 
it will still be a measure of the product K V?. Thus if a coil 
of two turns be wound round the core of the magnet and be 
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used as the exciting winding (m=2), and if the moving coil 
be used with the same condenser and field winding as in the 
second case above (n=4000, K=4), a deflexion of 200 mm. 
will correspond with a reactive voltage in the two-turn coil 
of only 0:2 of a millivolt. But it will be necessary to apply 
a much greater voltage than this to cause the magnetizing 
current to flow through the resistance of the winding. The 
instrument will still act as a voltmeter for constant frequency 
circuits, but its indications will be sensitive to change of 
frequency. 

With the instrument as actually wound, the effect ef 
frequency can be represented by the measured values of the 
quantity (3) for a deflexion of 200 mm. If this quantity 
when multiplied by 10,000 be called Q, then for the arrange- 
ment m — 4000, n — 200, the value of Q is 1:62 for 50 cycle 
circuits, 1:61 for 100 cycle circuits, and 1:73 for 25 cycle 
circuits. That is, the deflexion for a given value of V* is 
essentially the same for all frequencies above 50 cycles per 
second, but is 64 per cent. less if the frequency is dropped 
to 25 cycles per second. For the arrangement m=200, 
n= 4000, a change of frequency produces greater effect. The 
deflexion for a given value of V? is 5:2 per cent. greater for 
100 cycles, and 18:6 per cent. less for 25 cycles, than it is for 
50 cycles. When the main coil is used for both voltage and 
condenser (m=n= 4000) there is no appreciable change of 
constant for frequencies between these limits. 

The effect of frequency on the value of Q is mainly due to 
the phase error represented approximatoly by the ratio of 
resistance to impedance of the coil to which the voltage is 
applied. This ratio on 50 cycle circuits is 2:6 per cent. for 
the 4000 turn coil, and 10:6 per cent. for the 200 turn coil.’ 
But Q is also affected by slight amounts of magnetic leakage 
(between the windings) dependent on the arrangement of 
coils used. Other properties of the magnet are deducible 
from the data that on 50 cycle circuits the power factor of 
the magnetizing coil is 0-14 ; the ampere turns needed for the 
magnet are 6u; and the flux density in the iron is 80 u ; 
where u is the number representing the voltage applied per 
1000 turns, or the millivolts per turn. For special uses of 
the instrument the phase error of the magnet can be reduced 
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by applying a suitable condenser direct to one of the field 
windings. Thus the power factor of the 200 turn coil can 
be raised to unity on 50 cycle circuits by applying a condenser 


of 1:1 m.f. to the 4000 turn coll, Wis ratio of resistance to 
impedance is reduced from 10*6 per cent. to 1'5 per cent., 
and the phase error is reduced to zero. 
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Use with Null Methods. 


Figs. 2-7 illustrate the ordinary bridge methods for com- 
paring inductances and capacities. In these methods a 
ballistic galvanometer is used as an indicator, and to test the 
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balance the current A through the arms of the bridge is made 
or broken by a key. The equation representing the condition 
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for inductive balance is indicated in each case beside the 
figure. The zero deflexion condition for steady currents 
holds necessarily in the three cases of figs. 2,4 and 6; buta 
troublesome special adjustment is needed in the case of fig 3; 
while in the cases of figs. 5 and 7 the adjustment for steady 
currents is impossible. , In these figures eapacities, self- 
inductances, and mutual inductances are respectively denoted 
by the letters K, L, M ; resistances are indicated by the 
letters It, r, and S ; while the indicator is denoted by m.c. 

All these methods may be used with the present instru- 
ment for steady inductive balances on alternate current 
circuits, and the same formule apply to the zero deflexion 
condition, provided (i.) the alternate voltage V applied to the 
field-coil of the instrument also causes the current A through 
the bridge conductors, (ii.) the alternate current A is made 
essentially cophasal with V by the use of suitable non- 
inductive resistances as indicated by the zigzag lines in the 
figures, (iii.) the moving coil m.c. of the instrument is placed 
directly across the bridge (using a reversing key when 
desirable). 

It results from the special properties of the instrument 
that the flux in the gap of the electromagnet is in quadrature 
with the applied voltage (and thus in quadrature with A). 
The inductances or capacities produce voltages or currents 
also in quadrature with A, and thus in phase with the flux, 
so that their phase is such that they produce the maximum 
torque on the moving system. 

These methods haveall been thoroughly tested on alternate 
current circuits with the present instrument, and with most 
satisfactory results. The balance can be adjusted with ease 
to one part in 10,000, when the voltages set up on the coils 
or condensers are merely of the order of one volt, and thus 
suitable for use with the resistance boxes ordinarily found in 
laboratories. 

Certain special points call for notice. When a balance of - 
great precision is needed, the minute electromotive force e, 
induced in the moving coil by the alternating field of the 
magnet, tends to cause a small deflexion disturbing the 
balance. When the moving coil circuit is essentially non- 
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inductive, as for the cases of figs. 3, 4 and 5, the current due 
to e will be in phase with e, and in quadrature with the flux, 
and in such cases the corresponding deflexion will in general 
be negligible. For the inductive circuits represented in 
figs. 2,6 and 7, this will not be the case, and a small de- 
flexion due toe will occur. But in all cases any effect due toe 
can be accurately eliminated by using a false zero method, 
that is, by adjusting the balance till the reading on the scale 
is unaltered by switching the bridge current A on or off. 
The induced voltage e is due to the voltage applied to the 
field coil, and is unaffected by changes in A. In most 
cases it will be found sufficiently accurate to take the mean 
of the two conditions of balance obtained by using a 
reversing key with the moving coil. The false zero method 
is simpler and is mathematically accurate, though in prac- 
tice, as with all false zero methods, there is a liability to 
a small error due to the variations of the false zero deflexion 
in sympathy with fluctuations in the main current or 
voltage. 

The formula given for balance expresses the necessary and 
sufficient condition that the two electromotive forces set up in 
the coils, or on the condensers, of the bridge, send, through 
the moving coil, currents which are equal in magnitude and 
exactly opposite in phase*. But if this condition is not quite 
fulfilled, the unbalanced current will not necessarily be in the 
best phase to influence the deflexion unless certain limitations 
are borne in mind. The resistances R must not be made too 
small, and the resistances S must not be made too large. 
Otherwise the sensitiveness of the instrument to indicate want 
of balance is adversely affected, although the condition of 
balance remains as stated, except for minute correction terms, 
due to secondary effects of self-induction, &c., which have 
been neglected. 


* This is strictly true for the cases of figs. 2, 4, and 6. In the cases 
of tigs. 3,5, and 7 an additional current through the moving coil is caused 
bv the resistance of the inductance coils. This current is in quadrature 
with the field, and does not cause any deflexion. "There is thus no need 
for a troublesome double adjustment as in corresponding tests in which 
other instruments are used. 
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We have found on investigation that the only cases which 
need be considered are those in which condensers are used 
(figs. 2, 6 and 7). The value of KSp (where p is 2r times 
the frequency) represents the tangent of the angle by which 
the phase of the moving coil current differs from that of the 
magnet field. It may easily become comparable with unity, 
as will be apparent from the fact that on 50 cycle circuits 
with K equal to 1 mierofarad, and S equal to 1000 ohms, the 
value of KSp is 0:314. But it will be found easy to adjust 
the conditions of the bridge in all the cases considered so as 
to render these tests quite satisfactory in practice. 

One or two examples of these bridge methods may be given 
to illustrate the conditions of working. 

The method of fig. 6 was used to test the values of M for 
a primary coil of 500 turns in conjunction with two secondary 
cols. The three coils were wound on a wooden bobbin and 
the primary wire was suitable for a current of 2 amperes. A 
current of 1:1 ampere was passed through the bridge, and 
28 volts were applied to the 4000 turn coil, the frequency 
being 50 cycles per second. A standard resistance of 
0:9995 ohms was used for S, and a standard mica condenser 
of 1:0155 m.f. was used for K. An ordinary resistance-box 
was used for R. Using the first secondary coil the value of 
R47 was adjusted to 4225-1 ohms. The corresponding value 
of M works out to be 4:2885 millihenries. A similar test 
with the other secondary yielded 3:8499 m.h., and one with 
the two secondaries in series yielded 8:1398 m.h. The sum 
of the values of M for the two secondaries is 8:1254 m.h. 
The small inconsistency is easily attributable to errors in the 
resistance-box, to small capacity effects in these resistances, 
or to similar causes of no present interest, the point being 
that it was possible to adjust R to one part in 40,000, under 
conditions of test which could easily have been rendered more 
sensitive. The current used with the bridge could have been 
quadrupled, and the strength of the field could have been in- 
creased ten times, without injuring the apparatus, and with- 
out altering the quantities under test. 

The method of fig. 2 was used to compare the capacity of 
a paraffin paper condenser (about 0'9 m.f.) with the standard 
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mica condenser just referred to. The 4000 turn field-coil 
was subjected to 20 volts on a 50 cycle circuit. From this 
voltage was obtained, by means of a small transformer, a 
cophase voltage of 2:5 volts suitable for the bridge conductors. 
The resistances S were kept below 2000, and various tests 
were made. It was always possible to adjust the balance to 
1 part in 10,000, but the inconsistencies in the various tests 
amounted to 2 parts in 1000 and are attributable to pheno- 
mena (such as a partial conduction in the paper condenser) 
affecting the exact formula for balance. 

An adjustable air-condenser, formed of a fixed and moving 
set of plates like a multicellular voltmeter, was tested for 
capacity against the standard mica condenser above referred 
to. The maximum capacity was measured as 0:0023 m.£., or 
only 0:2 per cent. of that of the standard. It was always 
possible to measure the capacity in any position far more 
accurately than the condenser could be adjusted to this posi- 
tion. The method of fig. 2 was used, but higher voltages 
were applied to the bridge than in the previous test. Tho 
4000 turn fieid-coil was subjected to 30 volts, and this voltage 
was also used for the condenser bridge, a resistance of 9000 
ohms, made for the pressure circuit of a wattineter and 
suitable for high voltages, being used in association with the 
air-condenser. The standard mica condenser was used as K,. 
The associated resistance 8, was taken from an ordinary 
resistance-box. It was set at various values up to 22 ohms 
asa maximum. The 9000 ohm resistance was used for Sg, 
and the air-condenser K, was adjusted for each value of 8, 
till balance was obtained. The maximum voltage to which 
S, was subjected in these tests was less than 0:1 volt. The 
false zero method was employed for balance, the moving coil 
voltage causing a deflexion of about 10 centimetres. 

It is to be noted that in all these bridge tests the phase 
error of the electromagnet due to the resistance of the field 
winding does not lead to any error, but merely causes a 
negligible change of sensitiveness due to a shift of phase 
of the moving coil current as compared with that of tho 
field. 
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Other Uses of the Instrument. 


The voltmeter tests previously described show that the 
instrument can be used to measure very small capacities, 
especially in cases where it is possible to apply high voltages 
tothe condenser. It will be apparent from expression (2) 
that if the voltage V, applied to the condenser is in phase 
with the voltage V applied to the field, and a known multiple 
of it, the sensitiveness can be indefinitely increased by making 
Vi large. 

Thus two circular brass plates of 7:3 cm. diameter and 
about 6 mm. apart were tested as a condenser, and found to 
have a capacity of 6x10-® microfarad. This capacity 
caused a deflexion of 180 mm. when 102°4 volts were applied 
to the 4000 turn coil, and, by means of a transformer, 
890 volts were applied to the condenser plates through the 
moving coil. The capacity tested being so small it was found 
necessary to eliminate capacity effects associated with the 
wires used for the connexions. This was done by taking the 
difference of two deflexions obtained with the connexion to 
one of the plates alternately made and broken. Earthing 
conditions had to be carefully attended to. Good values 
have been obtained for the specific inductive capacities of 
plates of various dielectrics, but we have as yet not had time 
to properly carry out such tests, which for accurate results 
require balance methods with guard-ring condensers. 

The instrument has not yet been tested with alternate 
currents of higher frequencies than 100 cycles per second, 
but there appears no reason to suppose there will be any 
difficulty in the way of its use for high frequency work. 


Added July, 1910.—Mr. A. Campbell has drawn our 
attention to a paper, previously unknown to us, in which 
Stroud and Oates (Phil. Mag. 1903) describe an instrument 
resembling in some respects the galvanometer here referred to. 
The paper gives data of the electromagmet showing that it 
contained a greater volume of iron than that of the instru- 
ment here described. But no details are given of the air-gap 
between the poles, and it does not appear that any attempt 
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was made to produce a magnetic field whose phase is essenti- 
ally in quadrature with that of the applied voltage. The 
characteristics of the present instrument are the result of 
such a relationship. In the Stroud galvanometer the field in 
the gap is probably stronger and less uniform than that of 
the instrument here described ; since the disturbing influence 
of this field on the moving system seems much more serious. 


ABSTRACT. 


Tests of effects due to change of current, such as induction pheno- 
mena, are often hard to carry out because the ballistic galvanometer 
available is not sensitive enough. Alternate current tests are still less 
satisfactory owing.to special difficulties. The vibration galvanometer 
overcomes only a few of these difficulties. It must be adjusted to 
resonance for the best effecfs, and its indications vary with current 
frequency. The sensitiveness of ballistic galvanometer tests can be 
greatly increased by the use of some form of mechanical commutator 
by means of which a crude form of alternate current is produced. A 
better method would be to generate the current in the usual way if 
a suitable instrument existed. The galvanometer here described is the 
result of an attempt to construct a measuring instrument by means of 
which inductances and capacities can be compared by bridge methods as 
accurately as it is possible to compare resistances. The instrument is 
like a moving coil galvanometer in almost every respect, except that its 
field is due to a specially constructed electromagnet excited by an 
alternating voltage. This voltage V is applied to a winding of m turns 
of the electromagnet, and the core flux N is such that 


V=rA+ mN, 


where r is the resistance of the winding and A the current traversing it. 
The coil and electromagnet are so designed that for currents of the 
frequencies used the value of rA is negligible in comparison with V. 
The rate of change of N will therefore be at each instant a measure of V, 
whatever the permeability or hysteresis of the core. The instrument has 
a laminated electromagnet formed of stampings of two kinds—a rect- 
angular portion with two straight limbs forming the core of the 
electromagnet, and a specially shaped stamping between the poles. The 
moving coil of 50 turns swings in a narrow gap separating the stampings, 
in much the same way as in a permanent magnet instrument. On 
the limbs of the magnet are windings of 200, 2000, and 4000 turns. 
The iron will not be toostrongly magnetised if the winding used contains 
20 turns per volt on 50 ~ circuits, but the instrument is so sensitive 
that such excitation will only be needed for exceptional tests. 

If a voltage V be applied to one of the field coils of m turns, and if 
the same, or another, field winding of n turns be joined up, through a 
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condenser of K microfarads, to the moving coil, the torque acting on this 
moving coil will be a measure of 
oT 
Kn (>) ; 
n 

ie. the deflexion is proportional to the square of the voltage. By 
suitably choosing K, m and n, the voltmeter may be used over a large 
number of ranges. Thus with the instrument shown a deflexion of 
200 mm. on a scale at 1 metre distance, can be obtained either for 
200 volts or for 20 millivolts. The deflexion is independent of frequenev 
and wave-form if the field-winding to which the voltage is applied has a 
resistance negligible in comparison with its impedance. Thus with 
21— 4000 and 4 —200 it was found that the value of V* required to give 
a certain deflexion was independent of frequency between 50~ and 
100~, but at 25~ it was 61 per cent. less than at 50~. At any fixed 
frequency the deflexion will always measure KV?, The instrument may 
be used with great advantage to compare inductances and capacities by 
the ordinary bridge methods, the working conditions being (i. the 
alternating voltage V applied to the field coil of the instrument must 
also cause the current in the bridge conductors, (ii.) the alternate current 
in the bridge must be made in phase with the voltage V by the use of 
suitable non-inductive resistances, (ii) the moving coil must be placed 
directly across the bridge. 

The balance can be adjusted with ease to 1 part in 10,000 when the 
voltages set up on the coils or condensers are of the order of 1 volt. 
When a balance of great precision is needed, the minute electromotive 
force e induced in the moving coil by the alternating field of the magnet, 
tends to cause a small deflexion disturbing the balance. When the 
moving coil circuit is non-inductive, the current due to e will be in phase 
with e and in quadrature with the flux so that the corresponding deflexion 
will be negligible. But in all cases any effect due to e can be accurately 
eliminated by working to a false zero. As illustrations of the behaviour 
of the instrument, the results of tests are given on the measurement of 
the mutual induction of coils, the comparison of capacities, and the 
measurement of Specific Inductive capacity. 


Discussion. 


Mr. A. CAMPBELL expressed his admiration of the galvanometer and 
in particular of the ingenious method of connecting it with a condenser 
when voltage is to be measured. He remarked that the instrument was 
very similar in construction and use to that used by earlier experimenters. 
Stroud and Oates (Phil. Mag. 1903) described such a galvanometer and 
showed how sensitive it was for testing condensers by Anderson's 
method and for other purposes; and Terry (Phys. Review, 1905) used a 
similar one for accurate comparisons of condensers. Abraham (Comptes 
Rendus, Apr. 1906) described another in which the false zero was got rid 
of by a compensating arrangement. 


GALVANOMETER FOR ALTERNATE CURRENT CIRCUITS. 409 


With regard to vibration galvanometers, there is no difficulty in 
keeping them in tune on any reasonably steady alternating circuit. In 
the bridge methods illustrated in the paper, a double adjustment is 
necessary when a vibration galvanometer is used, and in general an 
evaluation of effective resistance or leakage resistance can be made 
simultaneously with the measurement of inductance or capacity. He 
asked the Authors if this double adjustment can be entirely dispensed 
with when the quadrature galvanometer is used. It would be interesting 
also to know how the instrument would work with non-sinusoidal wave- 
forms in a case where the balance depended on the frequency. 

Mr. W. DUDDELL asked if the Authors could supply more numerical 
data so that the instrument could be compared with other galvanometers 
of similar design. He pointed out that the tests were simplified owing 
to a double adjustment being unnecessary. 

Mr. InwiN thought that with small modifieations the instrument 
would be useful for tests other than those described in the paper. It 
might for example be used in determining the resistance of electrolytes. 
He pointed out that errors might arise due to a small amount of 
magnetic material in the moving coil. 

Dr. SUMPNER stated, in reply to Mr. Campbell and Mr. Duddell, that 
the object of the special shape of pole-piece was to increase the impedance 
of the exciting coil. Electromagnet galvanometers were not new, but 
the special mode of controlling the magnetic flux by the applied voltage 
was novel. The behaviour of the instrument was a direct consequence 
of this device. The vibration galvanometer responded to a voltage 
irrespective of its phase, and hence in some tests troublesome double 
adjustments were needed. "This was not the case with the new instru- 
ment in regard to any of the tests described in the paper. The current 
taken by the instrument could easily be calculated from data given in 
the paper. In reply to Mr. Irwin, the Author said that the small 
deflexion due to magnetic impurities in the moving coil could be 
eliminated in all balance tests by using a false zero method. In 
deflexional methods the effect could be rendered negligible by reducing 
the voltage exciting the field, and using a moving coil current of 
correspondingly increased strength. 

Mr. PriLLIPS stated that the present paper was preliminary to a more 
detailed account of the work which had been done with the instrument. 
In reply to Mr. Irwin, he stated that it was proposed to make use of the 
instrument to measure the Specific Inductive capacity of materials and the 
resistance of electrolytes. 
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XXVIII. Positive Electrification due to Heating Aluminium 
Phosphate. By A. E. Garrett, B.Sc.* 


[Plate VI.] 


I. Zntroduction and Experimental Arrangements. 


IN a paper published in the ‘ Philosophical Magazine’ for 
October, 1904, by Dr. R. S. Willows and myself, it was 
found that the halogen compounds of zinc when heated are 
able to discharge both positively and negatively electrified 
bodies. A more detailed examination of this phenomenon 
was subsequently carried out by one of us f. 

In those experiments the temperature to which the salts 
were raised was in no case higher than 360? C., and no series 
of observations at pressures lower than a few mm. were 
undertaken. 

Sir J. J. Thomson f made some experiments to determine 
whether the base or the acid is instrumental in producing the 
ionization, and came to the conclusion that the nature of the 
ionic charge is determined by the acid. Thus he found that 
phosphates when heated produce a very large excess of 
positive ions, halogen compounds produce an excess of 
positive ions, and nitrates an excess of positive at first, but 
when heated sufficiently to be converted into oxides they 
produce an excess of negative. Incidentally he found that 
aluminium phosphate gives off a very large excess of positive 
ions. 

Now the halogen and other compounds used in the previous 
experiments are known to be bodies which undergo decompo- 
sition when strongly heated, and the ionization in this case 
may be due to chemical action. Aluminium phosphate, on 
the other hand, is an extremely stable substance, and it is of 
interest to investigate the source of ionization in this instance. 
This salt was therefore chosen for detailed examination. 


* Read June 10, 1910. 
t Garrett, Phil. Mag., June 1907. 
t Cambridge Phil. Soc. Proc., p. 105, 1907. 
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The apparatus used is shown in the following diagram. 

The glass tube consists of two parts connected by a ground- 
glass joint. The part A is shown in vertical section, the part 
B in horizontal section. e is the strip of thin platinum foil, 
$ sq. cm. in area, on which the salt is placed to be heated; the 
temperature of the platinum e is raised by a current, the leads 
for which are the thick copper wires c,d. The electrode E, 
which is connected through a galvanometer to earth, is an 


Fig. 1. 


oblong aluminium disk about 3 sq. cm. in area; the distance 
between the heated salt and this electrode was in most cases 
0:5 cm. f, g are wires of the thermo-electric couple used for 
ascertaining the temperature of the platinum foil with which 
they are fused. To obtain the temperature from the thermo- 
electric current, the deflexion of the galvanometer to which 
leads from the junction pass was noted when a tiny particle 
of K,SO, just melted on the foil. In this way the deflexion 
for two temperatures differing by about 1000? C. was obtained, 
and the temperature in degrees centigrade corresponding to 
any other deflexion could be got by aid of the correction 
curves given by Callendar *. The reliability of this method 
was checked by observing the melting-point of Na,SO,. The 
observations of the behaviour of aluminium phosphate were 
taken over a range of temperature from 900° C. to 1300° C. 

Before commencing work with aluminium phosphate it was 
ascertained that only a small current due to ions of either 
sign could be detected when the platinum foil was used 


alone. l 


* Phil. Mag. [5] xlviii. pp. 519 et seg. 
VOL. XXII. 2a 
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The sensitivity of the galvanometer was such that a de- 
flexion of one scale division represented a current of 
2x 10-7? ampere. 

When taking readings, a saturation voltage obtained 
from a battery of small accumulators the negative terminal 
of which was earthed, was put on e (fig. 1) as soon as the 
heating of the salt was commenced, and the deflexion of the 
galvanometer noted from time to time. When the voltage 
was taken off e in order to read the thermo-current, time was 
allowed, when the voltage was again put on, for the current 
to become steady before readings were taken. 

When the heating-current had been continued for some 
time, such a large amount of heat had been conducted along 
the copper leads as to cause the melting of the wax which 
was used to render the tube air-tight. This was remedied 
by soldering a small metal tube over each lead as shown in 
fig. 1, and making air-tight wax joints at A and k. 

During the course of the experiments in which the galvano- 
meter was used, many attempts under varying conditions were 
made to detect the presence of negative ions, but with no 
success. That such ions are present was afterwards proved, 
but from the results obtained they must be less than 4 per 
cent. of the positive. 

Now if the positive ions are produced by chemical change 
brought about by the heat, then one would expect that a 
decay in the current would take place with the time. It was 
found that the current does decrease when heating is con- 
tinued, so it was decided to obtain the curve of decay for this 
substance. 


II. Decay of Positive Tonization. 


The aluminium phosphate was made into a paste with 
distilled water and then placed on the foil e; the foil was 
heated slightly by the current before putting it in the tube, 
this causes the phosphate to adhere to the platinum, and also 
gets rid of the excess of water. To lessen the effect of the 
contained gas the tube was evacuated, and the temperature of 
the foil quickly raised to the degree desired. Varying con- 
ditions of temperature and pressure were tested, and it was 
found that the most expedient method was to reduce the 
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pressure to about 0°05 cm., and to use a temperature of about 
1200? C. Under such circumstances it was possible to obtain 
a record of the decay in 5 or 6 hours. 

The method of procedure was as follows :— + 60 volts were 
put on e (fig. 1), and as soon as the temperature became 
steady, readings were taken ; the pressure and temperature 
were kept constant throughout. 

Experiments of this kind were carried out with air, 
hydrogen, and CO,, as the gas in the tube. It was found in 
every case when air or hydrogen was used, that the manner 
in which the current varied with the time for the first 
20 minutes was peculiar. 

A typical curve to illustrate this is given (Pl. VI. fig. 2). In 
this curve the currents are plotted as ordinates and the times 
as abscisse. 

This shows a rapid fall from A to B, then a rise to a 
maximum at C,and lastly a decay C to D, in which the 
current decreases roughly exponentially with the time. The 
part of the curve near B sometimes showed still further 
irregularities. 

With CO, as the gas in the tube, a typical decay curve is 
represented by ECD, The initial changes observed in air, 
and hydrogen, are apparently due to water, since a pre- 
liminary heating of the phosphate at a lower temperature 
sufficient to expel the water, gets rid of them altogether. 

Further, in the case of CO,, that gas may possibly assist 
in the removal of hygroscopic moisture, and so prevent its 
action on the salt. 

After some hours' heating, a more or less steady state was 
reached. This state persisted for some months, nor did it 
regain any activity if dry or moist air was admitted, even if 
left for 2 or 3 days. Only on one occasion was a slight 
temporary regain noted, and in this case the interval was 
16 days. 

If after the steady state was reached the salt was moistened 
with distilled water, there was a large increase in the current 
which quickly died away, and in about 10 minutes the steady 
state was again reached. The decay of this, AF (Pl. VI. 
fig. 2), being taken in conjunction with a typical decay curve 
ECD, a curve of the forra ABCD is obtained. . 

262 
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This is further evidence that the initial changes are due to 
water. These changes will not be further considered. 

A typical decay-curve over a longer period omitting these 
changes is shown in Pl. VI. fig. 3 

The part of the eurve near C is exponential ; the portion 
EDC is very similar to the curve given by Rutherford in the 
2nd edition of * Radioactivity,’ p. 342, for the variation in 
activity of the active deposit of Th due to a very short ex- 
posure to the emanation. In the case of Rutherford’s curve, 
this is known to be due to the decay of two substances, Th A 
and Th B, the former of which does not produce any rays, 
and the equation of the curve is of the form A(e^^it —e^f), 
The curve of decay of aluminium phosphate can be represented 
by an equation of the same form up to the point C, beyond 
this the exponential curve lies below the experimental. 
Nevlecting this latter point for the moment, if the physical 
analogy as well as the algebraical one holds, we can suppose 
the first effect of the high temperature is to produce from the 
phosphate and the surrounding g gas a substance A which does 
not emit ions, that this next produces a substance B which is 
the agent producing the conductivity. As in Rutherford’s 
case, the curve alone does not allow one to say to which sub- 
stance the different X's refer. 

If the analogy holds further and the salt also independently 
produces C, the latter supplying ions but decaying so slowly 
that its decay can be neglected, the activity due to C is 
represented by a curve having an equation of the form 
B(1—e-7*^, and the whole curve EDCAB should be capable 
of being fitted by an equation 


A (e^t —e7^s) + B(1—e7*). 


This is actually found to be the case. The values of the A's 
depend of course upon the temperature of tlie salt. 

In Pl. VI. fig. 3 the dots represent experimental points, the 
©’s points calculated from the above formula. 

It cnn be seen from the curve, that immediately after the 
very rapid decay there is a somewhat steady state which is in 
turn succeeded by a gradual rise in the current to a final 
steady state. Owing to the small scale used, this is not well 
shown in the curve at AB, although in the experiment there 
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illustrated the actual rise amounted to about 20 per cent. of 
the previous steady values. The upper curve AB represents 
this section on a larger scale and makes this point more 
distinct. 

The relatively large current at the beginning of the heating 
appears to depend very largely upon tlie nature of the gas in 
the tube, while the final steady current is due entirely to tlie 
heated salt. 

The results obtained with hydrogen were always of a most 
irregular nature. The rate of decay was also much slower 
in that gas than in air or CO. It was quicker in CO, than 
in air. 

No alteration of the gas contained makes any difference to 
the current when in the steady condition i£ the pressure and 
temperature are kept constant. Further, although an in- 
creased current is obtained with higher temperatures, and an 
alteration in the pressure produces also an alteration in the 
current, yet on bringing both temperature and pressure to 
their former values, the same steady current is obtained. 


III. Attempts to increase the Activity. 


Richardson * found that a platinum wire which is heated 
to such a temperature that an excess of positiveions are given 
off, gradually becomes less and less active in this respect until 
a more or less steady state is reached. When the wire 
reaches this state he found that it could be rendered much 
more active by passing, for about a minute, an electric dis- 
charge through the tube containing the wire, and he further 
showed that this regained activity persisted for a considerable 
time after the discharge had ceased. 

It was thought that a discharge might havea similar effect 
upon the heated phosphate when it had reached the steady 
state. The heating-current was therefore cut off and a dis- 
charge from a Ruhmkorff coil sent through the tube. This 
increased the current temporarily. If the coil was again 
applied less effect was produced, until, after several repeti- 
tions, the coil produced no eftect. 

The actual period during which the discharge lasted was 


* Phil. Mag. (6) pp. 93 et seq., 1903. 
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gradually increased, and it was found that the maximum 
effect was attained when the discharge continued for 4 minute. 
On no occasion did it require more than 20 minutes again to 
reach the original steady state after discontinuing the dis- 
charge. In order to ascertain whether the temporary 
increase in current was due to the effect which the discharge 
produced upon the salt itself, or upon the residual gas, a 
fresh supply of CO; was admitted when the state at which 
the coil discharge produced no effect was reached, and the 
tube pumped down to 0°12 em. pressure. The coil discharge 
again caused a temporary increase. The direction of the coil 
discharge did not influence the result. 

The extra current therefore appears to be due to an effect 
produced by the action of the discharge upon the surrounding 


gas, 


IV. Action of Heat in the absence of Electrostatic Field. 


When the electrode e was insulated while the heating was 
continued, an abnormally large current was obtained so soon 
as the field was put on between eand E (fig. 1). This current 
gradually decayed, but it was some 2 or 3 minutes before it 
reached its normal value. The magnitude of the increased 
current was found to depend upon the time during which e 
was insulated. Jt gradually increased with the time, and 
reached a maximum when the insulation had lasted ten 
minutes, Any longer period of insulation was found to have 
no further increasing effect upon the current. 

It is possible that during the time of insulation positive 
ions are being freed in the salt on ‘e; these accumulate in 
the substance and are prevented from escaping by a discon- 
tinuity of the potential at the surface. This continues until, 
at the end of 10 minntes, the field due to the accumulated 
charges is sufficient to take them over as they are formed, 
when of course no further increase in the number accumu- 
lated takes place. 

When the field is again put on, these ions are of course 
dragged out, and the initial value of the increased current 
will depend upon the number of ions which have accumulated. 

This effect greatly increased the labour of taking readings 
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under varying conditions, as considerable time had to be 
allowed after a change had been made for the current to 
become steady. These experiments were carried out after 
the steady state had been reached. 

This effect was more apparent in some gases than in others, 
of those tried it was most marked in the case of CO,. 


V. Eject of Pressure upon Current. 


When the salt is in the steady state it is most convenient, 
for investigating the changes due to alterations of pressure 
and temperature. 

The changes in the current when the temperature was kept 
constant while the pressure was varied were first undertaken. 
The contained gases used were air and CO,. The results ob- 
tained were of a similar nature for both these gases. 

Some typical curves are shown in the accompanying 
diagram (Pl. VI. fig. 4), in which the pressures are plotted 
as abscissea, and the currents as ordinates. 

From these it can be seen that starting from zero pressure 
there is a very rapid rise in the current in all cases, the 
higher the temperature the more rapid being the rise. For 
each temperature the eurrent reachesa well-marked maximum 
value. This, again, is more pronounced at the higher 
temperatures. When the maximum current has been 
obtained, any further increase in the pressure produces an 
inmediate and rapid decrease in the current. For the 
temperatures investigated, this decrease continues until the 
pressure attains the value 5 or 6 cms., after this the decrease 
which takes place in the current for any further increase in 
the pressure is always smaller but is still quite marked. The 
rate of decrease is always more rapid at the higher tempera- 
tures. 

When. the pressures for which the currents have maximum: 
values are plotted against the temperatures, it appears as if. 
the pressure and temperature are connected by a straight-line 
law, and that if the temperature could be pushed to a 
sufficiently high degreethe largest current would be obtained 
in the highest attainable vacuum. 
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The fact that the maximum currents obtained at the hizher 
temperatures and lower pressures were always greater than 
those obtained with the lower temperatures and higher 
pressures is further evidence in support of this view. 

It is quite possible, however, that the slope of the tempera- 
ture-pressure line may gradually become less and less, and 
that it never actually reaches the zero pressure line. 

The peculiar manner in which the current varies with the 
pressure under these conditions cannot be explained by the 
collision of moving ions, as in all cases the voltage used was 
that corresponding to the flat part of the saturation curve. 
Evidence given later suggests that neutral doublets, such as 
Righi suggested compose the magneto-cathode ravs, and Sir 
J. J. Thomson * found indications of in his experiments on 
positive electricity, are driven off when the salt is heated, and 
the current may be due to the break up of these doublets by 
collision with the gas molecules. 

These doublets would be shot off with relativelv large 
velocities at the lower pressures, but would have small chances 
of colliding with gas molecules or other doublets, and so, 
relatively few free ions are produced. At higher pressures 
the doublets would have much slower speeds but greater 
chauces of collision. Somewhere between these extremes the 
most favourable conditions for obtaining a maximum current 
may be looked for at each temperature. 

At the higher temperatures the velocity of ejection is 
greater, and a less number of collisions will be required in 
order to split up the doublet, hence the maximum current is 
obtained under such conditions at a lower pressure. 

With an increase of pressure more collisions are possible, 
but less doublets escape from the heated salt since the 
temperature is lower, hence the current obtained is smaller. 

The great drawback in the way of this explanation is the 
very small current due to negative ions, as compared with 
that curried by positive ions, which can be obtained under 
these conditions. 


æ Phil. Mag. xviii. pp. 828 et seg., Dec. 1909. 


DUE TO HEATING ALUMINIUM PHOSPHATE. 419. 


VI. Effect of Temperature at Constant Pressure.— 
Phosphate in Steady State. 


Richardson * has proved that the formula I=a@te-@, 
where I=saturation current, and @=the temperature in 
degrees absolute, while Q=a measure of the energy associated 
with the liberation of an ion, represents the connexion between 
the saturation current and the temperature, for positive as 
well as for negative ions given off by heated platinum 
wires. 

The same law holds for various chemical compounds which 
have been tested up to a temperature of 360° C. about T. 

The following resulis have been obtained by heating 
aluminium phosphate in CO, at 0°05 mm. pressure. 
Different quantities of the salt having been used in these 
experiments, the absolute values of the currents are not 
comparable. 


I. 


l 


| ein perature,| Current, 2? x10-9 


II. 


Temperature, Current, 2x 10-9 


| ? C. amp. as Unit. | “0, amp. as Unit. | 

| 880 1 | 1036 ! l i 

| 950 4 | 1038 3 o] 

| 970 7 ! 1135 5 | 
995 15 | 1160 8 

1030 — 35 ^ 1195 15 | 

| 1055 | 49 | 1230 34 | 
| — 1095 | 103 | 1245 35 

110 | 126 (0095 | 74 | 

| aw | 0*8 | 


The diagram (PI. VI. fig. 5) shows the results obtained when 


1/0 is plotted against log, e —log.I. 


The points are fairly 


* Roy. Soc. Phil. Trans, A. 207, pp. 22 et seq. 


T Garrett, Phil. Mag. June 1907. pp. 722 


et seq. 
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evenly distributed about straight lines, and these lines are 
parallel to one another. Thus the two sets of readings are in 
accord with one another, and the law may be looked upon as 
true for positive ions given off by heated aluminium phosphate 
in an atmosphere of CO», up to a temperature of 1300? C. 

When the tube was filled with hydrogen gas at a pressure 
of 0-05 mm., and the results obtained were plotted in a 
similar manner, the same law was found to hold for that gas 
up to 1300? C. (see Pl. VI. fig. 5, curve iii). 

The value of Q may be obtained direct from the diagrams, 
by multiplving the tangent of the angle which the line makes 
with the 1,8 axis by 2. 

By this means it is found that for the temperatures ranging 
from 900? C. to 1200? C. when the surrounding gas is CO; 
at a pressure of 0:05 mm., the value of Q is 7-1 x 104, while 
with the hydrogen gas under similar conditions of pressure 
the value of Q is only 5:3 x 10* for temperatures ranging 
from 1095° C. to 1300? C. 


VII. Determination of e/m. 


Sir J. J. Thomson's eycloid method* was used for this 
purpose, In this method the ions move in a gas at very low 
pressures under the influence of a magnetic and electrostatic 
field acting at right angles to one another. For a given 
electrostatic field, the magnetie field was altered until it 
caused an appreciable diminution of the current passing to 
the electrode E (fig. 1). These experiments could not be 
pushed far because a magnetic field of sufficient strength 
could not be created. The magnet used produced a field 
of 800 gausses. The distance between the electrodes was 
045 em., and the air pressure in the tube was less than 
0-01 mm. When the lower electrode was at a positive 
potential of 6°3 volts, the magnetic field produced a decrease 
of about 10 per cent. in the current. 

Thomson has shown that in the case of ions starting. from 
a given plane, the value of e/m for these ions may be found 
from the formula e/m=2V/H?d?, in which V is the voltage 
to which the electrode from which the ions start is raised, 


* ‘Conduction of Electricity through Gases, 1st edition, pp. 107 et seq. 


DUE TO HEATING ALUMINIUM PHOSPHATE. 421 


H the value of the magnetic field, and “d” the distance 
between the electrodes in ems. 

Substituting the above experimental values in this equation 
we find that e/552 9700 about. Similar values were obtained 
from other experiments, 

This value of e/m refers, of course, to the lightest positive 
ions present. : 

Thomson found for the positive ions from hot platinum, 
values ranging from 60 to 720. 

The value of e/m for the hydrogen atom in electrolysis is 
taken as 10*. From this it is seen that these positive ions 
are comparable in size with the hydrogen atom, if we assume 
the same value for “e” in both cases. 

A quite appreciable though smaller diminution of the 
current was also obtained under such conditions that e/m 
when caleulated was found to be some 3 or 4 times as 
large as given above. Either the ions affected in this case 
have a mass smaller than that of the hydrogen atom, or else 
their velocity is much less than that due to the electrostatie 
field applied ; in the latter case we might assume that they 
started as free ions at some point between the two electrodes, 
and not as such from the surface of the heated salt. 


VIII. Velocity with which ions are shot off from 
the Salt. 


Earlier in the paper it has been suggested that some of 
the ions escape from the salt on account of their kinetic 
energy without the application of an electrostatic field. 

To put this in evidence a Dolezalek electrometer was 
substituted for the galvanometer, since the ions so escaping 
could not be detected with the latter. The sensitivity of the 
electrometer was such that 1 volt produces a deflexion of 
180 seale-divisions, The pressure was reduced to 0:01 mm. 
and the temperature varied as required. 

A weak magnetic field was imposed so as to remove any 
effeet which negative ions might produce, and both E and 
the lower heated electrode are earthed initially. 

E was then found to receive a positive charge on discon- 
necting it with carth. 
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If the lower electrode was now given a negative potential, 
this had to be raised to 1:2 volts to stop altogether the 
charging up of E. 

If V =the negative potential to which the electrode e is 
raised to prevent positive ions leaving it, e = the charge on 
an ion, m = its mass, and v = its velocity ; then, from 
Vezlmi we can calculate the velocity * v" with which 
these ions are ejected from the heated «salt. 

Taking the value of e/m obtained earlier, we find that 
v=]1'4x 10° em. per sec., a velocity compirable with that 
(10*) of the positively charged particles which constitute the 
anode rays. 

With weak magnetic field of too low a value to affect the 
positive ions, the charging up effect was in every case 
increased, the final deflexion of the electrometer being 
always greater when the field was on. 

When, however, a field of 800, which had previously been 
found to produce a measurable decrease in the current due 
to positive lons was used, it was found that with tempera- 
tures below 1050? C. about, the rate of charging up of the 
quadrants was diminished when the field was on. As the 
temperature was reduced below this limit, the effect of the 
field became more marked. This was tested to temperatures 
about 950? C. 

Above 1050? C. the magnetic field caused an increase in 
the rate at which the electrometer was charged up by the 
positive ions, and when the temperature had reached 1200? C. 
about, the rate with the field on was twice as rapid as when 
the field did not act. 

These increases in the rate of charging up can be explained 
by the fact that negative as well as positive ions are produced 
under these conditions. These ions would cause tlie rate at 
which E charged up to be smaller than if positive ions aloue 
were present, so when they are prevented by the magnetic 
field from reaching the electrode the rate at which it charges 
up increases. This, however, does not occur until the number 
of negative ions which are deflected is in excess of the number 
of deflected positive ions, and this state is apparently not 
reached until the temperature is above 1050? C. 

lt must be understood that the actual number of ions 
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present under these conditions was very much less than in 
those cases in which the gulvanometer was used, since no 
indication of ions of either sign was then obtained in the 
absence of an electrostatic field. 

From 1050? C. to 1200? C. the rate at which E was 
charged up in the absence of the magnetic field was practi- 
cally constant, while the rate with the field on gradually 
increased. 

This would occur if the actual excess of positives which 
reached E per second remained constant, and. for this to be 
the case, since more ions are now present, negative and 
positive ions must be formed in equal quantities, such as 
might happen when neutral doublets split up. 

It may be that salts which give off an excess of positive 
ions when heated, at first eject positive ions only. Next, it 
would appear that doublets are ejected also, and when the 
salt is raised to a positive potential, or is at zero potential, 
the quickly moving positive ions may by collision with the 
doublets, cause them to break up, hence causing a large 
positive current to pass between the electrodes. The initial 
positive ions appear to increase in the number given off 
per second as the temperature is raised until about 1050? C., 
after which the output appears to remain constant. 

If, on the other hand, the salt is raised to a negative 
potential, the initial positive ions are prevented from leaving 
it, and so at reduced pressures, with electrodes a very small 
distance apart, the doublets have smaller chances of breaking 
up; thus the current when the salt is negatively charged 
is relatively small compared with that due to positive 
ions. 

That the potential to which the salt is raised has an 
important bearing upon the relative number of positive and 
negative ions present is clearly shown by the fact that the 
current due to negative ions is not so small compared with 
that due to positive ions when the salt is at zero potential 
and the gas pressure is low. 

Also, at atmospheric pressure when the products due to 
beating the salt were removed by an air blast, there was 
always quite a large current produced by the negative ions. 
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IX. Nature of the Ions at Atmospheric Pressure. 


For this purpose the apparatus used was two brass tubes 
of 1:7 cm. internal diameter, insulated from each other, and 
each having an insulated wire 0°33 cm. diameter and 28 cm. 
in length along the axis. These wires could be in turn con- 
nected with a Dolezalek electrometer of such sensitivity that 
one volt caused a deflexion of 820 seale-divisions. 

The method adopted was to heat the phosphate on platinum 
foil through which a current was passed, and to suck air 
past the heated salt, and then through the two brass tubes 
placed one behind the othier. 

In order to avoid great fluctuations in the temperature, 
the platinum and its leads were enclosed in a wide glass tube, 
one end of which was connected air-tight to the testing 
apparatus, and the other closed loosely with cotton-wool. 

Readings were taken after the salt had been heated for a 
sufficiently long time to bring it to the steady condition. 

The electrometer showed no initial leak even when one of 
the electrodes was connected with its quadrants, and the tube 
containing the electrode was raised to a positive potential of 
650 volts. A saturation current was obtained when the 
electrode nearer the heated salt was connected with the 
electrometer and a potential difference of 314 volts was used. 
This is shown by the following Table :— 


Current due to Current due to 

Volts. positive ions in Volts. positive ions in 

Arbitrary Units. Arbitrary Units. 
42 46 390 130 
81 o8 132 130 
126 79 474 128 
168 65 516 130 
210 95 558 126 
236 111 | 608 130 
275 123 626 130 

314 130 
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ex 


Under the conditions of experiment (veloeity of air through 
the tube being 40 cms. per sec.) it can easily be calculated 
from the formula 

= (17 — a?) loghja 
2Vt l 
in which 


v= velocity of ions in ems. per sec., 
b= radius of the tube, 
a=radius of wire electrode, 
V=potential-difference in volts between wire and tube, 
= time taken by air to pass from one end of the elec- 
trode to the other, 


that all ions with velocity greater than 0°0027 cm. per sec. 
are withdrawn when the saturation voltage of 314 volts is 
put on. When the voltage is raised to 656, ions must have 
a velocity less than 0:001 cm. per sec. to be able to escape 
from the first tube. 

If the front electrode (t. e. one nearer the heated salt) is 
earthed, and the front tube kept at any positive potential 
greater than 320 volts, no current should be found near the 
back electrode when this is connected with the electrometer, 
and the back tube raised to any positive potential ; a current 

could, however, be detected. 

.. Even when both tubes were raised to a positive potential 
of 656 volts there was a current of 8 or 9 arbitrary units. 
The total current on the back electrode when the front tube 
was earthed was found to be 118 units. Thus about 8 per cent. 
of the total current here appears to be due to ions which are 
too slow moving to be extracted even with the very high 
voltage used, or which have been formed after passing the 
front electrode. 

It may be mentioned that it was necessary to raise the 
back tube to a high potential before any indication of these 
extra ions was forthcoming. Thus with 432 volts on the 
front tube, a current could be just detected when 190 volts 
was put on the back tube. 

If the current of 8 units on the back electrode is due to 
ions which are too slow to be stopped by the field on the 
front electrode, then some indication of these would be 
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expected on the saturation current curve, t.e. after passing 
314 volts the curve should still gradually ascend. 

Nothing of the kind, however, takes place, and, as is seen 
from the table of observations given, a small increase could 
easily have been detected. 

If we assume that neutral doublets are present which 
break up into ions after passing the first electrode, then the 
results are readily explained. 

Should the extra ions be in reality due to the splitting up 
of neutral doublets rather than to the presence of ions of 
extremely low velocity, one would expect to find an equal 
number of negative and positive ions formed after passing 
the first electrode, and this should occur although the satu- 
ration currents on the front electrode due to positive and 
negative ions may differ widely. For aluminium phosphate 
these saturation currents on the front electrode are in fact 
very different. It was found that a negative voltage of. 220 
on the front tube was sufficient to obtain a saturation current 
with negative ions. When both tubes were brought to a 
negative potential of 656 volts, the front electrode being 
earthed, and the back electrode connected with the electro- 
meter, there was a current of 8 units—i. e., precisely the 
same as that obtained with positive ions under exactly similar 
conditions. 

This appears strong evidence in favour of the view that 
the extra ions are due to the splitting up of neutral doublets 
and not to ions of very low velocity. 

When a current voltage curve for the positive ions is 
plotted using the values given above, it is seen that the 
curve formed by joining the points obtained is not of the 
usual type. 

At about 200 volts there are indications that the current 
is nearly saturated, yet on slightly increasing the voltage, it 
again rises very rapidly and does not actually reach its 
saturation value until over 300 volts are put on. 

On the other hand, the curve obtained with negative ions 
is quite a smooth one and does not show any indication of 
saturation at a voltage lower than 220, nor does any further 
increase in current take place if the voltage is raised from 
220 to 656. This is shown in fig. 6, in which the upper 
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curve represents the current due to positive ions, the lower 
curve that due to negative ions at different voltages. 

This, taken in conjunction with the fact that a current is 
obtained at the second electrode when 656 volts are put on 
the first, suggests that either two classes of positive ions are 
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present, or else neutral doublets. The former is rendered 
unlikely on account of the constancy of the current which 
passes between the electrodes after 320 volts is reached. 


X. Further Evidence of Doublets. 
In order to test whether neutral pairs as well as ions are 
shot off from the heated salt when surrounded by gas at 
a low pressure, the apparatus shown in the next diagram 


was used. 
Fig. 7. 


The essential part of this apparatus consists of a long glass 
tube, in one end of which is a Faraday cylinder F, and in 
the other end the heated salt on the platinum foil S. 

VOL. XXII. 2H 
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During the experiment the foil was kept at a positive 
potential sufficiently high to prevent negative ions from 
leaving the salt. The wire gauze P was also kept at such a 
positive potential as to drive back any positive ions which 
have passed through the earthed metal tube E. 

The apparatus was evacuated to an air-pressure of about 
0°01 mm. The outer Faraday cylinder was earthed and the 
inner one connected to the leaf of an electroscope which 
was charged to a definite potential, positive or negative, as 
required. 

The insulation was such that the rate of leak of electricity 
from the leaf when the salt was not heated was imperceptibly 
small when the charge was of either sign. 

As soon as heating was commenced quite a distinct leak 
was noticed, and the rale of leak was the same whether the 
leaf was charged positively or negatively. 

On the other hand, after the inner cylinder had been 
reduced to zero potential, no charging up could be detected, 
thus showing that there was no excess of free ions of either 
sign in the neighbourhood of the inner cylinder. 

No positive ions could pass through the field between P 
and E, and it is highly improbable that any free negative 
ions leave the salt when the latter is charged positively, as 
in the experiment. Again, the field between P and the outer 
cylinder is a further preventive against any stray negative 
ions passing through the small hole into the space between 
the cylinders. Hence it seems that any ionization produced 
in the Faraday cylinder when the salt is heated, can only be 
brought about by the split up of doublets which have passed 
through the various electrostatic fields and diffused into the 
space between the two cylinders. 

An effect of a similar nature has been noted by Sir J. J. 
Thomson * when working with a hot lime cathode. 


XI. Hectifying Effect of the Heated Salt. 


Owing to the great velocity with which the positive ions 
are shot off from the heated salt when the pressure is very 


* Phil. Mag. Dec. 1909, pp. 829 et seg. 
P T 
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low, it was thought that such a tube as shown in fig. 1 could 
be used for rectifying alternating currents providing the 
temperature of the salt was kept within certain limits. It 
has been found by various experiments that it can be so 
used. 

Further work on this point is in progress. 


XII. Summary. 


(i.) The decay of the current due to positive ions obtained 
by heating aluminium phosphate has been investigated, and 
it is found that the curve connecting current and time can 
be represented by a formula of the type 


A(e^ Mf — e 7M) + B(1—e- f). 


(ii.) During the first part of the decay, the nature of the 
surrounding gas and the water contained by the salt have an 
important influence. When the steady state is reached the 
gas has no apparent influence, but water still temporarily 
increases the activity. 

(ili.) The discharge produced by an induction-coil tempo- 
rarily increases the current which is carried by the positive 
ions. 

(iv.) When the temperature is kept constant, it is found 
that for each temperature there is a definite pressure at 
which the current is a maximum. This pressure being 
lower, the higher the temperature. 

(v.) The Richardson formula I—a03e-Q/?? can be used to 
express the relationship between the current and absolute 
temperature when the pressure is kept constant. 

(vi.) À value is obtained for e/m which indicates that the 
smallest positive ions present at the lowest pressures must 
be of a magnitude comparable with that of the hydrogen 
atom. 

(vii.) The high velocity of the ions at low pressures, aud 
also the fact that some escape with great velocity even when 
no external field is applied, leads one to expect that a tube 
in which some aluminium phosphate is heated might be of 
use as a rectifier for alternating currents. It can be so used, 
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(viii.) The experiments (a) with varying pressures at con- 
stant temperature, (5) at atmospheric pressure in which a 
current is produced after all the ions are apparently removed, 
and (c) in which the charge on a Faraday cylinder leaks 
away when care is taken to prevent free ions reaching it, 
seem to indicate that neutral doublets as well as free ions are 
ejected from the salt. 


In conclusion, I should like to thank Dr. R. S. Willows, 
in whose laboratory these experiments have been carried out, 
for the interest he has taken throughout the course of this 
research, and Mr. F. C. G. Bratt for help in the construction 
of the apparatus used. 


Cass Technical Institute, 
Jewry Street, E.C. 
May 1910. 


ABSTRACT. 


In 1904 Dr. R. S. Willows and the Author communicated to this 
Society the results of some experiments on the halogen compounds 
of zinc, in which it was shown that those compounds when heated 
ionized the air around so that both positively and negatively elec- 
trified bodies gradually lost their charge. Work in this direction was 
continued, and the results obtained showed that a large number of 
inorganic compounds possess properties of a like nature to the above. 
In 1907 Sir J. J. Thomson found that chlorides, phosphates, and nitrates 
give off an excess of positive ions when heated, and he incidentally 
discovered that aluminium phosphate was most active in this direction. 
As many of the substances previously examined are known to be unstable 
(and hence the ionization produced may be the result of chemical change), 
while aluminium phosphate on the other hand is a most stable substance, 
it was thought that an investigation of the ion producing properties of 
that compound would be of interest, The apparatus was arranged so 
that the salt could be heated to the desired temperature (9009-1300? C.) 
on a strip of platinum foil. The pressure could be reduced as required. For 
most of the experiments a sensitive galvanometer was used as recording 
instrument. With the usual distance between the electrodes (0°56 cm.) it 
was found that a difference of potential of 60 volts was sufficient to obtain 
a saturation current with the positive ions. The way in which the cur- 
rent varied with the time when the saturation voltage was applied was 
first investigated. For the first half-hour the current was somewhat 
irregular. This was found to be due to the water present in the salt. 
The current for the first hour or two appears to be largely influenced by 
the surrounding gas. Neglecting the preliminary effects due to water, 
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the decay of the current with the time can be represented by a 
curve having the general formula 


A (e^ 9f eA2t) + B(1— e^’). 


The current finally obtained depends almost entirely upon the salt itself. 
After 5 or 6 hours heating, no further change takes place in the 
current obtained under fixed conditions of temperature and pressure. A 
temporary increase, however, can be brought about by moistening the 
salt, and also by passing a discharge from an induction-coil through the 
tube for about 4 min. When the salt is insulated and heated for some 
time, an extraordinarily large current passes when the field is first put on. 
This effect increases with the time up to about 10 minutes, after which 
any longer insulation causes no increase of the initial current. With the 
salt in the final steady state the conditions were suitable for experiments 
on temperature and pressure effects. It was found that for every tem- 
perature tried there was a certain pressure at which the current obtained 
was & maximum, and the higher the temperature the lower was this 
pressure. The currents obtained with constant pressure and variable 
temperature indicate that the relationship between the rate of production 
of positive ions and the absolute temperature can be represented by the 


Q 

Richardson formula aie 26. By using a quadrant electrometer in place 
of the galvanometer, it was found at pressures of 0'01 mm. that some 
positive ions are ejected with a velocity of the order 10° cm. per sec. ; 
and other experiments showed that the ions at very low pressures and 
acted upon by small electrostatic fields moved with great velocity, ro it 
was thought that this substance could be made use of as a means for 
rectifying alternate currents. It was found that it conld be so used. 
The values of e/m obtained by Thomson's cycloid method indicate that the 
smallest of the positive ions present possess a mass comparable with that 

the hydrogen atom. Many of the results obtained, in particular 
(a) those with varying pressures and constant temperatures, (5) those at 
atmospheric pressure in which after removal of all free ions by a field 
sufficient to produce a saturation current, a current of equal values for 
ions of both signs was found at an electrode placed behind that on which 
the saturation voltage acted, and (c) the loss of charge of a Faraday 
cylinder when screened from the action of free ions, indicate that one of 
the products due to heating aluminium phosphate is in the form of 
neutral pairs or doublets which afterwards split up into negative and 
positive ions. 
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XXIX. The Convection of Heat from a Body cooled by a 
Stream of Fluid. By ALEXANDER RussELL, M.A., D.Sc., 
M.I.E.E., Principal of Faraday House *. 
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t6 00-1 OU co ton 


l. Introduction. 


THE phenomenon of the convection of heat at the surface 
of a body immersed in a cooling fluid is one which does 
not lend itself readily to mathematical calculation. If the 
fluid be a gas the variations of the pressure, density, and 
velocity at different points of the gas so complicate the 
problem that little progress towards a complete solution has 
yet been made. In the case of liquids flowing past a body 
with appreciable but not excessive velocity, Boussinesq f has 
found some approximate solutions which deserve to be more 
widely known. The author has therefore thought that it 
would be useful to give the proofs in full of the more practical 
of Boussinesq’s formule, laying stress on their limitations, 
and pointing out some of their applications. The author also 
discusses the important problem of the heating, due to stream- 


* Read July 8, 1910. 
t Théorie Analytique de la Chaleur, t. ii. 1908, and Journal de Mathé- 
matiques, 6* Série, t. i. (1905). 
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line convection, of a liquid flowing through a cylindrical 
tube, and gives a table by means of which approximate 
solutions can be found without much difficulty. 


2. Historical. 


The differential equations the solutions of wnich would give 
the flow of heat through a fluid were first given by Fourier *. 
The fundamental equation was put into a more manageable 
form by Poisson f, but neither he nor Fourier gave any 
solution of it. 

Poisson writes the equation as follows :— 


-3.(43 i) + ES 2 (435). =) 


where @ is the ote of the fluid at n point (2, y, z), 
c the capacity for heat per unit volume, Æ the conductivity, 
and D0/Dt the rate at which the temperature of a particle of 
fluid passing through the point (z, y, z) is increasing in the 
direction of the motion of the fluid at the point. When 
written in this form it is interesting to notice how similar this 
equation is to the equation of the flow of heat through a solid 
body. We may also write 


DO d8 90 , Q0 900 
DU ae Ou + "Oy TW be . ss (2) 


where u, v, and w are the component velocities of the 
current at the point (z, y, z) parallel to the three axes 
respectively. 

In addition to equation (1) we have the ordinary hydro- 
dynamical equations f, namely, the equation of continuity 
and the three equations of Euler. 

A. Oberbeck § discusses the general equations, and gives a 
solution for a special case. In a valuable paper | L. Lorenz 
obtains an approximate solution for the case of a heated strip 


* Mémoires de l'Académie, t. xii. p. 507 (1820), or Œuvres de Fourier 
(Darboux's Edition), t. ii. p. 275. 

4 Théorie Mathématique de la Chaleur, chapter iv. (1835). 

1 Lamb's * Hydrodynamics,’ chap. i. 

& Ann. der Physik, vii. p. 271 (1879). 

| Ann. der Physik, xiii. p. 582 (1881). 
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cooling in air. When the strip is protected from draughts 
he proves that the heat convected from it varies as 6°! where 
0 is the difference of temperature between the strip and the 
air before it is heated by the strip. L. Graetz * finds the 
mathematical equation for thermal conduction in a liquid 
flowing through a cylindrical tube, and obtains a solution 
in terms of Bessel's functions. Harold Wilsonf gives a 
solution of this problem, taking the viscosity of the liquid 
into account ; but unfortunately his solution is only applicable 
to a very special case. 

Boussinesq was the first to state clearly the laws for the 
cooling of a heated body by a stream of liquid when the flow 
is not turbulent. In 1901 [ he published the formula for 
the cooling of a strip by a liquid flowing past it in a direction 
at right angles to its length and parallel to its breadth. Four 
years afterwards (l.c. ante) the same author published the 
solution of the problem of the convection of heat from a 
horizontal cylindrical rod of elliptical cross-section immersed 
in a liquid flowing in a direction at right angles to the axis 
of the rod. He also gave the solution for the similar problem 
of the convection of heat from an ellipsoidal shaped body. 


3. The Assumptions made. 


In order to simplify the mathematical work the following 
assumptions are made. The liquid is supposed to be 
atliermanous, that is, opaque to heat rays. It is also sup- 
posed to have no viscosity. The liquid therefore slips past 
the surface of the solid. In addition it is supposed to be 
incompressible. Hence we should only expect the solutions 
to give roughly approximate values when applied to the 
problem of spheres and cylinders being cooled by currents of 
air. It is instructive to notice, however, that Boussinesq’s 
result, that the convection of heat by a stream of liquid from 
a sphere or a cylinder maintained at a constant temperature 
varies as the difference of temperature between the solid and 
the liquid and as the square root of the velocity of the current, 


* Ann. der Physik, xviii. p. 79 (1883). 
+ Camb. Phil. Soc. Proceedings, xii. p. 406 (1904). 
t Comptes Rendus, cxxxiii. p. 257. 
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is in good agreement with the results obtained by P. Com- 
pan * from experiments with spheres in draughts of air, and 
also with Kennelly's f results for the cooling of cylindrical 
wires. Boussinesq’s theoretical results also would lead us to 
expect that the loss of heat per square centimetre of the 
surface of a wire would be greater the smaller the diameter 
ofthe wire. This is in agreement with the experiments of 
Cardani f, Ayrton and Kilgour $, Sala ||, and Kennelly 4. 

We also show later on that in certain cases the fusing- 
current of wires when immersed in a stream of liquid varies 
as the 1:25th power of the radius of the wire. This agrees 
with experimental results obtained by Schwartz and James ** 
for wires in air. 

The further assumptions are made that the thermal con- 
ductivity of the liquid is very small and that the variation in 
iis density does not appreciably alter the shape of the 
trajectories of the liquid particles in the immediate neigh- 
bourhood of the solid from the shape they have during 
isothermal flow. The former assumption is true in most 
practical cases, and the latter is permissible when the 
velocity of the current is appreciable and no eddies are 
formed. 

It is interesting to remember that in Hele-Shaw?stt method 
of reproducing the stream-lines of a perfect fluid flowing past 
an obstacle in two dimensions, a thin film of viscous liquid, 
glycerine for example, is employed, and results of high 
accuracy are obtained. Even for a thick film, the shape of 
the lines does not alter much from the ideal case, and hence 
the assumption that the stream-lines coincide with the stream- 
lines of a perfect fluid is not a serious one. 

The surface of the solid being cooled by the current is 
supposed to be isothermal, and the liquid in immediate 


* Ann. de Chim. et Phys. xxvi. p. 488 (1902). 

+ Amer. Inst. Elect. Engin. Proc. July 1909. 

] Nuov. Cim. xxx. p. 33 (1891). 

$ Phil. Trans. clxxxiii. part i. p. 371 (1392). 

l| Nuov. Cim. iv. p. 81 (1890). «| L. c. ante. 

** Journ. Inst. Elect. Engin. xxxv. p. 364 (1905). 

tt Brit. Assoc. Report, 1898. In this report Sir G. G. Stokes gives 
a theoretical proof of the method. 
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contact with it at any instant is supposed to have the same 
temperature as the solid. These two assumptions are quite 
legitimate. 


4. Flow in Two Dimensions. 


Making the above assumptions we shall now obtain the 
differential equation which determines the temperature at 
any point of the liquid, once the steady state has been 
established. 

Let us suppose that the velocity of the liquid at a great 
distance from the solid being cooled is V. In our problem 
it is convenient to denote the hydrodynamical stream-. 
function by Va, and the velocity-potential by V8. In fig. 1, 


Fig. 1. 


AA’ and BB’ denote adjacent stream-lines, and A'B' and 
AB denote adjacent equipotential curves. Let 


AA’ = s, 
and let AB = ðs. 
Then, by hydrodynamies, 

OVa oVB _ 


je as CUM OS es (3) 


where q is the velocity of the flow of the liquid at the point 
(51, $2). 

Consider the flow of heat in the time Dt into a prism 
having unit length, and having ABB’A’ for its cross-section 
(fig. 1). We suppose that this prism is moving with the 
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liquid, and its velocity is therefore g. Let 0 be the initial 
temperature of the liquid inside this prism, and let 0 + DO be 
the temperature at the time Dt. The gain by the flow of heat 
from AA’ to BB’ during this interval is 


9 (d? 
35 G: =) 05; Òs; Dt, 
and the gain by the flow from AB to A'B' is 


xU E39) 05 0s, Dt, 


where k is the conductivity of the liquid. Hence, if c denote 
the capacity for heat of the liquid per unit volume, the gain 
of heat by the element contained by the prism is c 9s, 0s; D8. 
We have, therefore, 


edad DO ={ È (ks 25). +9 (é S4) ds ds Dr, 


and thus Dé a dA 
= 3. (65) EAG 35)" a 


Since we suppose ka the liquid is flowing in the direction 
AA!, we have, when the steady state is reached, 
1? _ , 98 Of es 09 
De "Oe." ot — 18s 
and hence, assuming & constant, we get 


90 _ kjol , 076 
ós 0s? tA. (9) 


As q varies with both s, n Sa it appears at first sight as 
if it would be very difficult to obtain a solution of this 
equation. If, however, we alter the variables from s, and s; 
to æ and 8, the equation simplifies in a remarkable way. 

We have 

90 _ 090% | 09 of 
05 0205 * 08 ds; 
and thus 
070  o'0(Q« =) 9'0 a 9B P 90 Bey 
0s! Oa Nos 0208 05 05 | O8?\ Os 
0 d= 6 dA 
Qa Òs? Of ds," 
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sets . 076 
A similar equation holds for .- 5. 
O5; 
Noticing that 


Oa 08 _ Oa = of — 0 
Os: ur 5; ET i 


a =0, and V'8 = 0, 


we get 
ao (e at) 
as! * dat Vi Nau! * ag 
We also have 
08 004 
ds ORV 


Hence, substituting these values in (5), we get 


caet) © 


which is a much nd equation than (5) as the coefficient 
of the right-hand side is a constant quantity. 

Our assumptions allow us to simplify this equation still 
further. Since the liquid is a very bad conductor of heat, 
0 alters very rapidly with a but very slowly with 8. The 
term 9°6/987 is also negligibly small compared with 076/02’. 
We thus obtain the equation 


mr EE 


the solution of which has been put into various forms by 
Fourier and others. 


9. Circular. Cylinder. 


We shall now consider the problem of the cooling of a 
circular cylinder immersed in a stream of liquid with its axis 
horizontal and at right angles to the direction of flow. 

Let us take the origin of co-ordinates on the axis of the 
cylinder, and let us suppose that the liquid is flowing with 
velocity V in the direction XO, and that its temperature is 
zero before it meets the cylinder. 
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In this case we know * that 


(8) 


~o 


and B=: a'a 
where a is the radius of the cylinder and 
P= xt ay. 
The equation to the stream-line aj, which flows on the 


Fig. 2 


B, A, 


4 
Stream lines of Fluid flowing post cylinder: 
f^ & f* are the two Singular equipolential curves. 


surface of the cylinder (fig. 2), is « = 0, and the equations 
to the two equipotential lines, 9$ and £, are 


a? a? 
2(1+%)=—20 and 2(1+%)= 20 
respectively. These curves cut the cylinder and the stream- 
line a; at angles of 45°. We see therefore that the velocity 

* Lamb’s ‘ Hydrodynamics,’ Third Edition, p. 74. 
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of the liquid at L and L’ must be zero. The velocity at M 
and M'is 2V. At a great distance away from the cylinder 
B, and £, practically coincide with the lines 


z= —2a and <= 2a. 


Let us suppose that the temperature flow has become 
steady and that the temperature of all points on the stream- 
line aj is f(8). On this stream-line (fig. 2), from 8 = œ to 


B = Bi, we have 


0 = f(B) = 0, 
and on the same stream-line from 8, to B, we have 
0 = f (B). 


It is easy to verify * by differentiation that 


Crede .. @ 


is a solution of (7). Also, when « is zero, 0 = f(B). This 
solution, therefore, is applicable to our problem. 
The flux of heat UD per unit length of the cylinder 
990A . 
per second is X— «(9 D) Qs, where (55), is the thermal 
gradient at the surface of the cylinder where « = A By 
means of (3) this may be written in the form X — -(% ,98. 


But from (9) we have 


(5 £) = a gh, E+ Pan 


where we have written 7? for cVa*/(2k&?). 
Hence the total flux H of heat per second from unit length 
of the cylinder is given by 


E "A zal ie {re + 7) 0809 
- JN Ug e m — 9e on. AO) 


Now f(Bı +n?) is zero from n almost equal to nothing up 
* Cf. Boussinesq, Application des Potentials, p. 860 (1885). 
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to 7 equal to infinity; and f(8)+7’) is 0, from 9 equal to 
zero up to 7 equal to /8,;— B, and practically vanishes for 
all greater values of 7. Hence 


LV ^ V 8; — 8, 
n f (Bo + n°) On 
«0 


B WAS M Bo 9% 


we VBi— BS o... (11) 


where s is the specific heat, and e is the density of the 
liquid. 

This result, which is true for two-dimensional flow round 
a solid of any shape immersed in a stream of liquid, agrees 
with that given by Boussinesq. It shows that the loss of 
heat from the solid is proportional to the difference of 
temperature between the solid and the liquid.  Newton's 
law is thus verified when the cooling fluid is a liquid. It 
wil be remembered that Newton enunciated his law with 
reference to the convection and not the radiation of heat. 
He considered the case of a block of iron being cooled in a 
current of air flowing uniformly. He states * “ aeris partes 
aequales aequalibus temporibus calefactae sunt & calorem con- 
ceperunt calori ferri proportionalem." 

A. C. Mitchell ¢ has shown that Newton's law is very 
approximately true up to a difference of temperature between 
the solid and the air of 200? C., and P. Compan f has proved 
it true for temperatures up to 300? C. 

In several practical applications the assumption of Newton's 
law for the convection of heat by fluids leads to results which 
are found to be in close accordance with experiment. For 
instance, in the theory of the Irwin $ hot-wire oscillograph, 
the assumption is made that the convection of heat from the 


* “Scala Graduum Caloris,” Phil. Trans. p. 828, April 1701. The 
paper is not signed. In Newtoni Opera Horslett, vol. iv. p. 403 (1782), 
the title is given as “ Tabula Quantitatum et Graduum Caloris.” 

t Roy. Soc. Edin. Trans. xl. 1, p. 39 (1899). I L. c. ante, 

§ Journ. Inst, of Elect. Eugin. vol. xxxix. p. 617 (1907). 
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heated metal strips which are immersed in convection- 
currents of oil is proportional to the difference of tem- 
perature between the metal and the oil. The very satis- 
factory results obtained in practice prove that the assumption 
is approximately correct. It will be seen from $11 below 
that, even in the case of the turbulent motion of water 
through a pipe, Newton's law is very approximately true. 
It is not applicable, however, to natural free convection 
from a heated body in a gas or a liquid. In this case* 
Lorenz's law (see above) is applicable. 

In the case of the circular cylinder we find, from the 
values of 8, and fy given above, that 


Bi — Bo = 4a, 
eae aA 
and hence ca s q/ : Bose oo» a (12) 


If we denote the surface of unit length of the cylinder 
by S, so that S = 27a, the expression for the rate 
at which heat is lost by the cylinder per unit length is 
generally assumed by engineers to be equal to ASO, where A 
is independent of the radius of the cylinder. We see from 
(12) that the value of A for the perfect liquid is given by 


4 sok V 
h=—,/ att s e (03) 


Thus A varies inversely as the square root of the radius of 
the cylinder, and therefore the assumption that it is constant 
is not permissible. For example, if the radius of one wire is 
a hundred times that of another, the average heat per square 
centimetre of surface which is carried off per second by the 
liquid from the small wire is ten times greater than from the 
large wire. We also see that if we quadruple the velocity 
of the flow of the liquid, the temperature of the wire being 
maintained constant, the convection of heat is doubled, and 
if the convection of heat is constant the difference of tem- 
perature between the wire and the liquid is halved. 


* P. Compan, l. c. ante; H. Ebeling, Ann. der Physik, xxvii. 2, p. 391 
(1908). 
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6. Cylinder with Elliptic Section. 


Let the direction of the current be at right angles to the 
axis of the cylinder, and let it make an angle a with the 
major axis of the elliptic section which we take as the axis 


of X. If 


l=cos a and m=sin a, 


we easily find from the formule given in Lamb’s ‘ Hydro- 
dynamics’ (p. 70, 3rd ed.) that 


Baton / 4*5, sin £ + ix 


+ man f £5 ,-. cos E+ my, 
a—b 
where 
z-csinfcoshg, y-ccos£sinhg, and c=Wa*—b*, 
On the surface of the cylinder we have 

a=ccoshy, b=csinh s, 

and thus at these points 
zzasinf£, and y-bcosf. 


At points, therefore, on the surface of the cylinder, 


Bal” zele- Em? y my, 

= (12 +m) (a+), 

=(a+b){ Uem) Gk- R-P 
=(a+2)41- y myy, 


Thus 9 has extreme values when 


cla, y mb, 


d when 
= x= -la and y- mb, 


Hence we find that l 
Bi— p. = 2 (a +b). 


VOL. XXII. 21 
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Substituting this value in (11) we get 


H=4y / = Vilat . . . . (14) 


Hence the cooling of the cylinder by the stream of liquid i is 
independent of the direction in which the stream impinges 
on it. For a given area of cross-section and a given tempe- 
rature the cooling power increases with the eccentricity of 
the ellipse, being a minimum for a cylinder having a circular 
cross-section. It is not permissible to apply (14) when the 
liquid is flowing parallel to the minor axis and b/a is a very 
small quantity. In this case, the velocity of the liquid 
round the pointed ends of the ellipse would be very high and 
eddy currents would be formed 


7. Flat Strip. 


If the solid be a thin strip of metal placed so that its 
length is perpendicular and its surface parallel to the direc- 
tion of flow, we have by (11) 


kVb 
H=44/ 0, . e . è œ . (15) 


where b is the breadth of the strip. This also follows from 
(14). The convection of heat h per square centimetre of the 
surface of the strip per degree of temperature per second is 
given by 


h=2 sckV 


. (16) 


If the strip be bent so as to form a hollow cylinder of 
cireumference b, we have, by (13) 


NA VE RS 


= 3° ag / EY approximately 


Hence the average convection per square centimetre of 
effective surface is considerably increased. 
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8. Cylindrical Tube. 


Let the length of the tube be b, its temperature 0, and the 
velocity of the liquid flowing through it V. 

In this case, when the steady state 1s attained, Poisson's 
equation (1) gives us 


DA 180, dO _ saV dA 
or tz or o k Ox’ 
As the mathematical formule are complex we shall simplify 


the work by neglecting the conduction of heat in the direc- 
tion of the flow, in which case 


dO 1980 «cV 36 


gat e ed 


It is easy to show that the equation * 


4002 1 . (2n 4 D)ml (2n - Dyrz 
z eSI gg c Sr» wp 7 9 (17) 


makes y, 6, from 2=—1/2 to -- 1/2, 0 from l/2 to a—l/2, — 0, 
from a—l/2 to a+1/2, 0 from a+1/2 to a+3l/2, and so on 
periodically. 


Let us now consider an infinitely long tube. Take the 
origin at the centre of a portion of it of length l which is 
maintained at temperature ĝo. Let the contiguous portions 
be of length a—/ and be kept at zero temperature, and let 
the portions beyond these be of length J and be at tempera- 
ture — 0, and so on. Then by taking afl sutliciently great 
we can ensure that the liquid entering the hot portion of the 
tube is practically at zero temperature. 

Writing equation (16) in the form 

9:0, 100 . (2n+1)mi o0 (18) 
or ror  (2n4l)(m[a) ðr iic 


* Russell, * Alternating Currents,’ vol. ii. p. 388. 
212 
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where m?=-soV]ak, we deduce that * 


__ 40, f ber mR ber mr + bei mR bei mr ml . TE 

EE 1 ber? mR + bei? mR gg 999 BING? 

4 1l ber m V 3R ber m4/3r + beim4/3R bei m4/3r . 3rl m om 
3 ber? m,/3R + bei? m/3R Sn 3a a’ 

+ e. [] é e e 

D ber mR bei mr — bei mR ber mr wl . wx 

ber?mR + bei?mR eee 9 

_ lberm4/3R bei mV 3r — bei m /3R ber mv 3r . dal. swe 

3 ber?n / 3R + bei?m /3R 2a a’ 


where R is the radius of the tube. 
This value of 0 satisfies (18), and when r=R, 06-0, from 
—1/2 to +1/2, &c., and thus the boundary conditions are 


satisfied. 
Hence the loss of heat H per second from the portion of 
the tube from —1[2 to +1/2 is given by 


H=(""2nr: 98 dæ, when rz R, 
—i/3 or 


< sokVa "PL Wl 
= 16R, / = 0, { fom) sin, 


T W: f(m, /3R) sin? ka 


a’ 
Res b ees Q9 
where f(E) = $» 


_ ber E ber'£ + bei E bei'£ 
= ber?£ + bei?£ 


It will be seen that H is proportional to O, but except in 
the case when mR is great it is not proportional to 


RV sok VI. 
I have to thank Mr. H. Savidge for permission to publish 


* Russell, Phil. Mag. April 1909, p. 536. 
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the table of the values of Z/X given below. This, in addition 
to the table * and formule f for Z/X previously published, 
makes (19) a practical formula. 


9. Tables of the Values of the Function Z[X. 


t. Z/X. | t. Z/X. g. Z/X. 

$0 05399 | 44 05925 5:8 0:6180 
3:2 0:5550 46 0-5964 60 0-6211 
34 0:5656 48 0-6002 6-2 0:6240 
3:6 05734 || 50 0:6040 64 0:6267 
3:8 05793 | 52 0-6077 66 0-6293 
40 05812 | 54 0:6113 6:8 0-6317 
42 05885 | 66 0:6147 T0 0-6339 


10. Simplified Formulæ for Cylindrical Tube. 
In many practical cases m?R?, which equals rse V R?[ak, 
is a large number, and thus we may write 


ID= Ji i 


When we do this (19) becomes 


st a g T + 1 30 T 
MAG m LUN 
H=8 J2R Jii erg Om + 57550 3 


EMEN yin? Sy, NP" 


If a—21, so that we have lengths of the tube l, at tempe- 
ratures 6, and —6,, separated by lengths l at temperature 
zero, we have 


sokVa 1 T 
Hz 4 ina / 108 ELM + Fete a 


and noticing that > Jor = 1:6888 approximately, 


H-1951RA / "t5 0, sé. . . .(Bl) 


* Savidge, Phil. Mag. Jan. 1910, p. 66. 
t Russell, Phil. Mag. April 1909, pp. 529 & 532. 


we got 
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When the last term can be neglected this becomes 


H=1351R, / ^ 8, 2... s s. (22) 


Similarly when a = 3! we get 


= sok Vl 1 \e 1 
H=2vER/ - (1+ JA © oe DF 


=13-05Ry [AX 6, ooh us OD 


and when a = 6l, 


H-isoRA/ 9178, . . .. . D 


If tho temperature of the liquid entering the tube be zero 
and the temperature of the liquid leaving it be practically 
zero, except at points very close to the tube, we may deduce 
a formula from Boussinesq's formula (15) for a strip as 


follows: - 
H={ y goal 6,35, 
0 7T 


= A sckVl 0, 
T 
8 


ck 


Vi 
Oy.» + + + (23) 


This result is in good agreement with the preceding three 
formule. 


11. Turbulent Flow. 


It must be carefully noticed that in the above problem we 
have supposed that the particles of water flow in straight 
lines parallel to the axis of the tube. It is known, however, 
that in practice, when the velocity exceeds a certain critical 
value, the flow becomes turbulent and the eddy currents 
cause the particles of liquid to flow in sinuous paths. The 
theory of the convection of heat in this case has been studied 
by Osborne Reynolds *. He states that it is due to two 
causes. 1. The natural internal diffusion when at rest. 


* Proc, of the Lit. and Phil. Soc. of Manchester, vol. xiv. p. 9 (1874). 
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2. The eddies caused by visible motion which mix the fluid 
up and continually bring fresh particles into contact with 
the surface. In our notation, the formula deduced is 


H = A0 + BoVa, 


where A and B are constants. 

As the first term is small, H is approximately proportional 
to V. T. E. Stanton *, who has given an experimental 
verification of Reynolds’s theory, finds that H varies as V" 
where the value of n is a little less than unity. 

E. G. Coker f and S. B. Clement have proved that the 
critical velocity at which stream-line motion changes to eddy 
motion varies directly as the viscosity of the liquid and 
inversely as the radius of the tube. 


12. Electric Current required to fuse a Wire. 


Let us suppose that the wire is. horizontal with its axis at 
right angles to the direction of the flow of the liquid in 
which it is immersed, and let us suppose that the electric 
current through it is increased very slowly until the wire 
fuses. Let a be the radius in centimetres of the wire which 
we suppose to be cylindrical, C the current in amperes, 6 the 
steady temperature corresponding to this current, and p, the 
volume resistivity of the metal at (t? C. When the steady 
stale is attained the heat generated by the current per unit 
length of the wire per second must equal the heat convected. 
Henee, by (12), uu" 

0:2390? P*. = TET 4, a & a (26) 
Ta T 
and thus, 
C = T10(0]p) ?(sekV)*a*? , . . . (21) 

If 0 be the melting temperature of the metal, we see that 
the fusing current varies as (sckV)"4, and also as the 1:25th 
power of the radius of the wire. This latter result is in good 
agreement with experimental results obtained by Professor 
Schwartz (l. c. ante). In his experiments the wire was 
stretched horizontally in air. The current through it was 


* Phil. Trans. vol. 190, p. 67 (1897). 
T Phil. Trans. vol. 201, p. 45 (1903). 


450 DR. A. RUSSELL ON THE CONVECTION OF HEAT 


then increased very slowly until the wire melted, the reading 
on the ammeter in the circuit at this instant giving the 
fusing current. Before it melted a vertical stream of air 
was flowing past the wire, the heating of the air by the wire 
causing this convection current. For wires of small diameter 
this current would be approximately constant, and so making 
the assumption that the formule given above for cooling by 
ineompressible fluids may be applied for gases, we see that 
the fusing current varies as the 1:25th power of the radius. 


13. Schwartz’s Experimental Results. 


Expressing the fusing current by Aa" where À and n are 
constants for a given metal, the following results were 
obtained for X and n. 


Metal. ` Length of fuse. | S.W.G. | E "sing 


Currents. 


Copper (tinned) .| 5 ems. and upwards...| 47 to 33| 1 to 10 


7°6 cms. and upwards .| 43 to 20 - 
" 20 to 7 |10to 80 
35 to 18| 7 to 70 
12 to 20| 2 to 30 


In the case of most of the wires placing them vertically 
did not affect the value of n. Before this paper was published 
electricians, making the assumption that the heat emitted 
per unit surface of the wire was independent of its radius, 
deduced that n should be 1:5. 


14. Steady Temperature of a Wire carrying an 
Electric Current. 


If we assume that the volume resistivity of a wire varies 
with temperature according to the law 


Po = p, (1 +286), 
we get by (26), 


SakVa o. Poe V. oa. po 
of sa/ - 02390105, } 2023901 Po, . (28) 
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and thus Ó can be easily computed. The value of C must of 
course be less than the fusing current. 

Suppose, for example, that the wire is being cooled by a 
stream of ice-cold water. We shall take 


s=o=zl and k= 00016. 


5 
6 =1/ {2:37 = -a }. 2... (29) 
If the rod were of pure copper 
Po = 1'56 x 10-6, and a = 0:004. 
If, in addition, 
a = 0'25 em. V = 25 cm.jsec. and C = 1600 amperes, 
we readily find from (29) that @ is 11°3 C. 


Hence 


15. The Effect on the Convection of Heat from a Cylinder 

of putting a Covering round it *. 

Let a be the radius of the cylinder which we suppose to 
be maintained at a constant temperature 0,, and let b be the 
outer radius of the insulating covering. We shall suppose 
that kı, the thermal conductivity of the insulating covering, 
is large compared with the conductivity k of the cooling 
liquid, so that we can suppose the outer surface of this cover- 
ing to be isothermal. 

The equation to the steady flow of heat across the insulating 
covering is 

09 
— k,27rr — = constant = H, 
or 
H lo ? 
Qark, Beg 
where ĝ is the temperature of the outer surface of the 
covering. By (12), we find that 
H ^ H b 
0, — 8 Vick Vy * Bak, ea 0.5. (81) 

Let us now consider how the temperature 0, of the wire 

varies with the thickness b —a of the insulating covering 


and hence, 


01— 0, = (30) 


* Cf. L. Roy, Soc. Int. Elect. Bull. p. 69 (1910). 
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when H remains constant. We have 


98i -Hy - {un Th 
Ob  2mkb*? 8 ysckV J^ 


Hence if a be less than h,?/(64sckV), we see that when 
the thickness of the covering is very small 00,/04 is negative, 
and thus putting on a thin layer of insulating material will 
have the effect of lowering the temperature of the wire. 
When b=7°h,?/(64sokV) the temperature of the wire has its 
minimum value Onin which is given by 


H Th 
Omin = mk fı + loge 8 ivi] E e x (32) 


The following simple experiment illustrates this effect. 
Portions of a piece of thin manganin wire are insulated with 
glass, the rest being left bare. When placed in a current of 
air and heated electrically the bare pieces of wire glow 
brilliantly, but the portions covered by the glass are quite 
dark and are therefore at a much lower temperature. 

In very high tension systems for the electric transmission 
of power the overhead wires are sometimes surrounded with 
corone which appreciably increase the transmission losses. 
The author has previously suggested that the losses would 
be diminished by insulating the overhead wires with a suitable 
material of high electric strength. The above analysis indi- 
cates that this procedure instead of diminishing the permissible 
current in the wires would actually, in many cases, allow an 
appreciably greater current to be transmitted for the same 
rise of temperature of the wire. 


In conclusion, I have to thank Professor Charles Lees, 
F.R.S., for his kind help in giving me a long list of references 
to papers on this subject. 


ABSTRACT. 


Attention is directed to certain deductions made by Boussinesq from the 
mathematical theory of theconduction of heat inliquids. Complete proofs 
are given of Boussinesq's formule, stress being laid on their limitations, 
and some of their practical applications are pointed out. It is proved 
that when a hot body is immersed in a stream of liquid flowing with 
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constant velocity, the cooling is proportional to the difference of tempe- 
rature between the body and the liquid. Newton proved experimentally 
in 1701 that this law was true for the case of a hot body being cooled by 
a draught of air. He enunciated his law with reference to the forced 
convection of heat from a body, and not, as is often stated, to the 
natural free convection from it. Lorenz has shown that in special cases 
the natural convection of heat will vary as the l'25th power of the 
difference of temperature. Provided that the velocity of the cooling 
draught is kept constant between certain limits, Compan has shown that 
Newton's law is very approximately true even when the difference of 
temperature is as high as 300? C. Another deduction from the formulz 
proved in the paper is that the cooling is very approximately proportional 
to the square root of the velocity of the convection current. 

The Author gives the solution of the problem of the heating of aliquid 
flowing steadily, with a velocity less than the critical velocity, through a 
cylindrical tube which is maintained at constant temperature. It is 
shown that, in many practical cases, the heating power of the tube 
varies as RO / Sock Vl, where R is the radius of the tube, 9 the difference 
of temperature between the tube and the liquid, s the specific heat, ø the 
density, k the conductivity, V the velocity of flow, and / the length of 
the tube. 

It is proved that if a wire be immersed in a stream of liquid with its 
length at right angles to the direction of flow, the electric current which 
will fuse the wire varies as the 1:25th power of the diameter of the wire. 

Finally, the effect on the cooling of an electrically heated cylinder by a 
stream of liquid, of putting an insulating wrapping round it, is con- 
sidered. It is shown that in certain cases the effect of this procedure is to 
lower the temperature of the cylinder, an effect which can be easily 
demonstrated experimentally. In order to simplify the mathematical 
work, only the case of incompressible fluids is considered. Experimental 
results, however, obtained by various physicists are quoted to show that 
some of the formule are approximately true for the cooling of heated 
bodies by convection with currents of air. 
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XXX. On ITysteresis Loops and Lissajous’ Figures, and on 
the Energy wasted in a Hysteresis Loop. By Professor 
SiLVANUS P. THompson, D.Sc., F.R.S.* 


[Plate VII.] 


$1. PROBABLY many physicists have attempted to find an 
explanation of the forms of the looped curves which express 
the hysteresis exhibited by iron and steel when subjected to 
cycles of magnetization. Physical explanations to account 
for their general shape have indeed heen given by Ewing 
and by Hopkinson. Neither of these pioneers, however, 
offered any mathematical equations to express their forms ; 
nor, so far as appears, has any other person yet found 
any, though M. Pierre Weiss has put forward an electronic 
theory to account for the principal features. 

According to Ewing's molecular hypothesis of magnetism, 
the act of magnetization consists in the orientation into a 
common direction of the axes of the elementary magnets 
constituted by the iron molecules which, when the mass of 
iron is in the unmagnetized state, are miscellaneous in their 
directions, the molecules being then arranged in groups 
within which the individuals are so oriented as to satisfy 
amongst themselves their various polarities in a more or less 
stable equilibrium. When a small magnetizing force is 
applied and gradually increased, the individual elementary 
magnets are at first merely slightly deflected towards the 
line of the magnetizing force, but still remain in their various 
groups. With larger magnetizing forces and increased 
deflexions of individual elements, the groupings, or some of 
them, become unstable, and. break up as instability is reached ; 
the elements of the group then suddenly swinging round 
into a new configuration more nearly in alignment with the 
impressed magnetic force. The less stable groups will be 
first affected, the more stable afterwards, and the most stable 
will be the last to swing into alignment. When allor nearly 
all the groups have thus been broken up, any further increase 


* Read July 8, 1910, ` 
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in the magnetizing forces can produce but little effect, though 
an infinite magnetizing force might be needed to produce 
absolute alignment of every element. To deduce from this 
hypothesis an expression for the ascending curve of magneti- 
zation, it might be possible to apply the statistical method, 
under the assumption that the number and variety of the 
groupings is enormously great. The ratio di3/d® would 
represent at each stage the differential permeability of the 
specimen, or the rate (per unit of magnetizing force) at 
which the magnetization was proceeding ; and this would at 
every stage be proportional to the probable number of groups 
that were coming into alignment, and to the magnitude of 
the aligning force. The expression would thus assume the 
form 


n =a.e -o, 

where a and 5 are constants, the one denoting the maximum 
value of 433/435, the other the particular value of ® at which 
that maximum is reached. The difficulty of integrating this 
expression is not the only objection to it; for it would at 
best give only the ascending curve of magnetization, and 
additional assumptions would need to be made before it could 
be adapted to express the descending branch. 


§ 2. Hysteresis loops, as found by experiment, can how- 
ever be considered from a wholly different standpoint. 
Whatever the law connecting 33 and ®, the area enclosed by 
the loop measures the amount of energy lost in the iron in 
the cycle of magnetic operations; the value, in ergs per 


cubic centimetre, being 7 3.49. Let it be assumed that 


the variations of ® are such that 38 passes from the value 
+33, to —33, and back, through a regular cycle of values 
according to the expression 


B = 13, cos 0 ; 
then, in general, the variations of R, though they go through 
a cycle, will not be capable of being expressed by any such 


simple form, otherwise the shape of the hysteresis loop would 
be simply an ellipse, or, in the limiting case, a straight line. 
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The fact that the magnetizing current (and therefore the 
magnetizing force) in choking coils and transformers does 
not follow a simple sine or cosine function is well known to 
all electrical engineers. In these instruments, if worked 
from a source of alternating electromotive force in which the 
wave-form of the supply is a pure sine-curve, the wave-form 
of the flux in the core, and therefore of the flux-density 38 in 
the core, will also be a pure sine-curve having a lag of exactly 
90? with respect to the impressed voltage curve. Or if the 
impressed voltage is expressed by the equation 


V= Vo sin 6, 
the flux-density will be given by the equation 
38 = — B, cos 0. 


But the current will not be capable of being expressed in 
any such simple fashion *. It has also long been known 
how these curves of magnetizing current are related to the 
hysteresis loop. If the form of the hysteresis loop is known, 
then the form of the magnetizing current can be deduced 
graphically. An example will be found in Kapp’s * Trans- 
formers’ (1908), fig. 56, p. 106. Assuming that the flux- 
density follows the equation given above, let it be plotted as 
a curve, with maximum ordinate equal to that of the hys- 
teresis loop. Consider any point on this curve, or the point 
on the loop having the same ordinate ; then the ordinate at 
the same instant on the current curve will be (on some scale) 
proportionate to the abscissa of the same point of the 
hysteresis loop ; whence it follows that the current curve can 
be constructed, point by point, through the entire cycle. 
This process is followed here, save that for convenience the 
hysteresis loop is turned over through a right angle, so that 
the values of 38 are taken as abeo, and those of 38 as 


ordinates. In fig. 1 the hysteresis loop ABCDEF 


* Fora good example of a current curve, see Fleming’s ‘ Alternate 
Current Transformer,’ fig. 186, vol. i. p. 543 (edition of 1896). These 
irregular current curves seem to have been first observed by Ryan; see 
‘Transactions of the American Institute of Electrical Engineers,’ vol. iii. 
Jan. 10, 1890. See also the ‘ Electrician,’ vol. xxiv. p. 239, and p. 2063, 
January 1890, and vol. xxv. p. 912, July 25, 1890. 
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selected, has been taken from Ewing’s classical memoir of 
1885. 

Assuming a closed magnetic circuit, and an impressed 
voltage of a pure sine form, marked VOLTAGE, the flux-density 
curve is a sine-curve lagging 90° behind the voltage-curve. 
Then the current curve is derived by taking any ipoint P on 


EA 


Relation of Current Curve to Hysteresis. 


the hysteresis loop, projecting it by first turning its abscissa 
through a quadrant about the centre O, then tracing along 
horizontally to the point Q on the flux-density curve, where 
a vertical line QM is dropped. Then a horizontal line pro- 
jected from P cuts QM in R, giving thus the corresponding 
point on the current curve, the peak of which, corresponding 
to the cusp of the loop, occurs at the time when the flux- 
density curve is a maximum, and when the voltage curve is 
at its zero. : 

It will be seen that the wave-form of the current curve 
reflects, in a certain way, the form of the hysteresis loop. If 
the loop is sharply cusped, the wave-curve will have corre- 
sponding sharp peaks. In fact, the loop consists of the two 
halves of the wave-curve, folded back one upon another, but 
with the ordinates differently spaced, exactly as if the wave- 
curve had been wrapped around a cylinder* and projected 
upon a plane cutting the cylinder diametrically through the 
two peaks of the curve. 


æ As in the graphic method of harmonic analysis of Clifford described 
by Perry in Proc. Phys. Soc. voi. xiii. 
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Now this current curve can be subjected to harmonic 
analysis, and its harmonic constituents discovered. Each 
constituent will be a pure sine-curve or cosine curve. If 
each such constituent be drawn, and then be projected back 
by reversal of the process by which the wave-curve was 
obtained, the several constituents will reappear as separate 
closed curves ; and by the summation of these the original 
hysteresis loop can be reconstituted. It thus appears that 
any hysteresis loop can be analysed into an harmonic series of 
closed. curves corresponding to the various terms in the analysis 
of the current wave. An examination of these constituents 
of the hysteresis loop is the principal object of this com- 
munication. 


$3. In this graphic process, which is equivalent to 
wrapping the periodic curve around a cylinder, the area of 
the projected curve is equal to the integral, over the whole 
period, of products obtained by multiplying each ordinate by 
the sine of the angle at which it stands in the wave-curve ; 
abscisse in that curve being reckoned as values of angles. 
(The origin of the cycle is taken where the curve has its 
negative peak.) In symbols this is equivalent to 


f ^in 6 . (0) . dé: 


Now ẹ(0), the function which represents the current-curve, 
may by Fourier's theorem be expanded into the series 


A, sin 0 -- A, sin 20 + A; sin 50 4- ...... A, sin nô 
+ B, cos 0 + B; cos 36+ B; cos 50 4 ...... D, cos nô. 


Odd terms only are present, as in all alternating current 
work; and there is no constant term, because the mean 
ordinate is already zero. 

The constituent terms in the area of the hysteresis loop 
correspond therefore to the integrated products of sin @ into 
the successive terms of the above series. 


§ 4. To investigate the form of the constituent elements of 
the loop, let us consider a simple harmonic motion z— X sin 6, 
where Ó stands for 2ft, f being the fundamental frequency, 
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and X the amplitude. This motion is to be compounded, at 
right angles, with another simple harmonic motion 


y= Y, sin (n0 6,); 


where Y, is the amplitude, $, a possible angle of phase- 
difference, and n any (odd) integer giving the order of the 
harmonic. We have then to find an expression for the curve 
of which z and y are the coordinates. For simplicity we 
deduce the expressions where n=1, n=3, and n=5, that is 
for the first, third, and fifth terms of the constituent elements. 


First Term (Fundamental) ; n=1. 
We have 


X T "i, 
y= sin (Odi a. cb ue oe & & uw 2) 
1 
Multiplying both sides of (1) by cos $;, we have 
x cos $, —sin ĝ . cos d. 
Also | 
Y = sin 0 .cos $, + cos Ó.sin d$. 
1 
Subtracting this equation from the preceding, we have 


x 008 dio y, = — 008 4. sin gh. E wed. WES) 


Multiplying (1) by sin ¢,, we get 


y sin dy = sin 8. sin gy. soe we oa o (4) 


Squaring (3) and (4), and adding them gives us 


"c y V PE mE 

(x) + (+) 2xY, COs $i sın $i. ° (5) 

This is the equation to an ellipse, such as is represented by 
fig. 2 (Pl. VIL). According to the values given to $ there 


arise three principal cases. 


VOL. XXII. 2K 
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Case (i.). If 
T T 
$,— z 9 3 "E 
then 
sing,=+1 and cos$,-—0, 


and the equation becomes 


This is the equation to an ellipse set orthogonally with 
respect to the coordinate axes as in fig. 3 (Pl. VII.). 


Case (i1). If 
$,—0, sin$,—0, and cos$,—1, 


and the equation becomes 


ge YF cy 
—~+",—2-—~ =0, 
x? " y? XY, 
whence 
TM Y, 
y= + X T, 


which is the equation to a straight line into which the ellipse 
shrinks as in fig. 4 (Pl. VII.). But its length is limited by 
the prior expressions, since z and y cannot exceed X and Y, 
respectively. 


Case (iii). I£ 
$i =T, sin $i =0, cos $i R — i, 


and the equation becomes 


x? y 
s LY 99 20 
xs*tysi*^xy, ^^ 
or 
Yi 
a e dioi. 


which is a straight line sloping the reverse way as in fig. 5. 
For all other values of ¢ the ellipse takes some intermediate 
form. The sine-component of the first term in the harmonic 
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analysis of the current curve corresponds to the orthogonal 
ellipse ; the cosine-component to the oblique line form. 
All the intermediate forms of the ellipse could be obtained 
by wrapping a sine-curve of period T around a cylinder of 
diameter T/r and projecting in appropriate directions upon 
planes parallel to the axis of the cylinder the apparent outline 
of the sine-curve. 


Tuirp TERM (Third Harmonic) ; n=3. 
Here the two equations are 


x = sind, . bt mx dece de Mee (1) 

y. = sin (30+ ;), ou on dod. x ze LOO) 
3 

= sin 30 . cos ds + cos 30 . sin ds. . . (2a) 


But 
sin 30 = 3 sin 0 —4 sin’ 0, 


by known trigonometrical relations. 


Inserting for sin Ó its value from (1), we get 


3 
sin 30 = 2 — 57. TC 


Substituting this value in (2 a), we deduce 


(È ES x) cos $,— $ = —cos 30 . sin d}. . (4) 


Also multiplying (3) by sin $s, we have 
(x- ea sin @s=sin 38 . sin dge . . . (5) 


Squaring (4) and (5), and pos we get 


(x-x) +(%) -2(x -3 xr y, 05m sint d (6) 


This is the equation to a figure bein the general form of 
fig. 6 (Pl. VIL), which is indeed the well-known Lissajous' 
figure, compounded of two vibrations the frequencies of 
which are as 1:3. It could be obtained by taking three 

2K2 


462 DR. SILVANUS THOMPSON ON 
complete sine-waves, each of period T/3, and wrapping them 
around a cylinder of diameter T/r. 

Again there arise three cases :— 


Case (i.). If $,— im or £r, then 
sin$,— +1 and cos$,-0, 


and then the equation becomes 
3z ADU fy 
(x -x) +(¥,) = 
Here the figure is symmetrical with respect to the axes, 
asin fig. 7. It is, for the third term, what the orthogonal 
ellipse is for the first term. 
If $,—0, then 


Case (ii.). 
sing;=0, cos $,—1, 


and the equation reduces to 
3z 40 Yo 
X Xy- 

Here the trilobate form has shrunk to the form of the 
curved line (fig. 8) precisely as the ellipse shrank to the 
oblique line of fig. 4. This line is subject to the limitations 
that z and y cannot exceed X and Y;, respectively. 


If $,—, then 
sin $,—0, cos ?;= -— 1, 


Case (iil.). 


and the equation becomes 
Be 40 y 
x-»ty, © 
the graph of which is fig. 9. 
Firta Term (Fifth Harmonic); n=5. 


The two equations now are 


x = sin 0, (1) 
x = sin (50 4- $,), ho x curd ae 42) 
(2a) 


= sin 50 . cos $; -- cos 50 . sin ds. 
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But 
sin 50 = 5 sin 0 — 20 sin? 0 + 16 sin 6. 


Inserting for sin its value in (1), we get 


: 5 9 
sin 50 = > — A E uo) 


Substituting this value in (2 a), we deduce 


5a 202 | 162° f 
(z- X3 "s eos ds d. m —cos 58. sin fs . (4) 


Also multiplying (3) by sin $$, we have 


Ox? | 1625 
L MT se + s] sin 6; =sin 50 " sin ds. ° (5) 


Squaring (4) and (5), and adding them, we get 
5x 202 „167 oc 204 | 16x° f 
ILC 


This is the equation of the general Lissajous’ figure of the 
fifth order, representing the result of compounding two 
vibrations having relative frequencies of 1 : 5, and a general 
form like fig. 10 (Pl. VII.). 


As before, three cases arise :— 
Case (i.). If fs lr or $7, then 
singd;=+1 and _ cos¢,=0, 
and then the equation becomes 
5r 202° Ta «D zi 
X X’ Y 


which is symmetrical as in fig. 11. 


Case (ii.). If $5—0, then 
sing@;=0, cos¢?,=1, 
and the equation reduces to 


On 20423 165 y o 
X X? ' xs Xs ” 


corresponding to fig. 12, subject to limitations as before. 
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Case (ii.). If $5—, then 
sings;=0, cos¢,=—1,' 


! 


and the equation is 


5r 20:2 16: y 
X X? Txs + Y; 0, 


which is the equation to fig. 13. 


$5. The Higher Terms. Generalized expression for the 
Lissajous’ curve of the nth term. 


The expression for any higher term has the general form 


2 
G2 + ($) — Gy . cos $, — sin? $, 


which reduces in the case of symmetry to 


3 
Gre (4-) =1, 


and, in cases where ¢, =0, to 
G+ V —0, 


in which expressions G, is written for the series 


where 
C= n(n? — 1?)(n? — 3?) ...... (n3 —r —2?) 
r= dra CENE GC MEM 
where r is an odd number greater than unity. ` 


$6. It is now possible to restate the proposition at the 
end of $ 2 in the following way. Any hysteresis loop can be 
analysed into an harmonic series of Lissajous’ figures of the kind 
considered in the $$ 4 and 5. 

A number of examples of hysteresis loops were chosen, 
and subjected to harmonic analysis, to ascertain what con- 
stituents were present. The loops chosen relate to various 
kinds of iron and steel, hard and soft, solid and laminated, 
taken by various methods; a wide selection being made in 
order to ascertain the physical significance of the several 
constituent terms. 
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In carrying out the analysis the author used the simple 
approximate method described by him to the Physical Society, 
Dec. 9, 1904, vol. xix. Proc. Phys. Soc. p. 443, based on an 
arithmetical process originated by Archibald Smith and 
generalized by Runge in the Zeitschrift fir Mathematik und 
Physik, vol. xlviii. p. 443, 1903. It was found that for the 
present purpose it sufficed to ascertain the harmonic sine and 
cosine terms up to the eleventh, and therefore to employ 
twelve equidistant ordinates in the half-period. The work 
proceeded on the lines of the simple schedule given by 
the author on p. 448 of his former paper, with a slight 
modification to enable the origin of abscisse to be taken 
not at the point where the ordinate has zero value, but 
at that point where the ordinate has its negative maximum. 
At first the values of the twelve ordinates required for the 
analysis were taken from the current curve plotted, as ex- 
plained above in § 2, from the hysteresis loop. But it was 
seen that it was unnecessary to draw the current curve, and 
that the values of the ordinates might be taken direct from 
ihe hysteresis curve, by taking them not equidistant, but at 
places corresponding to equidistant points in the axis of 
abscissee of the wave-curve, which points, when the curve is 
wrapped round a cylinder, will no longer appear equidistant. 


$ 7. The following are the results :— 

Example I. fig. 14, Pl. VII., Ewing’s hysteresis loop for 
pianoforte steel wire, in state of normal temper, being fig. 11, 
pl. lviii. of Philosophical Transactions, 1885. 

The analysis of the values of ® gives the following co- 
efücients of the harmonics up to the eleventh order :— 


Sine Terms. Cosine Terms. 
A, = 322 B, = —45:4 
A= 71 B, = —20:6 
A,= 07 B, =—10°8 
A,=— 07 B, =— 57 
A, =— 0:05 B, =— 4:1 
Aa a= — 0:06 By=— 34 


It will be seen that the values of the sine terms beyond A; 
are negligible, and are not greater than the errors due to the 
approximate nature of the method. The cosine terms are all 
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negative and of decreasing values for the successive orders. 
In the Plate the wave-curve has been given for comparison, 
and on it the components A,, 3, Bi, B,, and B, have been 
plotted in dotted wave-curves. For comparison with the 
hysteresis loop its chief components have also been drawn in 
dotted lines: the ellipse corresponding to A, ; the trilobate 
curve of A3 ; the oblique straight line of B,, and the curves 
for B; and 5. 

Example Il. fig. 15, Pl. VII., Ewing’s loop for annealed 
iron wire, being fig. 5 of plate lviii. of Phil. Trans. 1885. 

The analysis gives :— 


A, = 3°98 B, = — 1°38 
As —2':14 B, = — 474 
A, — 1:36 B, 2—2:404 
A, =0°88 B, 2—318 
A, —0:16 D, z—2:]4 
Ay 2014 B= —1:90 


The ellipse and the straight line, corresponding respectively 
to A, and B,, have been added in dotted lines in the figure. 

Example ILI. fig. 16, Pl. VIL, Ewing’s loop for annealed 
iron wire, being fig. 6, plate lviii. of the same memoir. 

The analysis gives: — 


A, —42 Bi = —35°4 
As =1°8 D; = — 25:5 
A; =07 B, =—17°9 
A, —02 D, ——61 
A, =0°3 D, 2-5 
A,,=0°2 B= 0:5 


Example IV. fig. 17, is taken from Lord Rayleigh’s 
paper in the Phil. Mag. xxiii. pp. 225-245, 1887, or 
Scientific Papers, ii. p. 593, and is the loop obtained with 
very small magnetizing forces on a specimen d * rather 
hard Swedish iron.’ 

The analysis gives :— 


A, =0°553 B, = —1-022 
A, —0:038 B, = —0:094 
A, — 0:006 B, = —0°046 
A, — 0:002 B, = —0:025 
A, — 0:005 B, = —0:023 


4A,,20:000 B, — 0:012 
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The next example is taken from a memoir of K. Ångström 
in tho ‘Proceedings’ of the Royal Swedish Academy of 
Sciences, 1899, p. 257, where the curves are given without 
any scale-values. They relate to a rod of steel containing 
0:2 per cent. of carbon. Fig. 18 was observed by a magneto- 
static method, fig. 19 by using an alternating current of 20 
periods per second, fig. 20 by using one of 60 periods per 
second. 

The analyses, on an arbitrary scale, are :— 


Fig. 18. 
A, = 057 B, = —1729 
A; = 0:01 D, = —0:59 
A, = —0:02 D, = —0°40 
A, = —0:005 B, = —0°23 
A, = —0:01 DB, 2 —024 
Auc 0:07 By= —0:24 

Fig. 19 
A, = 2°31 B, = —8°45 
A; = 1:08 B, = —0°42 
Á; = 044 D, =—0°04 
A, = 0 16 B, = 0:02 
A,= 0:05 9 = — 0:07 
Á = 0:04 Byz — 0:07 

Fig. 20. 
A, = 274 B, = —8'57 
A; = 1:21 B, = 016 
As; = 010 B, = 033 
A, — —0:09 B, = 023 
A, =— 0:04 D, =—0°01 
A,- 009 B a= —0:03 


The small scale of the original drawings of these three 
loops makes the valuss of the higher harmonics quite un- 
reliable. But the comparison is of interest as showing the 
effect of eddy-currents in the substance of the rod in widening 
the loops, and in increasing both A; and 43. 


§ 8. Work done in the cycle.—It was early pointed out by 
Warburg and by Ewing that the work spent in carrying the 
iron through a cycle of magnetizing operations was repre- 
sented by the area of the hysteresis loop. We now consider 
this from another point of view. 
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Whatever work is spent in magnetizing the iron is derived 
from the electric energy which is imparted by the circuit, 
and this, at any instant, is proportional to the product of the 
current and potential at that instant. If the voltage is re- 
presented by the expression 


V z Vosin pt, 


where p stands for 2wf, and if the current, being some 
periodic function of the time, is represented as 


Ca y( pt), 


then the element of work imparted to the circuit during time 
dt being CVdt, the work given to the iron (if the copper 
resistance is negligible) during one cycle will be 


T 
vf sin pt . Nr( pt) . dt. 
0 


But (pt) consists (see § 3) of a series of harmonic sine 
and cosine terms. The quantities which will be formed by 
multiplying the members of that series by sin pt, and inte- 
grating each product over a whole period, will fall under 
three kinds, the values of which are known, viz.:— 


T 
Ci.) { sin pt . A, sin npt .dt=0, (except when n=1); 
0 5 
T 
(ii.) í sin pt. B, cos npt . dt=0, (in all cases); 
0 


T T 
Gii.) f A, sin! pt . dte Ay. 5. 
0 


That is, the only work done in the cycle is that done by that 
constituent of the current which is in phase with the voltage, 
namely, its fundamental sine-term. All other constituents 
are wattless. And since the area of the loop represents the 
work done, it follows that the area of the hysteresis loop is 
equal to the area of the orthogonal ellipse which is its funda- 
mental constituent of the sine series. The true and funda- 
mental form of every hysteresis loop is therefore an orthogonally 
placed ellipse. All departures from that form are wattless— 
are mere distortions which involve no expenditure of energy. 
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The area of the hysteresis loop is proportional to the maximum 
value of 33 and to the amplitude of the first sine term into 
which the values of ® (corresponding to the values of the 
current) can be analysed. If the value of the amplitude of 
that sine-term be denoted by ®,, then the area of the loop is 
accurately given by the expression m x Bmax. X #1; being the 
area of the fundamental elliptical constituent. To test this 
conclusion the areas of the three loops, figs. 18, 19, and 20 
were planimetered for comparison with the values of A,: 


Planimeter reading. Ai. Ratio. 
Fig. 18 ...... 33:8 0-57 594 
Fig. 19 ...... 140: 2:31 605 
Fig. 20 ...... 167°5 2-74 610 


All the constituent curves belonging to the higher orders 
have zero areas; the lobes formed by the crossing of their 
outlines being alternately positive areas and negative areas. 
This is only another way of saying that the integrals (i.) and 
(ii.) above are always zero. As for those of form (ii.), they 
are obviously so, as all cosine constituents shrink up to mere 
lines. 


$9. Presence of Eddy- Currents. 


If the hysteresis loop has been produced by some slow 
process, absence of eddy-currents may be assumed. But 
this is by no means the case when alternating currents of 
ordinary frequencies are used, even if the iron be finely 
laminated. It therefore remains to be seen how the presence 
of eddy-currents will affect the size and form of the hysteresis 
loop. The eddy-current, being a secondary current, will be 
of pure sinusoidal form only if the inducing electromotive 
force be of a pure sinusoidal form, and if the resistance 
and permeability be constant also. Butit is not necessarily 
in phase with the impressed electromotive force, but may lag 
by magnetic reaction ; and indeed, as is already known, lags 
by different amounts at different depths below the surface of 
the iron. Assuming equal permeability and resistance in the 
different layers, the effect of the eddy-current will be repre- 
sented with sufficient accuracy by a sine-curve lagging by 
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an amount that will depend on conditions into which there 
is no need here to enter. For here, again, the only effective 
component—-eífective that is in the sense of involving esx- 
penditure of energy—is the sine-component in phase with 
the voltage ; and the element which the sine-component con- 
tributes to the loop is an orthogonal ellipse. So far as it lags 
it possesses a cosine-component, and this contributes to the 
loop only an oblique line, shearing the loop over ; but this 
constituent is wattless. Harmonic analysis cannot of itself 
distinguish as to how much of the fundamental elliptical 
constituent of the loop, or of the fundamental sine-component 
of the magnetizing current, is due to eddy-currents, and how 
much to hysteresis. It is, indeed, already known * that the 
effect of eddy-currents is to widen out the loop elliptically. 


$10. Efect of the IHigher Sine-Constituents. 

The presence of the third harmonic has been noted in § 7 
above. Indeed, it is usually present. A fine example is 
afforded by the curve, fig. 21, which is taken from Fleming’s 
‘Alternate Current Transformer,’ vol. ii. p. 486 (edition of 
1892), which affords the following analysis :— 


* See Ångström, op. citat.; and Heinke, Die Electrophysik (1904), 


p. 500. 


Fig. 21. Fig. 22. Fig. 23. 
B » 
i : 
—— » 

! 
A = 1123 B, = —11:87 
A; = 1:71 B, =— 072 
A; =— 074 Ds = + 0:23 
A, = + 0°62 B, =+ 0:07 
Ay = = 0:29 D, = + 0:22 
An=+ 0°03 Ba ı=+4+ 0:57 
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In the memoir of Ángstróm already quoted, a curious 
curve, fig. 22, nearly a pure third harmonic is given, having 
been found by him as a differential hysteresis loop repre- 
senting the difference between two steel rods, one having 
0:2 per cent. the other 0°8 per cent. of carbon. 

It is obvious that the effect of superposing a third-term 
sine-constituent upon the fundamental ellipse will be to 
narrow it at the middle. It will widen it toward the ends, 
the widening beginning at a distance of 0:134 of the semi- 
major axis from the ends, as in fig. 23. 

If sine-constituents were present, of all orders, in the 
following proportions, 


A,=1, A;=3, A,;=} "— A,= 


fig. 24. 
Fig. 24. Fig. 25. 


BP - 

The half-width of any static hysteresis loop, which is 
commonly taken (following Hopkinson) as a measure of the 
coercive force, is independent of all the cosine terms, and is 
in all cases equal to A,— A; + As—Az+Ay— &c. 

For loops of equal height (that is equal maxima of flux 
density) the coercive force is not proportional to the work 
spent in the cycle ; for the work spent in the cycle is repre- 
sented by the area of the loop, and as shown above, this is 
invariably proportional to 4;, while the coercive force is 
represented by the sum of the series named in the previous 
sentence. Since in static hysteresis loops the fifth and higher 
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terms are practically absent, the coercive force is proportional 
to A,— A;. 


§ 11. Eject of the Cosine- Constituents. 


As already seen, the fundamental cosine-constituent is an 
oblique line. It is in reality a double line, traversed upwards 
during half the cycle, and downwards during the other half. 
The effect of superposing this constituent upon the funda- 
mental ellipse is to shear it over. Cosine-components are 
always negative, corresponding to lagging constituents of the 
wave-curve. They shear the 138—3) curve over toward the 
right, on the ascending side. If a mass of iron undergoing 
magnetization is traversed by an air-gap, or is constituted as 
a non-closed magnetic circuit, the reaction of the air-gap 
brings a lagging constituent into the magnetizing current, 
imposing a negative cosine-constituent upon the loop, and 
shearing it over. 

The presence of negative cosine-constituents in hysteresis 
loops is specially marked in those beaked forms which are 
obtained when the magnetization has been pushed to high 
degrees of saturation: the diminished permeability of the 
material resulting in a diminished reactance, and therefore 
in a disproportionate increase in the magnetizing current. 
This is well seen on examination of the analysis of figs. 14, 
15, and 16, Pl. VIT. Cosine terms of the higher orders are 
responsible for the distortion of the ellipse into the character- 
istic two-beaked form. Fig. 25 shows the result of super- 
posing a negative third cosine-constituent upon the ellipse. 
But this particular figure, resembling a capital S, could not 
result from any experiment, as neither the ascending nor the 
descending half is single-valued. No experimental curve * 
could, on ascending from the point where it crosses the 
IH axis, curve backwards toward the 38 axis, and then recurve 
from that axis. Such a curve. would be unstable; and the 
ascending branch could, at most, ascend parallel to the % 
axis before turning to the cusp. Is it too remote to speculate 


* See, for example, P. Holitscher (Inaug. Diss, Zürich, 1900), 
* Experimentelle Untersuchungen über den remanenten Magnetismus 
des Eisens," plate 6. 
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that the vertical portions of the loops experimentally found 
for soft iron really do represent instabilities, and mask the 
true forms of the loops? 

The superposition of a negative fifth-order constituent is 
shown in fig. 26 ; but, again, the only possible cases must be 
such as to yield single-valued resultants. 


Fig. 26. 
B 


PEE PEE 


It will have been noticed that in the analyses of some of 
the loops the amplitudes of the negative .cosine terms appear 
in a descending set of values. If these amplitudes are of 
relative magnitudes as 1:3:}:4 &c., the resultant curve 
will have its middle portion truly vertical. Fig. 27 gives a 


Fig. 27. 


set of such curves up to the thirteenth order, together with 
their resuliant. If this resultant is then superposed on a 


fundamental ellipse, the result is a characteristic two-beaked 
loop. 
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The horizontal length from the cusp to the vertical axis 
(i. e. the amplitude of 2) at its maximum) is in all cases equal to 
B, + D,-- B, B, &c. 


$12. Effect of Harmonic Constituents of Even Orders. 


If constituents of even orders could exist, they would 
produce distortions of the loop, such as are shown in fig. 28. 
No such distortions have ever been observed. 


Fig. 28. 
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COSINE COMPONENTS. 


$13. Hysteresis is commonly regarded as an irreversible 
process, and as such involving a degradation of energy into 
heat. But in view of the present analysis of the hysteresis 
loop it is necessary to revise this opinion. In the first place, 
no energy is wasted in producing any cosine component of 
the loop. In the case of the first cosine term—the oblique 
line—the distortion is a mere shear. True energy is spent in 
half the cycle in producing the magnetic flux, but that energy 
is returned to the magnetizing circuit during the other half 
of the cycle, exactly as it is in the case of the production of a 
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magnetic flux in a solenoid devoid of iron. The like is true 
of the higher cosine-components. Also the sine-components 
higher than the first represent reversible processes. Tho 
only component which represents an irreversible process 1s 
the fundamental sine-component, the ellipse, itself due to that 
component of current which is in phase with the voltage. 
This irreversible part is due in detail to an energy-wasto 
which at every instant is proportional to the square of the 
magnetizing current, and is in phase with it. True hysteresis 
waste accompanies the current, and does not either lag 
behind it nor precede it. True hysteresis does not cause any 
lag in the current, being necessarily simultaneous with it. 
True, the curve of the flux-density always lags 90? behind 
the voltage curve, and therefore 90? behind the effective 
component of the current curve. Of the reversible com- 
ponents, it is the first cosine term which is concerned in 
the lag of the current, and the lagging component of 
current is wattless. The higher cosine-components conjointly 
produce additional lags, and are also wattless. The higher 
sine-components, also wattless, do not cause any lag of the 
current as a whole. The name “hysteresis” was originally 
given * to the phenomenon to connote an effect which lagged 
behind its cause. The term is now usually restricted to the 
phenomenon of energy-waste. But the energy-waste does 
not involve or produce any phenomenon of lag. On the 
contrary, as it is a simultaneous phenomenon, its presence 
actually produces an advance in the phase of an otherwise 
lagging current. The greater the reluctance of the mag. 
netic circuit, the greater the angle of lag. The less the 
permeability which enters into that reluctance the greater 
is the angle of lag. The lagging components, that is the 
cosine-components of the loop, so far as they are not due 
to eddy-currents, depend solely upon the reduction of the 
permeability of the iron during the process of tho cycle 
of magnetization. The lag is in fact dueto components other 
than the fundamental component which represents the true 
hysteresis. 


* Ewing, Phil. Trans, 18385, pt. ii. p. 024. 
VOL. XXII. 2L 
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ABSTRACT, 


Attempts have been made to find an explanation of the forms of the 
looped curves which express the hysteresis exhibited by iron and steel 
when subjected to cycles of magnetization. Physical explanations to 
account for their general shape have been given by Ewing and Hopkinson, 
and M. Pierre Weiss has put torward an electronic theory to account for 
the principal features. The Author shows that any hysteresis loop can 
be analvsed into a harmonic series of closed curves corresponding to the 
various terms in the analysis of the current wave, and their constituents 
are examined in the paper. A number of examples of hysteresis loops 
were chosen and subjected to analysis. The loops chosen related to 
various kinds of iron and steel, hard and soft, solid and laminated, and 
taken by various methods. In carrying out the analysis the simple 
approximate method described by the Author (Proc. Phys. Soc. vol. xiv.) 
was used. Details are given of the analysis of various loops, the effect 
of eddy currents on the size and form of theloops is discussed, and an 
account is given of the effect of the higher sine and cosine constituents 
of the current wave. 

Discussion. 


Dr. RessELL thanked the Author for his most interesting and instruc- 
tive paper. In connection with Dr. Thompson’s orthogonal ellipse, he 
showed how an indefinite number of two-beaked loops similar to the 
hysteresis loop can be made up by quadrants of ellipses, each loop having 
the same height, the same area, and the same breadth as the orthogonal 
ellipse. Two-beaked loops having equal areas, breadths, and heights can 
also be made up from portions of any two curves provided that these 
curves are similar. He thought it would be of value to discuss the 
harmonics of the magnetising current, as deduced from the statical 
hysteresis loop, when the flux varied according to laws other than the 
harmonic law. F. J. Dykes had investigated the law according to which 
the flux must vary in order that the magnetising current may have a 
pure sine shape. To find the harmonics of the flux curve in this case and 
compare them with the harmonics of the current curve in the Author's 
case would be of interest. A practical use of Dr. Thompson’s rapid 
method of analysing the current wave into its harmonics is that it enables 
us to compute approximately the eddy-current losses in iron in certain 
cases by utilising J. J. Thomson's and Heaviside's formule. 

Dr. W. H. EccrLrs, referring to the emphasis laid by Prof. Thompson 
on the hysteresis ellipse obtained by his ingenious mode of analysis of 
the hysteresis loop, suggested that other closed curves would be obtained 
if other normal functions were used in the analysis. In regard to the 
Author's suggestion that his results affected our notions of the pheno- 
menon called hysteresis, he thought no change waa needed if we kept the 
term to its original meaning of a lag in state, in contra-distinction to 
(what is often implied) a lag in time. 


eae 
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XXXI. The Energy Relations of Certain Detectors used in 
Wireless Telegraphy. By W. H. Eccrzs, D.Sc, A.R.C.S." 


[Plate VIII.] 


THE results of an experimental examination into the physical 
properties of four very different types of detector used in 
radio-telegraphy are set forth briefly in the following pages. 
The conditions of the experiments have been made generally 
identical with those arising in the ordinary employment of 
the detectors, anl, in particular, the quantities of energy 
given to the instruments, in the form of electrical oscil- 
lations, have been of the same order in these experiments 
as in actual practice. The detectors investigated are the 
electrolytic, the carborundum rectifier, the zincite detector, 
and a thermoelectric detector. All these have before this 
been subjected to close scrutiny by various observers, who, 
however, used methods different from that of this paper; a 
summary of their work will be given alongside the results of 
the present experiments. These results, it will be seen, are 
expressed in the form of curves rather than as tables of 
figures; each curve may be regarded as typical of the 
detector concerned, and has been selected from a number 
of curves drawn from measurements accumulated during 
last year. 

The method and apparatus used are the same as were 
described in a paper ** On Coherers,” read before the Physical 
Society in March last (Proc. Phys. Soc. vol. xxii. pt. iii.). 
The present experiments were for the most part carried out 
at an earlier date than those described in that paper. The 
properties of the detectors are examined in three distinct ways. 
The first way consists in applying to the detector an electro- 
motive force which is gradually increased, and measuring 
the consequent current at each step. The second way is to 
fix the electromotive force at some partieular value, to send 
trains of oscillations of various energy values through the 
instrument, and to measure the intensity of sound produced 
in the telephone on each occasion. The third way is to send 


* Read July 8, 1910. 
2L2 
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trains of constant energy value through the instrument while 
the steady electromotive force applied to it is varied in steps, 
and to measure at each step the intensity of the sound pro- 
duced in the telephone. These modes of experimenting give 
curves that may be called respectively the steady-current 
curve, tle power curve, and the sensitiveness curve. It will 
be seen from tlie curves that the power supplied to the de- 
tector in tho form of electrical oscillations and the power 
handed to the telephone in the form of intermittent current 
are both recorded in fractions of a watt. For this purpose, 
the circuit-calibrations described in the former paper were 
used. It must be mentioned here that the calibration of the 
telephone circuit is probably much less accurate than that of 
the detector circuit. 


RESULTS OF THE MEASUREMENTS. 


The Electrolytic Detector. 

This detector consisted of two platinum electrodes in dilute 
sulphuric acid (one of acid to four of water). One electrode 
was a platinum wire of 0:0006 cm. diameter drawn by the 
Wollaston process, dipping a fraction of a millimetre into 
the electrolyte; the other was a piece of thick wire well 
immersed. When a potential difference less than one volt is 
established between the electrodes the current that passes 
is very small; but as the potential difference is increased the 
counter electromotive force of polarization is overcome, till 
finally a large current flows with evolution of gas. The 
stage of the process which is useful for detecting feeble elec- 
trical oscillations is that where the bubbles of gas do not yet 
form on and break away from the point freely. The steady 
current curves of fig. 1 (Pl. VIII.) indicate the difference 
between the two cases, point as anode and point as cathode. 
The power curves for various cases are collected in fig. 2, all 
from the same detector. Curve a shows the relation between 
the power w delivered by the detector to the telephone and the 
power W given in the form of electrical oscillations to the 
detector, when the potential difference between the platinum 
point and the large electrode has the value 2'9 volts—the 
voltage of highest sensitiveness. Curve b shows the large 
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fall in sensitiveness caused by altering the applicd electro- 
motive force, the point still being anode. 

In the same way, curves c show the efficiency of tho energy 
transformation when the point is negative. Curve c is an 
attempt to reach the best possible sensitiveness with the 
point as cathode; but it is to be remarked that when the 
point is covered with hydrogen, the electrical conditions are 
somewhat unstable, and the best potential difference is an 
uncertain quantity. This is in strong contrast with the very 
definite conditions that rule when the platinum point is 
polarized with oxygen. This is clearly indicated by the 
curves of fig. 3, where the ordinates represent the proportion 
of energy delivered to the telephone when the applied voltago 
has various values. 

This detector has received a very great deal of attention in 
the past, but the precise mode of operation of the instrument 
is still unknown. Reich*, after making experiments with 
superposed direct current and alternating current of low 
frequency, considered that the phenomena could only be 
accounted for by a dissolution of the small electrode used as 
anode and a simultaneous disappearance of oxygen—pro- : 
cesses purely chemical. Rothmund and Lessing}, using a 
Blondlot oscillator and Lecher wires, and measuring the 
potential difference across the detector and the current 
through it when the oscillator was working and not working, 
concluded that the whole action of the instrument depended 
upon some unexplained “ depolarization action ” of the oscil- 
lations ; and by using a variety of electrolytes, proved the 
incorrectness of the hypothesis, which was a mere surmise 
unsupported by scientific measurements, that the instrument 
operated by resistance alterations due to the heat generated 
in the liquid mass near the minute anode, Later Dieckmannt 
measured the current changes that followed upon the passage 
of strong oscillations of (unmeasured) intensity through a 
detector. Later still, Austin §, using alternating current of 
low frequency, showed that the detector was affected hy 


* Phys. Zeitschr. v, p. 838 (1904). 

T Ann. d. Phys. xv. 1, p. 193 (1904). 

I Phys. Zeitschr. v. p. 529 (1904). 

§ Bulletin, Bureau of Standards, i. 3, p. 435 (1905). 
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electromotive amplitudes of 1/10000 volt, and that oscilla- 
tions produced by spark-discharges in the laboratory affected 
the deteetor equally whether the small electrode was anode 
or cathode. He concluded that in the action of the instru- 
ment heat had a share, and that chemical action, electrostatic 
attraction across the gas film, and also a property styled 
rectification, all took part. 

Carborundum.—The detector was set up by clamping a 
crystal of carborundum between brass plates, so that a smooth 
crystalline edge or corner was in contact with one plate, and 
a blunt and more amorphous part of the crystal in contact 
with the other plate. The steady current curves of two 
erystals widely different in their electrical behaviour appear in 
fig. 4 (P1. VIIL). Curves ab belong to one crystal, the dotted 
curves AB belong to another. The upper curve of each pair 
was obtained when the jagged blunt end of the crystal was 
positive. 

The power curves are given in fig. 5. Lines abe exhibit 
the energy relations for the crystal that gave ab in fig. 4. 
Line a was obtained while the blunt end was at a potential 
2:62 volt higher than the smooth end ; 6 was got when the 
potential difference was —0'44 ; curve c was got without 
electromotive force. Lines A, B, C refer to the other crystal. 
Line A was obtained while the blunt end was 2:9 volt above the 
smooth end ; line B while the blunt end was 2:1 volt below ; 
line C while no external electromotive force was applied. 
The curve of fig. 6 shows how sensitiveness altered with the 
electromotive force applied to the terminals of the detector. 

The Carborundum detector has been examined very ex- 
haustively by Pierce*. He has shown that crystals of this 
substance may be as much as 1000 times more conductive 
for current in one direction than in the opposite, and has 
concluded that the substance acts as a detector of high 
frequency oscillations solely because of this unilateral con- 
ductivity. Heat, he considered, played no part in the process. 
The curves given above show, however, that a crystal may 
be a good detector even though its unilateral conductivity 
be not very pronounced. 


* Phys. Review, xxv. p. 31 (1907). 
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Zincite-chalcopyrite—The detector made by arranging a 
corner of a fragment of brown zincite (native oxide of zinc) 
to press against a piece of chalcopyrite (iron copper sulphide) 
is one of the most sensitive known. It is used extensively 
in various navies. Fig. 7 gives the results of measurements 
of current under steady electromotive force. For this par- 
ticular detector the most sensitive condition was attained 
when the zincite was maintained at a potential about 0°45 
volt beluw that of the pyrite. The power curves are given 
in fig. 8; here a is the curve when no electromotive force 
was applied: 5 is the curve for an applied electromotive 
force of 0°45 volt, zincite negative, and c is the curve for 
an applied electromotive force of 0°45 volt, zincite positive. 
It will be seen from these that the combination forms a very 
sensitive detector, even when no external electromotive force 
is applied. The curves showing the change in sensitiveness 
with variation of the applied electromotive force are plotted 
in fig. 9. 

Graplite- Galena.-—AÀ detector that is very widely used for 
every-day telegraphy is that consisting of a pointed piece of 
graphite touching the face of a crystal of galena. The curves 
connecting applied electromotive force and current flowing 
through the contact appear in fig.10. The power curves 
are shown in fig. 11: curve a is obtained when the external 
electromotive force is not applied, and curves b and c when 
electromotive forces of 0°45 volt and —0:45 volt were applied. 
The connexion between the power given to the telephone 
and the electromotive force applied to the detector is given 
in fig. 12. 

These two last detectors and others similar to them are 
sometimes called ‘rectifiers,’ sometimes ‘thermoelectric 
detectors.” They are styled thermoelectric because it was 
originally supposed that they owed their power of detecting 
high frequency vibrations to the thermoelectremotive forces 
set up at the contact by the rise of temperature produced at 
that point—the point of highest resistance in the whole 
oscillation circuit—in obedience to Joule’s law; but most 
observers have concluded from experiments with both direct 
and alternating currents, that these detectors derive their 
function from an unexplained and hitherto unknown power 
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of rectifying rather than from a combination of the Joule 
and Peltier effects. Pierce* has examined the behaviour of 
contacts made with anastase, brookite, and molybdenite under 
alternating currents of ordinary frequency, and obtained 
oscillograms of the current through them. No evidence of 
thermoelectric or other integrative action was perceived in 
the photographs. | Austint has examined quantitatively, also 
by aid of slow alternating currents, the properties of detectors 
consisting of contacts of silicon and steel, carbon and steel, 
tellurium and aluminium. Brandes{ and Raetenkrantz $ 
have also contributed greatly to our knowledge of tle con- 
nexion between the steady current curve of a detector and 
its behaviour under electrical oscillations. 


Conclusion. 


The chief fact brought to light by the above experiments 
is that the energy passed to the telephone by a detector is 
connected linearly with the energy given to the detector in 
the form of electrical oscillations. This is true for all the 
detectors examined, even including the coherers discussed in 
the earlier paper. The curves connecting the input and 
output of energy though they are straight lines usually 
pass some distance away from the origin. This implies that 
for a particular detector under invariable conditions there is 
a fixed wastage of oscillation energy, amounting commonly 
to about 1/10 of an erg per second, however large or small 
the oscillation energy given to the detector may be. Another 
interpretation is, however, that a small quantity of energy, 
which is invariable while the detector is undisturbed, is 
delivered by the detector to the telephone circuit in a form 
that never makes any proportion of itself manifest as sound. 
The curves suggest, though they do not prove, that all 
detectors are fundamentally thermal in their action. That 
this deduction is opposed to the conclusions reached hy 
previous experimenters is clear from the summary of their 


* Phys. Review, p. 153 (1909). 

t Bulletin, Bureau of Standards, v. p. 133 (1908). 
I Elektro, Zeitschr. xxvii. p. 1015 (1906). 

§ Phys. Zeitschr. ix. p. 911 (1908). 
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work given above. The principal cause of this difference 
between our conclusions appears to be that nearly all previous 
observers have used comparatively large quantities of oscil- 
lation energy, and have therefore probably brought into 
play phenomena that never arise in detectors as used in 
wireless telegraphy. 

The above investigations were carried out by the aid 
of a grant from the Royal Society's Government Grant 
Committee. 


ABSTRACT. 


The paper is a record of the results of an experimental examination into 
the physical properties of the electrolytic detector, the zincite rectifier, the 
carborundum rectifier, and a thermoelectric detector consisting of a light 
contact between graphite and galena. The conditions of the experiments 
have been generally identical with those arising in the ordinary employ- 
ment of the detectors, and, in particular, the quantities of energy given 
to the instruments, in the form of electrical oscillations, have been of the 
same order in these experiments as in actual practice. Three ways of 
investigation are followed. The first way consists in applying to the 
detector an electromotive force which is gradually increased, and measur- 
ing the current at each step. The second way is to fix the electromotive 
force at some particular value, to send trains of oscillations of various 
energy values through the instrument, and to measure the intensity of 
the sound produced in the telephone on each occasion. The third way is 
to send trains of constant energy value through the instrument while the 
steady electromotive applied to it is varied, and to measnre at each step 
the intensity of the sound produced in the telephone. These modes of 
investigation give curves that may be called respectively the steady 
current curve, the power curve, and the sensitiveness curve. The chief 
fact brought to light is that the power curves of all the detectors are 
straight lines, which suggests that all the detectors are fundamentally 
thermal in their action. 
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PROCEEDINGS 


AT THE 


MEETINGS OF THE PHYSICAL SOCIETY 


OF LONDON. 


SESSION 1909-1910. 


February 26th, 1909. 


Meeting held at the Finsbury Technical College by kind invitation 
of Prof. S. P. Tuompson, F.R.S., and Prof. E. G. CoKER. 


Dr. C. Curre, F.R.S., President, in the Chair. 


The new Engineering Laboratory was open to Fellows for 
inspection. 

The following Papers were read :— 

1. A Laboratory Machine for applying Bending and Twisting 
Moments simultaneously. By Prof. E. G. Coxer. 

2. On the Self-demagnetizing Factor of Bar Magnets. By Prof. 
S. P. Tuowrsox, F.R.S., and E. W. Moss. 

An exhibition of the optical properties of combinations of mica 
and selenite films (after Reusch and others) in convergent polarized 
light was given by Prof. 8. P. Tuompson, F.R.S. 

Mr. C. R. Daruine exhibited the following :— 

An experiment to illustrate the temperature of equal density of 
aniline and water. 

A simple form of thermo-electric pyrometer for students’ use. 

A combined metre-bridge and potentiometer, with new tapping- 
koy device, for pyrometric and general laboratory work. 


A new form of carbon-plate rheostat, suitable for control of 
small electric furnaces, 
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March 12th, 1909. 
Meeting held at the Imperial College of Science and Technology. 
Dr. C. Carer, F.R.S., President, in the Chair. 


The following Candidates were elected Fellows of the Society :— 

Prof. P. V. Bevan, J. W. Bisram, L. Brarkre, Prof. E. G. 
Coxer, A. Eacre, Sir R. A. Haprrevo, F. J. Hanrow, C. E. Hostey, 
B. M. Narnera, T. Suita, and Prof. The Hon. R. J. Srrurr. 


The following Papers were read :— 

l. The Effect of Radiations on the Brush Discharge. By A. E. 
GARRETT. 

2. Pirani’s Method of Measuring the Self-Inductance of a Coil. 
By E. C. Syow. 

3. Exhibition of a High-Potential Primary Battery. By W. S. 
TUCKER. 

4. On tho Least Moment of Inertia of an Angle-bar Section. 
By H. S. Rowe tr. 


March 26th, 1909. 
Meeting held at the Imperial College of Science and Technology. 
Dr. C. Career, F.R.S., President, in the Chair. 


Mr. F. Lrorp Horwoop was elected a Fellow of the Society. 


The following Papers were read :— 

1. The Production of Steady Electrical Oscillations in Closed 
Circuits, and a Method of Testing Radiotelegraphic Receivers. By 
Dr. J. A. Fremine, F.R.S., and G. B. Dyke. 

2. The Effect of an Air Blast upon the Spark Discharge of a 
Condenser charged by an Induction Coil or Transformer. By 
Dr. J. A. Fiemina, F.R.S., and H. W. RICHARDSON. 

3. On the Action between Metals and Acids and the Conditions 
under which Mercury causes Evolution of Hydrogen. By Dr. S. 
W.J. Suita. 
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April 23rd, 1909. 
Meeting held at the Imperial College of Science and Technology. 
Dr. C. Curse, F.R.S., President, in the Chair. 


The following Papers were read :— 

1. On a want of Symmetry shown by Secondary X-Rays. By 
Prof. W. H. Brace, F.R.S., and J. L. Grassox. 

2. Transformers of X-Rays. By C. A. SADLER. 

3. Theory of the Alternate Current Generator. By Prof. T. R. 
LYLE. 

Prof. L. R. WirskRrFoRCB exhibited a galvanometer of the Broca 
pattern suitable for general use in elementary laboratories. 


May 14th, 1909. 
Meeting held at the Imperial College of Science and Technology. 
Dr. C. Corer, F.R.S., President, in the Chair. 


The following Papers were read :— 

1. A Bifilar Vibration Galvanometer. By W. Duppett, F.R.S. 

2. Effect of Temperature on the Hysteresis Loss in Iron ina 
Rotating Field. By W. P. Furrer and H. Grace. 

3. On a Method of Testing Photographic Shutters. By A. Camp- 
BELL and T. Smita. 


June 11th, 1909. 
Meeting held at the Imperial College of Science and Technolozy. 
Dr. C. Curnr, F.R.S., President, in the Chair. 


The following Papers were read :— 

1. The Arthur Wright Electrical Device for evaluating Formule 
and solving Equations. By Dr. A. RessELL and ARTHUR WRIGHT. 

2. The proposed International Unit of Candle Power. By C. C. 
PATERSON. 

3. Inductance and Resistance in Telephone and other Circuits. 
By Dr. J. W. Nicnorsox, 

n2 
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A “Note on Terrestrial Magnetism " by Mr. G. W. WALKER, 
and a paper by Mr. A. Eager, ** On the Form of the Pulses consti- 
tuting full Radiation or White Light," were taken as read. 


June 25th, 1909. 
Meeting hold at the Imperial College of Scieuce and Technology. 
Dr. C. Carre, F.R.S., President, in the Chair. 


The following Papers were read :— 

1. A Transition Point in Zinc Amalgam. By Prof. H. S. 
CARHART. 

2. A Method of producing an intense Cadmium Spectrum, with 
& proposal for the use of Mercury and Cadmium as Standards in 
Refractometry. By T. M. Lowry. 

3. On the Measurement of Wave Length for High Frequency 
Electrical Oscillations. By A. CAMPBELL. 

4. An Electro- Magnetic Method of Studying the Theory of 
and Solving Algebraical Equations of any Degree. By Dr. RussELL 
and J. N. Atty. 

5. The Sine Condition in relation to the Coma of Optical 
Systems. By S. D. CHALMERS. 

6. An Instrument for Measuring the Strength of an Intense 
Horizontal Mognetie Field. By F. W. JozpaN. 

Dr. C. V. Drysparp exhibited a new Féry Thermo-electric 
Calorimeter. | 


The following Papers were taken as read : — 

7. On a Method of Determining the Sensibility of a Balance. 
By Prof. Porntine and G. W. Topp. 

8, The Balance as a Sensitive Barometer. By G. W. Topp. 


October 22nd, 1909. 
Meeting held at the Imperial College of Science and Technology. 
Dr. C. Carrer, F.R.S., President, in the Chair. 


The following Papers were read :— 
1. On Cadmium Amalgams and the Weston Normal Cell By 
F. E. Sutra. 
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2. Production of Radium from Uranium. By F. Soppy. 

3. The Rays and Product of Uranium X. By F. Soppr. 

4. The Production of Helium from Uranium and Thorium. By 
F. Soppy. 


November 12th, 1909. 
Meeting held at the Imperial College of Science and Technology. 
Dr. C. Career, F.R.S., President, in the Chair. 


The following Papers were read :— 

1. The Absorption Spectrum of Potassium Vapour. By Prof. P. 
V. Bevan. 

2. Some further Notes on the Physiological Principles under- 
lying the Flicker Photometer. By J. S. Dow. 

3. Tables of the ber and bei and ker and kei Functions, with 
further formule for their computation. By H. G. SAvipeE: was 
taken as read. 

Dr. Eprice Green exhibited a “ Colour-Perception Spectro- 
meter." 


November 26th, 1909. 
Meeting held at the Imperial College of Science and Technology. 
Dr. C. Currer, F.R.S., President, in the Chair. 


The following Papers were read :— 

l. The Effective Resistance and Inductance of a Helical Coil, 
By Dr. J. W. NrcHuorsox. 

2. Ductile Materials under Combined Stress. By W. A. Sconr&. 

3. The Recoil of Radium C from Radium B. By Drs. W. 
Maxowenr and S. Russ. 

A paper on “The Sun's Motion with respect to the ZEther," by 
Dr. C. V. Burton, was taken as read. 


December 14th, 1909. 


An Exhibition of Apparatus was held at the Imperial College 
of Science and Technology, the following firms taking part :— 


Messrs. Bausch & Lomb Optical Co.; British Radio-Telegraph 
and Telephone Co. Ltd.; Cambridge Scientific Instrument Co.; 
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Casella & Co.; A.C. Cossor Ltd.; G. Cussons Ltd.; J. H. Dall- 
meyer Ltd.; Elliott Bros.; Everett, Edgecumbe & Co. ; Gallenkamp 
& Co.; Gambrell Bros.; F. Harrison Glew; J. J. Griffin & Sons; 
Hicks & Co. ; A. Hilger Ltd.; India Rubber, Gutta Percha & Tele- 
graph Works Co., Ltd.; Isenthal & Co.; Marconi’s Wireless Tele- 
graph Co.; Leslie Miller; Muirhead & Co.; Nalder Bros. & 
Co.; Negretti & Zambra; Newton & Co.; R. W. Paul; The 
Reason Manufacturing Co.; Ross Ltd. ; Siemens Bros. & Co., Ltd. ; 
Snell & Tinsley ; Syuchronome Co.; Weston Electrical Instrument 
Co.; Carl Zeiss Ltd. 


The following short discourses were given :— 

1. Experiments on Soap Bubbles. By Prof. C. V. Boys, F.R.S. 

2. Some Combinations of Mica and Selenite Crystals. By Prof. 
Sitvants P. Tuompson, F.R.S. 


January 21st, 1910. 
Meeting held at the Imperial College of Science and Technology. 
Dr. C. Curer, F.R.S., President, in tho Chair. 


The following Papers were read :— 

1. Saturation Specific Heats &c., with van der Waals’ and Clausius’ 
Characteristics. By R. E. Barnes. 

2. The Polarization of Dielectrics in a Steady Field of Force. 
By Prof. W. M. THORNTON. 

3. On the Use of Mutual Inductometers. By A. CAMPBELL. 


Annual General. Meeting. 


February 11th, 1910. 


Meeting held at the Imperial College of Science and Technology. 
Dr. C. Curte, F.R.S., President, in the Chair. 
The following Report of the Council was read by the Secretary :— 


Since the last Annual General Meeting eleven ordinary Science 
Meetings and one informal Meeting of the Society have been held 
at the Imperial College of Science and Technology. The average 
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attendance at the Meetings, apart from the Annual Exhibition, has 
been 41 as compared with 37 last session. 

The Fifth Annual Exhibition of Apparatus by Manufacturers was 
held on December 14th. A departure from the usual programme 
was made on this occasion. The Exhibition was held on a Tuesday 
instead of a Friday, so that it might be open on both the after- 
noon and evening, and experimental demonstrations were given by 
Prof. C. V. Boys, F.R.S., and Prof. S. P. Thompson, F.R.S. There 
were thirty-seven exhibitors. The new arrangements acem to have 
been appreciated, as there was & very much larger attendance than 
hitherto, the number of Fellows and Visitors (including exhibitors) 
amounting to about 700. 

The number of Ordinary Fellows now on the roll, as distinct from 
Honorary Fellows, is? 486, an inecrcase of 6 on the number last 
year; 21 new Fellows have bcen elected. Two Honorary Fellows 
were elected at the last Annual General Meeting, namely 
Mons. R. Benoit and Prof. Julius Thomsen. There have been four 
resignations, and five Fellows have been struck off the register 
for non-payment of subscriptions. The Society has to mourn 
the loss by death of two Honorary Fellows, namely, Prof. F. 
Kohlrausch and Prof. Simon Newcomb; one Past President, 
Dr. Shelford Bidwell, and four other Ordinary Fellows, namely, 
H. E. Harrison, Ludwig Mond, F.R.S., W. J. Russell, F.R.S., 
and W. F. Stanley, to the last of whom the Society is indebted for 
funds enabling them to issue the Bulletin. 


The Report of the Council was adopted. 


The Report of the Treasurer and the Balance Sheet were pre- 
sented and adopted. 


The following were elected Honorary Fellows of the Society :— 
Prof. S. Axruentus, Madame Curis, and Prof. G. E. Hate. 


The election of Officers and other Members of Council then took 
place, the new Council being constituted as follows :— 


President.—Prof. H. L. Cattenpar, M.A., F.R.S. 


Vice-Presidents who have filled the Office of President.—Prof. 
G. C. Foster, F.R.S.; Prof. W.G. Apams, M.A., F.R.S.; Prof. R. B. 
Cuirton, M.A., F.R.S. ; Prof. A. W. Rernozp, M.A., F.R.S.: Prof. 
Sir AnurHvUR W. Rücken, M.A., D.Sc., F.R.S.; Sir W. pE W. ABNEY, 
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R.E., K.C.B., D.C.L, F.R.S.; Prin. Sir Orrver J. Loner, D.Sc., 
LL.D., F.R.S.; Prof. Sitvawvs P. Tnowrsos, D.Sc., F.R.S. ; 
R. T. Grazesroox, D.Sc., F.R.S.; Prof. J. H. Porntine, Sc.D., 
F.R.S.; Prof. J. Perry, D.Sc., F.R.S.; C. Cores, Sc.D., LL.D., 
F.R.S. 


Vice-Presidents. —A. CaMPBELL, B.A.; Prof. C. H. Lees, D.Sc., 
F.R.S. ; Prof. A. Scucster, Ph.D., F.R.S. ; S. SKINNER, M.A. 


Secretaries. —W. R. Coorzn, M.A.; S. W. J. Suita, M.A., D.Sc. 
Foreign Secretary.—Prof. S. P. 'THompeson, D.Sc., F.R.S. 
Treasurer. —W . Dvpprrr, F.R.S. 

Librarian.—W. Watson, D.Sc., F.R.S. 


Other Members of Council.—Prof. W. H. Brace, M.A., F.R.S. ; 
W. H. Eccres, D.Sc.; A. Grrrritus, D.Sc.; J. A. Hanxrn, D.Sc., 
F.R.S. ; T. Matner, F.R.S. ; A. RusstLL, M.A., D.Sc.; W. N. Saaw, 
M.A., D.Sc., F.R.S.; F. E. Suitu; R. S. WHIPPLE; and R. S. 
Wirrows, M.A., D.Sc. 


Votes of thanks were passed to the Auditors, to the Officers and 
Council, and to the Governors of the Imperial Colloge of Science 
and Technology. 


Prof. H. L. CALLERDAR then took the Chair and delivered an 
Address. 


TREASURER’S REPORT. 


PossısLy owing to the amendment of Article 26 of the Memorandum 
of Association, the year 1909 has been a record year for the receipt 
of subscriptions, the amount collected exceeding that realised in 
1908 by over £150. At the same time the printer’s bill has 
swollen in a similar proportion, owing to the Secretary’s efforts to 
expedite publication, so that the net balance on current account has 
increased by only £22. The assets of the Society show no material 
change, but a larger margin of income over expenditure is 
desirable. 


HUGH L. CALLENDAR, 


Hon. Treasurer. 
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PRESIDENT'S ADDRESS. 


Berore dealing with the special subject of my Address, it is my 
sad duty to recount briefly the losses sustained by the Society since 
the last General Meeting. The losses include two of the most 
distinguished of our Foreign Fellows, and five on the home list— 
one of whom was a past President of the Society. 


By the death of Srwow Newcoms the United States have lost 
their most famous astronomer and mathematician. In FRIEDRICH 
Kontravscu the world has lost a physicist, whose name was a 
household word in every laboratory. These men belong to the 
world of science more than to our own Society, and cannot be 
adequately commemorated here. 


Dr. Suetrorp Bipwe it, F.R.S., joined the Physical Society in 
1877, soon after its foundation, and became President in 1897. 
In his presidential address of 1593 he attributed his pursuit of 
science largely to the interest which he found and the friends he 
made attending meetings of the Physical Society. As a physicist 
he found a singular fascination in unravelling obscure and appa- 
rently paradoxical phenomena. His investigation on the photo- 
electric properties of selenium, and on the action of microphonic 
contacts are striking examples of attention to minute but important 
detail. One of his best known researches was that on the magnetic 
expansion of iron, and on magnetic traction, which he enriched 
with many original observations and methods. In later years he 
devoted himself to the subjective phenomena of vision, especially 
ghosts and after-images, which he described in a book called 
« Curiosities of Light and Sight," published in 1899 at the con- 
clusion of his term of office as president. It is characteristic of 
the man that his devotion to this research very nearly cost him 
his eyesight. The Physical Society may well be proud to claim a 
share in kindling the enthusiasm which led to his achievements. 


WirLrax Ford SrANLEY joined the Society in 1882, and at onc 
time served on the Council. He was most successful and distin- 
guished as a maker and designer of scientific instruments, and 


xii PROCEEDINGS OF THE PHYSICAL SOCIETY. 


turned his success to good account in many philanthropie enter- 
prises. The Physical Society is particularly indebted to him for 
the munificent donation of £500 stock, the largest ever received 
by the Society, to aid in the publication of the * Bulletin,’ which 
has proved in recent years most useful in increasing the interest 
of our meetings. 


Hven Erat Harrisox, who joined the Society in 1832, was 
better known as an electrical engineer than a physicist He was 
for twenty years Principal of Faraday House, the great electrical 
training and testing institution, in the successful organization of 
which he had a very large share, and in which he is succeeded by 
another member of our Society. 


Dr. Lupwie Mos», F.R.S., was one of the leading chemical 
technologists of the world, and has earned the gratitude of all 
scientific workers by his munificent donations for the advancement 
of pure science. Although he did not take an active part in the 
special work of our Society, physicists have indirectly benefited in 
many ways by his liberality. 


WiLLIAM James RusseLL, F.R.S., who joined in 1878, was one 
of the oldest members of the Society. He was previously a chemist, 
but much of his recent work on obscure photographic effects was 
of a character which appealed also to the physicist. 


Here follows special subject of Address which will be found 
on pp. 220-252 of the * Proceedings.’ 
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February 25th, 1910. 
Meeting held at the Imperial College of Science and Technology. 
Prof. H. L. Cattenpar, F.R.S., President, in the Chair. 


The following Paper was read :— 
1. Telephone Circuits. By Prof. J. Perry, F.R.S. 


The following Papers were taken as read :— 

2. On the Laws regarding the direction of Thermoelectric Cur- 
rents enunciated by M. Thomas. By Prof. C. H. Lees, F.R.S. 

3. A new Method of determining Thermal Conductivity. By 
H. R. NETTLETON. 


March 11th, 1910. 
Meeting held at the Imperial College of Science and Technology. 
Prof. H. L. CarrExpan, F.R.S., President, in the Chair. 


The following Papers were read :— 

1. On Coherers. By Dr. W. H. Eccrrs. 

2. Earth-air Electric Currents. By Dr. G. C. Simpson. 

3. An automatic Toepler Pump designed to collect the gas from 
the apparatus being exhausted. By Dr. B. D. STEELE. 


April 8th, 1910. 
Meeting held at the Imperial College of Science and Technology. 
Prof. H. L. CarrENpam, F.R.S., President, in the Chair. 


The following Paper was read :— 
An experimental demonstration of the Loading of Artificial Tele- 
phone Cables. By B. 8. Cours. 


April 22nd, 1910. 
Meeting held at the Imperial College of Science and Technology. 
Prof. H. L. Cattenvar, F.R.S., President, in the Chair. 


The following Papers were read :— 
1. Further Tests of Brittle Materials under Combined Stress. 
By W. A. Scone, B.Sc. 
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2. The Magnetic Balance of Curie and Cheneveau. By C. 
CuHENxeveav, with an Appendix by A. C. Jorrzx. 


May 27th, 1910. 
Meeting held at the Imperial Collego of Science and Technology. 


Prof. H. L. Cattenpar, F.R.S., President, in the Chair. 


The following Papers were read :— 

1. On an Oscillation Detector actuated solely by Resistance- 
Temperature Variations. By Dr. W. H. Eccues. 

2. The Limitations of the Weston Cell as a Standard of Electro- 
motive Force. By Dr. S. W. J. Surrn. 


Mr. A. Eaete, B.Sc., exhibited a Resonance Transformer. 


June 10th, 1910. 
Meeting held at the Imperial College of Science and Technology. 
Prof. H. L. Cattenpar, F.R.S., President, in the Chair. 


The following Papers were read :— 
1. A Galvanometer for Alternate Current Circuits. By Dr. W. 
E. Sumpner and W. C. S. Puirrrps, B.Sc. 


2. The Positive Electrification due to Heating Aluminium Phos- 
phate. By A. E. Garrett, B.Sc. 


June 24th, 1910. 


An informal Meeting was held at the National Physical Laboratory, 
where a number of demonstrations were given and Fellows 
had an opportunity of inspecting the laboratories. 
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July 8th, 1910. 
Meeting held at the Imperial College of Science and Technology. 
Prof. H. L. CarrgNpan, F.R.S., President, in the Chair. 


The following Papers were read :— 

1. The Radio-balance: a Thermoelectric Balance for the Abso- 
lute Measurement of Radiation ; with applications to Radium and 
its Emanation. By Prof. H. L. Carrexpan, F.R.S., President. 

2. The Convection of Heat from a Body cooled by a Stream of 
Fluid. By Dr. A. Russet. 

3. Hysteresis Loops and Lissajous’ Figures, and on the Energy 
wasted in a Hysteresis Loop. By Prof. S. P. THompsoy, F.R.S. 


The following Paper was taken as read :— 
4. The Energy Relations of Certain Detectors used in Wireless 


Telegraphy. By Dr. W. H. Eccrrs. 
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